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To Sandra McKnight 




PREFACE 


In applying complex variable theory there is no substitute for a firm 
grasp of the basic mathematical facts. For mathematics majors this is obvious; 
however, students inclined toward applications face constantly evolving de¬ 
mands, and are badly served by a hasty outline or compendium of useful for¬ 
mulas. There are excellent books on complex analysis but, unfortunately, 
most are directed toward students with considerable mathematical maturity. 
The present book strikes a balance between such intensely mathematical treat¬ 
ment and the opposite extreme, an applications-oriented formulary. 

The manuscript has evolved through several revisions during the past six 
years, as a result of my experience at Berkeley and New York University, 
teaching complex variable theory to mathematicians, engineers, and physicists. 
Every effort has been made to give a careful, self-contained account of the 
mathematical side of the theory, that does justice to basic applications such 
as conformal mapping, potential theory, and boundary value problems in 
physics. 

The book is designed to allow a smooth transition from a background of 
basic calculus. Courses in advanced calculus or modern analysis are not pre¬ 
sumed; the necessary mathematical techniques are introduced within the 
text, with many interpolated examples and illustrations. There is constant 
reference to the geometrical and intuitive meaning of the concepts discussed 
and, wherever possible, their practical significance. Some advanced topics are 
outlined without proofs but, in these cases, many references for further read¬ 
ing are provided. Any reasonably competent student should be able to read 
most of the book on his own, without having to turn to his instructor for 
interpretations. Thus, instructors will be able to cover the main points and 
be confident that the student has a detailed account of the subject, with many 
worked examples, to fall back on. In order to ease the student's entry into the 
subject, power series and other topics familiar from calculus are treated as 
early as possible; moreover, the relevant facts from calculus are reviewed in 
the early chapters in a way that emphasizes their role in complex variable 
theory. 

Chapter 1 summarizes elementary facts about the complex number sys¬ 
tem. For most students a superficial reading should suffice to re-acquaint them 
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with this material and introduce them to the notation used throughout the 
book. Section 1.3 deserves special attention: it introduces the triangle inequal¬ 
ity, and explains how sets may be specified by inequalities. Chapter 2 deals 
with limits of sequences and of functions of a complex variable; most stu¬ 
dents will be able to read the early sections on their own. Complex variable 
theory begins in earnest in Section 2.6, where elementary functions such as e z 
and log(z) are introduced. Sequences and series of functions are discussed in 
Chapter 3; uniform convergence, power series, analytic functions, and the 
maximum modulus theorem are treated at this stage. Chapter 4 gives a de¬ 
tailed account of holomorphic mappings, with strong emphasis on global 
mapping properties and their geometric interpretation. Fractional linear 
transformations are studied, the complex sphere is introduced, and specific 
mappings such as w — \/z and w = sin(z) are examined in detail. Integration 
theory is handled in Chapter 5. The connection between invariance of con¬ 
tour integrals and antiderivatives is emphasized in the early sections, and 
Cauchy's Theorem is interpreted from this point of view. The chapter con¬ 
cludes with a modern and eminently practical version of the Cauchy theorems 
based on the notion of winding number. 

Chapters 2 through 5 contain the heart of the mathematical develop¬ 
ment; the remaining chapters are relatively independent, and deal with vari¬ 
ous applications. Chapter 6 is devoted to residues and singularities (discussed 
from several points of view), and the applications of the residue calculus. 
Boundary value problems for Laplace’s equation are the central topic in 
Chapter 7; the conformal mapping principle is studied, with many worked 
examples of its use in solving boundary value problems; finally, the Poisson 
integral formula is discussed. Chapter 8 provides a unique, self-contained ac¬ 
count of the connection between complex variable theory and its physical 
applications. Electrostatics, gravitation, heat propagation, fluid flow, and the 
mathematical similarities between these subjects are discussed. Finally, Chap¬ 
ter 9 deals with advanced topics such as the Schwarz reflection principle, the 
Riemann mapping theorem, and the Schwarz-Christoffel formula. 

Almost every section ends with an extensive list of exercises, many with 
answers, interpretive commentary, and hints. Generally, the problems increase 
in difficulty from beginning to the end of each set of exercises. The more 
difficult problems often introduce important new concepts, or extend the 
basic results of the section. Students should be encouraged to read and under¬ 
stand the significance of these problems, even if they do not try to solve them 
in detail. Certain sections, marked with an asterisk, can be skipped or left for 
the student to read on his own. 

I am deeply indebted to Mr. George Fleming, mathematical editor for 
the W. B. Saunders Company and personal friend, for encouraging me to 
begin this book, offering considerable moral support along the way, and mak¬ 
ing many useful suggestions about content and style. I am equally indebted 
to Professor Gerald MacLane, of Purdue, who devoted many hours of his 
time to reviewing the final manuscript; his enthusiastic, painstaking, and 
urbane commentary has had a substantial influence on the form and spirit 
of the finished book. I am also grateful to Professor Glenn Schober, of Indiana 
University, and Mr. Carlos Puig, editorial assistant at Saunders, for their 
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efforts in preparing independent critical reviews of the manuscript. The edi¬ 
torial and production staffs at Saunders, especially Herb Powell and Lorraine 
Battista, have my hearty appreciation for their efforts in preparing the book 
for production. In addition, the preparation of the manuscript was aided, in 
its early stages, by Professors Bernard Epstein and James Osborn, who re¬ 
viewed parts of early drafts, and by Miss Maie Croner, who painstakingly 
typed the exercises. 

Last, but by no means least, my appreciation to my wife for her encour¬ 
agement during the whole project. 


Frederick P. Greenleaf 
New York, New York 




CONTENTS 


Chapter 1 

Basic Facts about the Complex Number System. 1 

1.1 The Definition of the Complex Number System. 3 

1.2 The Conjugate Z of a Complex Number Z. 8 

1.3 Geometry of the Complex Numbers. 10 

1.4 Notation and Terminology for Sets in the Plane. 17 

1.5 The Polar Form of Complex Numbers. 19 

1.6 The Equation z" = 1 and the n th Roots of a Complex 

Number. 23 


Chapter 2 

Limits and Functions of a Complex Variable . 28 

2.1 Limits of Sequences of Complex Numbers. 28 

2.2 Infinite Series of Complex Numbers. 34 

2.3 Geometric Properties of Sets in the Plane. 45 

2.4 Functions of a Complex Variable. 50 

2.5 Continuity and Limits of Functions. 54 

2.6 Some Elementary Functions of a Complex Variable. 60 

2.7 Derivative of a Function of a Complex Variable. 80 

2.8 Derivatives as Solutions of a “Linear Approximation" 

Problem . 83 

2.9 The Cauchy-Riemann Equations. 87 

2.10 Antiderivatives and Functions Whose Derivatives Are Zero 94 

2.11 Laplace’s Equation and Harmonic Functions. 97 

2.12 Inverse Functions . 99 

2.13 Three Theorems on Inverse Functions. 102 

2.14 Smoothness of Holomorphic Functions. 107 


ix 
























X 


CONTENTS 


Chapter 3 

Power Series and Analytic Functions . 108 

3.1 Convergence of Sequences of Functions. 109 

3.2 Series of Functions . 115 

3.3 Power Series and Other Special Types of Series. 120 

3.4 Analytic Functions . 138 

3.5 Power Series Expansions of the Exponential and Other 

Elementary Functions . 147 

3.6 Analytic Continuation (I). 150 

3.7 Analytic Continuation (II) . 159 

3.8 The Maximum Modulus Theorem for Analytic Functions 162 

3.9 Series in Negative Powers of Z. 168 

Chapter 4 

Mapping Properties of Holomorphic Functions . 173 

4.1 Behavior of Holomorphic Functions in the Small. 174 

4.2 Smooth Curves and Their Transformation by 

Mappings w = f(z) . 177 

4.3 Contours . 185 

4.4 Conformality of Holomorphic Functions. 186 

4.5 Mapping Properties of Holomorphic Functions in the 

Large . 194 

4.6 The Complex Sphere and Stereographic Projection.204 

4.7 Behavior of Functions at Infinity: Improper Limits.209 

4.8 Fractional Linear Transformations. 213 

4.9 Reflection Through a Circle in the Complex Sphere.231 

4.10 Inverse Mappings . 235 

Chapter 5 

Integration in the Complex Plane . 250 

5.1 Reparametrizing a Contour. 250 

5.2 Line Integrals in the Plane: Preliminaries from Calculus . 258 

5.3 Complex Line Integrals. 263 

5.4 Changing a Line Integral by Transforming the Contour . . 274 

5.5 The Notations yi + . . . + and —y for Contours. 276 

5.6 Path Independence of Line Integrals. 277 

5.7 Cauchy’s Theorem . 288 

5.8 The Cauchy Integral Formula. 296 

5.9 Application: The Proof of Theorem * (Holomorphic 

Function Are Analytic). 302 

5.10 Using Integral Formulas to Generate Analytic Functions . 305 

5.11 Integral Formulas for Derivatives. 309 

5.12 Application: The Mean Value Property of Analytic 

Functions . 314 

































CONTENTS 


XI 


5.13 Application: Entire Functions and Liouville’s Theorem . . 315 

5.14 Application: The Fundamental Theorem of Algebra.317 

5.15 The Winding Number (or Index) of a Contour. 320 

5.16 The Jordan Curve Theorem. 326 

5.17 Winding Numbers and the Cauchy Theorems. 328 

5.18 Simply Connected Sets in the Plane. 337 

5.19 The Generalized Cauchy Theorems and Their 

Applications . 338 


Chapter 6 

Singularities and Residues . 349 

6.1 Isolated Singularities and Their Residues. 349 

6.2 Evaluating Residues: Classifying Isolated Singularities . . . 354 

6.3 Evaluating Residues: Practical Calculations. 363 

6.4 Applications of the Residue Calculus. 371 

6.5 Laurent Series Expansions. 392 

6.6 Partial Fractions Decomposition of Rational Functions . . . 402 

6.7 Logarithmic Residues; Counting Zeros Inside a Contour . . 409 


Chapter 7 

Harmonic Functions and Boundary Value Problems . 417 

7.1 Boundary Value Problems for Laplace’s Equation.418 

7.2 Conjugate Harmonic Functions. 430 

7.3 Some Applications of Conjugate Harmonic Functions .... 434 

7.4 Transformation of Functions by an Analytic Change of 

Variable . 438 

7.5 The Conformal Mapping Principle for Harmonic 

Functions . 442 

7.6 Transformation of Boundary Conditions. 446 

7.7 The Poisson Formula for the Disc. 457 

7.8 Transforming the Poisson Formula to Other Domains .... 472 


Chapter 8 

Physical Applications of Potential Theory . 477 

8.1 Potential Theory and the Prevalence of Harmonic 

Functions in Physics . 477 

8.2 Electrostatic Fields. 483 

8.3 Gravitational Fields. 491 

8.4 Heat Propagation and Temperature Distributions. 492 

8.5 Steady Flow of Perfect Fluids . 503 

8.6 Additional Comments on Physical Applications . 521 




























XII 


CONTENTS 


Chapter 9 

Conformal Mapping Problems . 525 

9.1 Geometric Properties of Fractional Linear Transformations 525 

9.2 Schwarz’ Lemma . 538 

9.3 The Riemann Mapping Theorem . 545 

9.4 The Schwarz Reflection Principle . 552 

9.5 The Schwarz-Christoffel Formula . 558 

INDEX . 581 









I BASIC FACTS 
ABOUT THE 
COMPLEX NUMBER 
SYSTEM 


This chapter provides a self-contained description of the complex number 
system that particularly emphasizes its geometric aspects. Its content will be 
more or less familiar to anyone who has had a previous exposure to complex 
numbers as part of an Algebra or Calculus course, and these readers may wish to 
turn to Chapter 2 immediately. However, we encourage the reader to examine 
Sections 1.3 to 1.5 to make sure he understands the terminology used through¬ 
out this book and the basic facts about absolute values of complex numbers. 

Let us consider some of the steps in the development of the complex 
number system. The first hint of inadequacies in the real number system comes 
when we realize that certain algebraic operations are not always meaningful— 
particularly the operation of taking square roots. A square root of a number a 
is any number x such that x 2 = x • x = a. As is well known, the number a = 0 
has x = 0 for its only square root, and a positive number a > 0 has two square 
roots, x = + V a and x = — yj a; but if a is negative it has no real square roots 
at all. For example, if a = —1, there are no real numbers x that satisfy the 
equation x 2 = —1, because the square of any real number x is non-negative 
and cannot equal — 1. Thus the operation yj a is not meaningful for negative 
real numbers. 

Another difficulty arises when we use the quadratic formula, which gives 
us the solutions of a general quadratic equation 


(i) 


ax 2 + bx + c = 0; 
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the solutions explicitly involve the square root operation, and are given by 


—b + \lb 2 — 4 ac 


-b - y/b 2 


However, if b 2 — 4ac is negative , the square root in these formulas is meaning¬ 
less: equation (1) has no solutions in the real number system. For example, 
consider the equation x 2 + x + 1 = 0, which has no real solutions. Similar 
difficulties are also encountered in trying to solve equations of higher degree. 

The German mathematician C. F. Gauss (1777-1855) showed how to 
construct a new system of numbers that 


(i) includes all the real numbers, so that it is a larger number system than 
the real numbers, and 

(ii) includes a number i (not a real number) with the property i 2 = — 1. 


This is the system of complex numbers; the extra number i plays the role of 
V — 1. The complex number system is actually not difficult to construct; our 
first order of business, in Section 1.1 will be to display this construction. Com¬ 
plex numbers will be interpreted as points in a plane, just as real numbers are 
thought of as points on a line. 

The presence of the number i in the complex number system allows us to 
interpret square roots of negative real numbers as complex numbers: if a is 
positive real, the square roots yj—a will be given by the complex numbers 
iyfa and —i\Ja .f In fact, we will see that every non-zero real number has two 
square roots. Moreover, if we allow complex numbers x as solutions of the 
quadratic equation (1) we find that it always has solutions, given by equation 
(2), because the radicals involved make sense. Even more is true: Gauss 
proved that every polynomial equation of degree N (N = 1,2,...) 


a N x N H-(-^* + <*0 = 0 

has exactly N solutions in the complex number system, provided multiple roots 
are counted appropriately. This result, known as the Fundamental Theorem of 
Algebra, is discussed in Chapter 5. 

The moral of these observations is that one is using the wrong number 
system when one tries to solve general (or even quadratic) polynomial equations 
with real numbers—sometimes there are no solutions, sometimes too few (fewer 
than the degree N of the equation); even if some of the solutions are real, 
others might appear only in the larger system of complex numbers. This lesson 
from the theory of equations should not be lost on those who are using real 
numbers in other, perhaps very different, ways. The Calculus, the theory of 
differential equations, and many other subjects of interest to scientists all rest 

| Since i 2 = — 1, the number iV a that we get by multiplying i and V a has for its square 
the number (i • Va) 2 = i • i • Va • Va = — 1 • a = —a, so that iV a is a square root of —a. 
Similar reasoning applies to —i ■ V a. 
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on the use of the real number system; perhaps there is something new and 
important to be learned by considering complex numbers in these situations. 

And indeed there is! The introduction of complex numbers has been 
fruitful in ways surpassing the dreams of its creators. These discoveries are the 
subject of this book. 


1.1 THE DEFINITION OF THE COMPLEX NUMBER SYSTEM 

To define complex numbers we start with a plane equipped with Cartesian 
coordinates, so that a point P is located by' specifying a pair (a, b) of real 
numbers (Figure 1.1). Two pairs of coordinates (a , b) and (a', b ') specify the 
same point in the plane if and only if a = a and b = b' ; thus the coordinates 
(0, 1) and (1,0) specify quite different points in the plane, even though the 
same real numbers 0 and 1 enter into each pair. We shall use the symbol R 2 to 
indicate the Cartesian plane (the plane equipped with Cartesian coordinates); 
this notation properly suggests that the Cartesian plane is obtained by putting 
together two copies of the real number system, which is indicated by the symbol 
R. 

The complex number system consists of the Cartesian plane R 2 , together 
with two algebraic operations (+) and (•), which allow us to “add” and 
“multiply” points in the plane. In terms of coordinates, the addition opera¬ 
tion is defined by 

(3) ( x,y) + ( u, v) = (x + u,y + v), 

and the multiplication operation by 

(4) (x,y) • ( u , v) = (xu —yv, xv + yu). 

The auxiliary operations of subtraction and division will be derived from 
addition and multiplication later on. Let us immediately point out that these 
operations commute; if z = {x,y) and w = (u>v) are points in the plane, then 

z + w = w + z 
z • w = w - z. 


Figure 1.1 The point P is 
located by its Cartesian coordi¬ 
nates (*, y) as shown. 


y 
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y 



Figure 1.2 The parallelogram law for addition. 


These algebraic properties can be verified from the definitions by direct calcu¬ 
lations. We could give a long list of other algebraic laws, such as the distributive 
law , 

w • (z x + z 2 ) = w • z x + w • z 2 . 

and we will list some of these laws in the exercises. We will not take the time to 
present them here since they will be familiar to many readers. 

The definitions of ( + ) and (•) are chosen so these operations will have 
certain natural geometric properties. Let P = (x 9 y) and Q = ( u , v) be points 
in the plane and let 0 = (0, 0) be the origin of coordinates. If we consider the 

directed line segments OP and OQ, as shown in Figure 1.2, we can verify that 
the point/? = P + Q given by formula (3) is located so that the directed segment 

OR is the diagonal of the parallelogram that has OP and OQ as its sides. Con¬ 
versely, we would be forced to accept definition (3) if we wanted addition to 
satisfy this geometric “ parallelogram law.” 


Such a parallelogram law arises naturally in many physical situations; 
it is reflected in the addition laws of mechanical forces, electromagnetic 
fields, and other natural phenomena. Thus we may expect a number 
system whose addition operation has similar properties to be useful in study¬ 
ing physical problems. More will be said about this in Chapters 7 and 8. 


A geometric interpretation of multiplication will be given later on. 

Hereafter, when we speak of the Cartesian plane equipped with the 
addition and multiplication operations just defined, we shall call it the complex 
plane (or complex number system) and use the symbol C for it. Several 
remarks should be made about the algebraic features of this system. First, the 
real numbers R can be identified with a subset of C; this is done by letting the 
real number x in R correspond to the complex number ( x , 0) in C. This 
correspondence between x and ( x , 0) is one-to-one in the sense that ( x , 0) 

(y, 0) in C if x ^ y in R, and it identifies R with the set of points on the x-axis 
in the plane. Furthermore, the cprrespondence x -> (x, 0) respects the algebraic 
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operations in both R and C since 

(x, 0) + («, 0) = (* -f u, 0) 

(x, 0) • (u, 0) = (x • u, 0) 

for all x and u in R. Thus, when we identify R with the x-axis in C, the algebraic 
operations that this subset inherits from C agree precisely with the original 
operations in R. Hereafter we shall feel justified in regarding R either by itself 
or as a subset of C, as most suits our needs. In accordance with this, if we have 
some real number a in mind we will often write a for the corresponding complex 
number, which should properly be written ( a , 0). For example, when we speak 
of —1, 0, or +1 as complex numbers we really mean the complex numbers 
( — 1,0), (0, 0), and (1,0) respectively. Once we have identified R as a subset 
of the complex number system C, we can make sense of the operation of multi¬ 
plying a complex number z = (x, y) by a real number a; thus 

(5) a • z = a • ( x,y ) means ( a , 0) • (x,y) = (ax, ay). 

If a = —1, we will always write — z for the number ( — 1) * z; the number — z 
is referred to as the negative of z. Differences w — ± (and the operation of 
subtraction) are defined by taking 

W — z = w + ( — z). 

The “real” numbers 0 and 1 in C have special algebraic significance; they 
are the only elements of C that have the properties: 


0 + z = z 
1 • z = z 


for all z in C. 


Furthermore, it is easy to check that 


0 • z = 0 
z + (—z) 


for all z in C. 

z — z = 0 


There is another special number in C, the number i = (0, 1), which is a square 
root of — 1; thus 

z * 2 = -1 


since i 2 = i • i = (0, 1) • (0, 1) = ( — 1, 0) = —1. The negative —i of i is also 
a square root of — 1: 

(-‘•) 2 = -i 

since (— i) 2 = ( — 1) * i # ( — 1) * i = ( — l) 2 # i 2 = i 2 = —1. It is not very hard 
to see that the numbers +z and —i are the only numbers z in C such that z 2 = 
— 1. The existence of even one solution of this equation is a distinguishing 
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W 



x + iy 


Figure 1.3 The represen¬ 
tation of z = (. x , y) as the sum of 
the real number x = x + zO and 
the pure imaginary number iy = 
0 + i>. 


property of the complex number system; in the system of real numbers R there 
are no solutions of this equation. 

We say that a complex number is real if it has the special form z = ( x , 0). 
On the other hand, we say that z is pure imaginary if it has the form a • i = 
(0, a ), where a is some real number. When C is represented as the Cartesian 
plane, the real numbers in C fill up the *-axis while the pure imaginary numbers 
fill up the j>-axis. Every complex number z has a unique representation as the 
sum of a real number and a pure imaginary number. In fact, if z = (x,y) then 
x andy are real numbers and 

2 = (x,y) = (x, 0) + (0,j) 

(6) =*-(1,0) + (0, \)-y 

= x • 1 + i • y = x + iy. 

This decomposition is illustrated in Figure 1.3. Clearly, if we take the system 
of real numbers and adjoin a single new (complex) number i, we get the whole 
complex number system by forming (real) linear combinations of the two 
numbers 1 and i. If z is a complex number having the form z = x + iy when 
represented as in (6), we shall refer to x as the real part of z and write x = 
Re(z); likewise we shall call y the imaginary part of z and denote it by 
y = Im(z). Thus, 

(7) z = Re(z) + i Im(z) 

if z is a complex number. Notice that both the numbers Re(z) and Im(z) are 
real numbers. 

Besides (+) and (•), there is also a division operation in C; if z and w are 
points in C such that w ^ 0, we may define a quotient zjw. As with real num¬ 
bers, zjw is defined to be the unique complex number p such that 

(8) z = p • w. 

Obviously, the quotient is being defined so that z = ( z/w ) • w. One can easily 
figure out how to compute z/w ; by using the defining equations for the opera¬ 
tion (•) we get the following explicit formula. 

z _ x -j- iy _ ( xu_- j- _yzA .l yu — xv \ 
w u + iv \ u 2 + v 2 ) \ v 2 / 


( 9 ) 
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If we let w = 0 in equation (8), the equation will have either no solutions at all 
or infinitely many solutions. In either case there is no well defined candidate 
for the role of z\ 0. This is why division by zero makes no sense. Of special 
interest is the reciprocal of a non-zero complex number w = u + iv: 


( 10 ) 


w u + iv (a 2 + a 2 ) + (a 2 + a 2 ) 


It is not at all hard to see that 

( 11 ) 


— f)’ 


so that computing quotients can be reduced to the computation of reciprocals. 
Throughout this book we will use the symbol z~ n (n = 1,2,... an integer) for 
the reciprocal 1 /z n of z n . For various algebraic properties of quotients, we refer 
the reader to Exercise 9. 


EXERCISES 

1. Plot the location in the plane of the following complex numbers. 

Calculate the lengths of the segments OP and determine the angle from 
the positive real axis to this segment, whenever this is possible without 
resorting to trigonometric tables. 


(i) 

— i 

(iv) 

Z + 1 


(ii) 

3 

2 

(v) 

'- +i £ 

2 2 


(iii) 

-1 

(vi) 

2 + i 


Carry 

out the following calculations. 




i i 

(iv) 

-2 

-I + i £ 

2 2 

W 

1 - i 1 + i ~ ‘ 

i + iV 3 

(ii) 

(i ~ O' 4 = -1 

(v) 

26 


i(l - i)(3 - 

r 

— J l 

-2 i) 

(iii) 

(1 +0‘= -4 





3. By direct calculations, verify that +i and —i are the only solu¬ 
tions of the equation z 2 = — 1 in the complex number system. Find all 
solutions of the equation z 4 = 1 in the complex number system. 
Answers: +1, —1, +i, —i are the solutions of z 4 = 1. 


4. If z = x + {?> express the numbers 

(i) z 3 (ii) 1 \z (assuming z^O) 
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in the form u + iv = U(x,y) + iV(x,y). 

Answers: (i) (* 3 - xy 2 ) + i(x 2 y -y 2 ); (ii) ( ^ 

5. Verify the parallelogram law for addition, using analytic geom¬ 
etry. 

6 . Verify the following properties of addition and multiplication. 

(i) z + w = w + z (iv) p • (q- r) = (p • q) • r 

(ii) z • w = w • z (v) p • (z + w) = {p • z) 

(iii) 1 • z = z (all z) + (/> • w) 

7. Given complex numbers z = x + iy and w = u + iv (such that 
w 0), solve the equation z = p • w to establish formula (9) directly. 

8 . Prove that the product z • w of two complex numbers is zero if 
and only if at least one of the numbers z and w is zero. Use this to prove 
the following “cancellation law”: ifp =£ 0 and ifp • z = p • w, then z = w. 


9. Verify the following properties of reciprocals. 


(i) 1 



= z> 


if z 0 



and w ^ 0 

w 0 and 


q o. 


Hint: Use the results of Exercise 6. These formulas can be proved 
by appealing to the algebraic definition of reciprocal, rather than com¬ 
putational formulas (9) and (10). 


1.2 THE CONJUGATE Z OF A COMPLEX NUMBER Z 

The conjugation operation in the complex number system has no counter¬ 
part in the real number system. If z = x + iy, where x andj> are real, we define 
complex conjugate of z to be the number 

(12) z = x — iy. 

Geometrically, this operation reflects z across the real axis, as shown in Figure 
1.4. This makes it clear that every real number z = x + zO is left fixed by 
conjugation; z = (* + iO) = (x — zO) = z; however, if z is pure imaginary. 
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Figure 1.4 The geometric interpre¬ 
tation of the conjugate z as z reflected 
through the x-axis. 


iy 



z = 0 + iy> then z = (0 + iy) = 0 — iy = —z. The conjugation operation 
interacts nicely with the other operations (+) and (•); one can easily verify that 


(13) 


(A) z • w = z • w 

(B) z + w = z + w 

(C) ( z/w ) = z/w 

(D) z = z if and only if z is real . 


It is also interesting to notice that application to z of the conjugation operation 
twice in succession yields z again: 


(z) = z 


for all z in C, and that complex conjugation is closely related to the real and 
imaginary parts of z by the formula 

(14) Rez = ^(z + 2) Imz = ^(z-z), 

Z 2.1 

as the reader can easily check. For other properties of complex conjugation, 
see Exercises 1 to 3. 


EXERCISES 

1. Let z be any non-zero complex number, and consider its powers 
z n (n = 0, ±1, ±2, . . .), taking z° = 1. Verify that (z n ) = (z) n . 


2. Describe the relative positions of z, — z, z, — z, 1/z, 1/z, and 
— 1/z if z 0. Sketch these numbers taking z = 2 + i. 




10 BASIC FACTS ABOUT THE COMPLEX NUMBER SYSTEM 


(iv) Re(z) = £( z + z) 

(v) Im(z) = ^{z-z) 


(vi) iz = — iz 

1.3 GEOMETRY OF THE COMPLEX NUMBERS 

We must introduce a distance function if we wish to discuss limit 
processes in a number system. Such a function assigns a distance d(z, w ), a 
non-negative real number, to any pair of points z and w. In the real number 
system R, there is a natural distance 

(15) d R (x,y) = \x - y\ 

for all x and y in R. In C there is also a natural distance, whose definition 
is strongly suggested by our use of the Cartesian plane as a model for C; we 
simply take the usual Euclidean distance between points in the plane. Thus, 
the distance from a point z = x + iy to another point w = u + iv in C is 
defined to be 

(16) d c (z, w ) = V|* — u\ 2 + \y — »| 2 = V(* — a) 2 + {y — v) 2 . 

(See Figure 1.5.) Distance functions may be introduced not only in C and in R, 
but also in other geometric systems, as we will indicate. 


3. Verify the following identities. 

(i) z • w = z • w 

(ii) l l z = l l*> 

provided z ^ 0 

(iii) z + w = z + w 


It is evident that when we consider the real numbers as a subset of C, the 
distance this subset “inherits” from C agrees with the original distance in 
R given by (15). In fact, 

d c ((a, 0), ( b, 0)) = V|a - b\ 2 + 0 2 = = \a - b\ = d R {a, b) 

for real numbers a and b. 


iy 



Figure 1.5 The distance 
</(z, w) between points z = x + iy 
and w = u + iv is given by d(z y w) 
= V\x - u|» + \y- »|*. 
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In discussing distances in C, it is very helpful to define the absolute value 
|z| of a complex number z: 

07) \z\ = V|*| 2 + |j| 2 = V* 2 

if z = x -f- iy. From definitions (16) and (17) we see that 

(18) \z — w\ = d c (z, w) 

for any pair of complex numbers z and w; this formula for distances in C is 
similar to formula (15), which defines distances in R in terms of absolute values. 
The absolute value |z| should be interpreted as giving the distance from the 
point z to the origin, since 

(19) \z\ = \z — 0| = d c {z, 0). 

It is also identified with the length of the line segment from 0 to z in the plane. 

In the real number system there is a notidn of order —i.e., a statement such 
as “x > y ” has a natural meaning. The order relation in R plays an important 
role in finding limits, derivatives, and other functions. Furthermore, the order 
relation is directly involved in the definition of the absolute value \x\ for real 
numbers, and thus in the definition of distances in R, which is basic to all limit 
problems. There is no reasonable way to put an order relation “>” into the 
complex number system; thus, arguments that involve an order relation are 
simply not possible in the system C. A good illustration of this difference be¬ 
tween R and C is that there are only two ways in which we may approach a 
point in R: from the right, or from the left. There are infinitely many direc¬ 
tions from which we may approach a point in C. 

The absolute values |z|, \w\> . . . of complex numbers are all real (and in 
fact |z| >0); thus it is possible to discuss order relations between absolute 
values of two complex numbers, even though it makes no sense to speak of order 
relations Detween the numbers themselves. This does not look like much of a 
grip on the situation, but it turns out to be enough to understand the geometry 
and limit problems associated with the complex number system. Such in¬ 
equalities are often used to specify sets in the plane. 

Example 1.1 Let p = x 0 + Wo be a point in the complex plane and let 
r > 0 be a fixed real number. The set consisting of all points z that satisfy 
|z — p\ = r is just the set of points whose distance from p is equal to r, since 
d c (z , p) = | z — p\ . This can also be seen by noting that | z — p\ = r if and only 
if |z — p\ 2 = r 2 , which implies that 

(* - *o) 2 + (y - Jo) 2 = V -P \ 2 = r 2 - 

This is the equation of a circle about p with radius r. Similarly, the set defined 
by taking points z such that 


\z-p\ < r 
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Figure 1.6 The set determined by |z — p\ < r is the disc about p; the set determined 
by | z — p\ > r is the region exterior to the circle |z — p\ = r. 

consists of those points whose distance from p , d c (z,p ) = \z — p\, is less than 
r; this is just a disc of radius r about /?, not including the boundary circle 
\z — p\ = r. On the other hand, the inequality 

\z-p\ > r 

determines the set of points that lie outside of the circle \z — p\ = r, excluding 
this circle. These sets are shown in Figure 1.6. 

Example 1.2 Consider the set E determined by the inequality Im(z) > 0. 
If z = x + iy, this inequality means that we must have y > 0, while x is un¬ 
restricted. These points form the upper half plane, consisting of all points 
that lie above the real axis, as shown in Figure 1.7. The real axis itself is not 
part of the set E ; in fact, the real axis consists of the points z such that Im(z) = 
0. Several other examples are presented in Exercises 3 and 6. 


iy 



Figure 1.7 The upper half plane ^determined by the inequality Im(z) > 0. The real axis 
is not part of this set. 
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Next, we examine the basic properties of |z|. There are several elementary 
algebraic properties, whose straightforward proofs will not be given here: 


( 20 ) 


(A) \z-w\ = \z\ -H 

(B) |z| = \z\ = \-z\ 

(C) . 


z 

\z\ 

l 


= r4 and 


w 

H 

w 


= - — 7 , provided w ^ 0 . 
\w\ 


(D) |z| = 0 if and only if z = 0 

(E) |z|* = (Re(z )) 2 + (Im(z )) 2 = |Re(z )| 2 + |Im(z )| 2 


It is a useful consequence of (20E) that 
( 21 ) | z | 2 = z * z 

for all z in C. There are several elementary order relations between absolute 


values: 

(A) 

N 

IV 

o 

(22) 

(B) 

\z\ ^ |Re(z)| 


(C) 

\z\ ^ |Im(z)| 


for all z in C. The last two inequalities follow by omitting either |Re(z )| 2 or 
|Im(z )| 2 in the identity (20E) above. The most important property of absolute 
values is the “triangle inequality” (whose name is explained below). 


Theorem 1.1 (Triangle inequalities for absolute values) If z and w are any 

complex numbers , then 

(23) | |z| -\w\ \ <\z ±w\ < \z\ + \w\. 

Proof: First we prove that 

(24) \z + w\ < \z\ + |w| 

for all complex numbers z and w; if we then replace w with —w, we get the 
companion inequality |z — w\ < \z\ + \w\. Now 0 < |z| 2 = z • z for every 
complex number z; therefore, 

0 < |z + w\ 2 = (z + w)(z + w) = ZZ + WU) + zw + wz 
= | z| 2 + \w\ 2 + zw + {zw) 

= |z| 2 + \w\ 2 + 2 Re(zzZ>). 
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In view of formula (22), Re(zzt>) < |Re(zzZ>)| < \zw\ = \z\ • \w\ = \z\ • |w|; 
thus, by replacing Re(zzZ)) with |z| • \w\ above, we get 

0 <\z + w\ 2 < |z | 2 + \w\ 2 + 2 |z| \w\ = (|z| + |it;)) 2 . 

The desired formula (24) now follows by taking square roots. 

To obtain the other half of the triangle inequality we first write z = 
(z — w) + w and apply (24) to get |z| < |z — w\ + \w\, or |z| — \w\ < 
\z — w\; we then write w = (w — z) + z and apply (24) to get \w\ < 

Iz — w\ -f- |w|, or |zt>| — |z| < |z — w\. Since both |z| — |iu| and its negative 
|zt>| — |z| are less than or equal to |z — w\, we conclude that 

(25) | \z\ -\w\\<\z- w\, 

for all z and w in C. Using — w in place of w here, we get the companion 
inequality | |z| — \w\ | < |z + w\. We have proved the full set of inequalities 
in (23). | 

From the inequalities (23) we can easily deduce three facts about the dis¬ 
tance function in C. 

(i) d(z , w) > 0; d(z, w) = 0 if and only if z = w. 

(26) (ii) d{z , w) = d(w , z). 

(iii) If z and w are given, and if p is any other point, then rf(z, w) <, 
d(z,p) + d(p, w). 

The first two are trivial, and the third follows from the triangle inequality for 
absolute values by means of the following calculation. 

d c (z, w) = \z-w\ = | (z—p) - (w—p) | < | z —p\ + \w—p\ 

= d c {z,P) + d c (p, w). 

It is equation (iii) for distances in C which gives rise to the name “triangle 
inequality.” If we draw a triangle connecting the points z, w , and p in the 
plane, then the distance directly from z to w is always less than or equal to the 
distance traveled in going from z to p and then from p to w (this is true no 
matter where the third point p is located). The other triangle inequality, 
formula (25), indicates that the difference in length of two sides can not 
exceed the length of the third side: 

d c {z, w) ^ \d c {z,p) — d c (w,p )|. 

(See Figure 1.8.) The triangle inequalities give upper and lower bounds for 
|z — w\, but cannot tell us exactly how large the distance rf c (z, w) = |z — w\ 
is unless we know more about the particular numbers z and w (see Exercise 8 ). 



1.3 GEOMETRY OF THE COMPLEX NUMBERS 15 


Figure 1.8 The meaning of the triangle in¬ 
equality. 


iy 



The distance function in any reasonable geometric system must satisfy the 
relationships (26). There is another geometric system equipped with a distance 
function that has these properties. This system is important when one considers 
functions of several independent variables. 


The space R n consists of all ordered n-tuples x = (x v . . . , x n ) in which 
each x k is a real number. If n > 3, this space has too many degrees of free¬ 
dom to allow a graphical representation; if n = 2 it may be identified with 
the Cartesian plane. 

There is a certain amount of algebraic structure in R n . We may add 
elements x = (x v . . . , x n ) and y = (y v ... f y n ) to get 

( *i> •••>*») + Uv • • • >J>n) x n +y n )> 

and we may multiply elements x = (;q, . . . , * n ) by any real number a : 

* • (*v • • • > X n) = (**v • • • > ax n)- 

If n > 3, there is no reasonable multiplication operation (one multiplying 
H-tuples by n-tuples to give us new n-tuples). 

So much for the algebraic structure in R n . There is a natural distance 
in R n , which is obtained by taking elements x = (x v . . . , x n ) and y = 
(jv 1? . . . ,y n ) and then defining the distance from x to y to be the Euclidean 
distance: 


4»(*>y) = — j^l 2 + ••• + !*» -y n I 2 - 

One can prove that this distance function has the properties listed in (26). 
One can also define a length or absolute value ||x|| for elements of R n : 

11*11 = + • • • + l*„l 2 = 4»(*>o)> 

where 0 = (0, . . . , 0). This definition of ||x|| leads to the familiar equation 


4°(*» y) = II* - yll- 
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Note: If we similarly define C n to be the set of all rz-tuples z = (z v . . . , z n ) 
with complex entries, we may give this space an algebraic structure and 
distance function exactly as above. This geometric structure is the complex 
variable analog of the H-dimensional Euclidean space R n , and it turns up 
whenever one considers functions of several complex variables. 

EXERCISES 

1. Verify that |z | 2 = z • z = |Re z | 2 + |Im z | 2 for every complex 
number z. 

2. Verify the properties of absolute value listed in equation (20). 

3. Sketch the subsets of C determined by the following inequalities 
and equalities. 

(i) Im(z) ^ 0 (v) |z - i\ = \z + j'| 

(ii) | z + i| < 1 (vi) | z — z| < | z + t'| 

(iii) |z| — 1 <2 (vii) |Im(z)| < v 

(iv) Re(z — 1) > 0 (viii) |Im(z)| < 1 and 

|Re(z)| < 1. 

Answers: (i) C with real axis removed; (ii) open disc about —i with 
r = 1; (iii) same as \ z \ < 3 > a disc; (iv) right half plane bounded by 
vertical line x = 1; (v) points equidistant from +z, —i (the real axis); 
(vi) all points above the real axis; (vii) horizontal strip of width 277 (points 
z = x + iy such that — tt < y < + 77 ); (viii) a square centered at 0, in¬ 
cluding the boundary segments. 

4. A common way to calculate real and imaginary parts of a 
quotient z/w is to multiply and divide by w; thus z/w = zw/ww = 
zw/\w\ 2 , and the new denominator has no imaginary part. Express the 
following quotients in the form U(x,y) + iV(x,y ), if z = x + iy. 

(i) l/z 2 

(ii) z 4 

(iii) z + - 

Z 

TO TO 

5. Prove the general triangle inequality : \I, z k\ Prove 

*=i jt=i 

that |z n | = |z| n for n = ± 1 , ± 2 , . . . (assume z 7 ^ 0 if n is negative). 
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6. Sketch the following loci in the plane. 

(i) Re(l/z) < 1 (iv) Re(z 2 ) = const 

(«) \ z - M < l z l ( v ) \ z \ 2 = 2 Re ( z )- 

(iii) |4z + i| > 2 

7. Use the triangle inequality to prove that the equation z 4 + z + 4 
= 0 has all its roots outside of the unit disc |z| < 1. 

Hint: How large can |z 4 + z| be if |z| < 1 ? 

8. Exhibit a pair of non-zero complex numbers z and w such that 
|z -j- w\ — |z| + \w\. Exhibit another pair such that | |z| — \w\ | = 

| z + w \. If w = 2i and if z lies on the circle | z| = 1, what is the range of 
values for |z — w\ = |z — 2i\ as z varies? 

Answer: (i) Take z = i, w = i; (ii) Take z = + *, w = —i; (iii) 
1 < |z - 2i\ < 3. 

9. Prove that the locus |z — p\ = a |z — q\ (0 < a < + oo) is a 
circle that separates p from q , except when a = 1.' What is the locus if 
a = 1 ? 


1.4 NOTATION AND TERMINOLOGY FOR SETS IN THE 
PLANE 

It will be convenient to use the following notation to describe sets in the 
complex plane. If P(z) is some statement that makes sense for points z in C, we 
shall write {z:P(z)} for the subset consisting of all points z for which P(z) is 
true. For example, if P(z) is the statement “Im(z) = 0,” then {z:Im(z) = 0} 
is just the real axis in the complex plane. Other examples are 

(i) {z:Im(z) > 0}, the upper half plane. 

(ii) {z:z^ 0}, the complex plane with the single point z = 0 removed. 

(iii) {z:\z\ = 1}, the circle of radius one centered at z = 0. 

In the last example, notice that |z| = |z — 0|. 

Next we define two special types of sets in C. If p is a point in the plane 
and r is a positive number, the disc {z: |z — p\ < r} is called the open disc of 
radius r about />, while the disc {z:|z — p\ < r} (which includes the boundary 
circle |z — p\ — r) is called the closed disc of radius r about p. We have dis¬ 
cussed these sets in Example 1.1. 

A subset E in C is called an open set if it has the following property: for 
each point p in E there is some open disc with positive radius about p which lies 
entirely within E; of course, the radius r will depend on which point p we are 
looking at. Some of the possibilities are illustrated in Figure 1.9. The half 
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Figure 1.9 The set E = {z:Im(z) > 0} as an example of an open set. About various 
points p we show the discs of positive radius that lie entirely within E. 

plane (z:Re(z) > 0}, the open unit disc about the origin {z:|z| = \z — 0| < 1}, 
and the ring-shaped set centered at the origin {z: \ <\z\ < 1} are all open sets 
in the plane. But the closed unit disc {z: |z| < 1 } or the unit circle {z: |z| = 1} 
are not open sets (try to find a suitable disc about the point p = \ + iO that lies 
entirely within these sets). 

A subset E in the plane is bounded if it lies within some disc of finite radius 
about z = 0 (i.e., the absolute value |z| is bounded as z varies through points in 
E); otherwise, we say that E is an unbounded set. As an example, consider 
the half plane E = {z:Re(z) > 0}, which is unbounded. 

We will repeatedly use a few standard symbols from set theory as a kind 
of shorthand. We will write A c: B if the set A is contained within B (the 
possibility A = B is allowed!). If A and B are sets, we may combine them in 
various ways, as shown in Figure 1.10. 



Figure 1.10 The various combinations A KJ B, . . . of two sets A and B are shaded in 
each diagram. 
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(i) A U B, the union of A and B , is formed by taking the points in A 
and the points in B together. 

(ii) A n B, the intersection of A and B, consists of those points which 
belong to both A and B. 

(iii) A ~ B, the difference of A and B> is obtained by deleting from A 
all points (if any) which also appear in B. There is also a difference 
set B ~ A, which might not be the same set as A ~ B; this possibility 
is illustrated in Figure 1.10. 

If A is a subset of the complex plane, the difference set C ~ A consists of all 
points z in C which do not appear in A. This set, often written A~ = C ~ A, 
is called the complement of A. 


1.5 THE POLAR FORM OF COMPLEX NUMBERS 

The location of a complex number z can be described by specifying the 
length of the line segment from 0 to z, which is precisely the absolute value 
r = |z|, and the angle 0 from the positive real axis to this segment. Angles are 
measured in radians, and counterclockwise angles (such ,as the one in Figure 
1.11) are considered to be positive. As illustrated in Figure 1.11, the Cartesian 
coordinates (x,y) of z can be obtained from the “polar coordinates” r, 0 by 
means of the equations 

(27) x = r(cos 0) y = r(sin 0), 

so that z = r(cos 0) + zr(sin 0) = r(cos 0 + i sin 0). 

Polar coordinates in the complex plane are best handled by introducing the 
complex exponential function e z , which is defined for all z in the complex 
plane by the formula: f 

e x+iv _ e *( cos y _|_ { sin^) = ( e x cos y) + i(e x siny). 

W 


y = r sin d 


O 

Figure 1.11 The polar coordi¬ 
nates r, 0 of a point in the plane. 


t When we encounter the exponential of a complicated expression, we will sometimes 
write exp(z) in place of e *. 
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When^ = 0, so that z = x + iO is real> this exponential function gives us the 
expected value e x+i(i = e x . Other reasons for choosing this particular formula 
for the exponential of a complex number will be explained in Section 2.6. 
Using this definition, we can verify by direct computations (left as Exercise 4) 
that the complex exponential function satisfies the identity 

(29) e z + w = e z -e w 

for all z, w in C. From (29) and the definition of reciprocals, it follows that 

(30) *-• = l/* 2 , 

because e z • er z = e z ~ z = e° = 1 for any complex number. Similarly, 

(31) e w ~ z = e w je z 
for any complex numbers w and z. 

If 6 is any real number, the complex number e 10 = (cos 6) + i( sin 6) has 
absolute value one, since \e t0 \ = Vcos 2 6 + sin 2 6 = 1; thus, these points lie 
on the circle of radius one about the origin defined by the condition |z| = 1. 
Furthermore, the angle determined by the positive real axis and e t$ is just 0, be¬ 
cause e 10 has Cartesian coordinates x = cos 6 and y = sin 6 (see Figure 1.11). 
As particular examples of numbers with the form z = e 10 , let us consider the 
values 6 shown in Table 1.1. 


TABLE 1.1 VALUES OF e i0 FOR A FEW CHOICES OF 6 (REAL). 

0 — 0 0 = 7t/4 0 = 7t/2 0 = TT 0 = 3-77-/2 

e i9 = +1 -^=(1+0 +« -1 -i 

V2 

Notice that 

(32) 1 le i0 =e~ i0 

for all real 6. 

For any non-zero complex number z we can obtain a “polar decomposi¬ 
tion” 

(33) z = 

in which 0 is real and r > O.f Obviously r = |z|, since \e t0 \ = 1, so that the 


t If z = 0, there is no well defined angle 6 , and this is why we insist that z be non-zero in de¬ 
fining the polar decomposition (33). Actually, if r = 0 in equation (33), we get z = 0 • e iQ = 0 
for all choices of 0. 
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number r in (33) is uniquely determined. On the other hand, since 6 is real, the 
number z = re xd has Cartesian form (r cos 6) + i(r sin 0), and it should be 
apparent from Figure 1.11 that 0 is the angle determined by the positive real 
axis and z. Clearly, 0 is defined only up to an added multiple of 27r; in fact, 
from equation (28) it is a simple matter to show that 

(34) e x * = 1 if and only if <f> = 2nk for some integer k = 0, ±1) ±2, . . . 

(details in Exercise 6). Therefore, e t9 ' = e xe ” if and only if 1 = e te '/e xe ” = 
e t{e '~ e *), and we conclude that 

(35) e %e ' = e xe ” if and only if 0' — 0" is an integral multiple of 277*. 

From (35) the degree of indeterminacy of 0 in the polar decomposition is evident. 
Combining all these observations, we see that two complex numbers represented 
in polar form z = re 10 and w = pe x<t> are equal if and only if 

(i) r = p 

(36) 

(ii) 0 — (f> = 2 ttIc for some integer k = 0, ±1, ±2, .... 

The polar form and formula (29) provide a natural geometric interpreta¬ 
tion of multiplication. If Z = re xd and W = pe x *, then 

Z • W = (re ie ) • (pe**) = rpe ie • e*+ = (rp)e i{0+ + ) . 

Thus, the length of the segment from the origin to the product Z • W is the 
product of the lengths |Z| and \ W\, since \ZWj = rp = |Z| • | W\. Similarly, 
the angle associated with ZW is the sum of the angles for Z and W respectively: 

Z.ZW= 6 + <f> = ZZ+ tw. 

This is illustrated in Figure 1.12. There is also an interpretation of division 


Figure 1.12 The geometric meaning of multipli¬ 
cation. Here 6 = /_Z + /_ W. 


y 
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Figure 1.13 The geometric re¬ 
lation between Z and its reciprocal 
1/2; Z(l/Z) = —/.Zand the length 

of OP is the reciprocal of the length 

of OZ. The circle shown consists of 
points unit distance from the origin 0. 


based on formula (31): if Z is non-zero, then 

\W/Z\ = \W\I\Z\ 

£(w/z) = <f >- e = lw- zz. 

The relation between Z and its reciprocal l/Z = 1 \re t0 = (l/r)(l/* t0 ) = 
(\/r)e~ 10 is a special case of this, in which 

|1/Z| = 1/|Z| and Z(1 /Z) = — ZZ, 

as indicated in Figure 1.13. 

EXERCISES 

1. Express the following complex numbers in polar form. 

(i) 1 + i (iv) 1 — isfi 

(ii) — z (v) —7T — in. 

(in) -i 

Answers: (i) ^2e ilrli ; (ii) e-*’ 12 ; (iii) e iw = e~ iv ; (iv) 2«- <ff/3 ; (i;) 
tt\J 2e~ 3nili 

2. Show that e z+2nnt = e z for every integer n and every complex 
number z. 

3. Show that e z is never zero. Show that \e z \ = e Re{z) for any z. 

4* Using standard trigonometric identities, prove that e z + w = 
e z • e w for all complex z and w. Start with definition (28). 

5. Prove De Moivre’s Theorem: 

(cos 6 + i sin 0) n = cos nd + z sin nd 

for real 6 and any integer n = 0, ±1, ±2, .... 
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6. If z is real , show that e iz = 1 if and only if z is an integral multiple 
of 27 t. Show that no new solutions appear if we allow z to be complex 
(thus all solutions are real, and have the form 2irk -f iO). 

7. Find all complex solutions of the following equations. 

(i) ** = 1 

(ii) £(«* + e~ z ) = 0 

(iii) e* = 2 

Answers: (i) z = 2-nni (n = 0,± 1, ±2, . . .); (ii) z - i(^ + mrj (n = 
0, ±1, ±2, . . .); (iii) z = (log 2) + i(2nn) for n = 0, ±1, ±2,- 


1.6 THE EQUATION z” = 1 AND THE n th ROOTS OF A 
COMPLEX NUMBER 

The polar decomposition is useful in solving certain kinds of equations and 
we will use it now to determine the n th roots of a complex number w. These 
complex numbers are the solutions of the following equation (the n th root 
equation): 

(37) z" = w. 

First notice that when w = 0 there is just one solution to this equation, namely 
2 = 0. We will show that every other complex number w ^ 0 has exactly n 
distinct n th roots. 

It is easy to determine the n th roots of unity (the roots of w = +1). 
Simply write z in polar form z = re ie . By applying equation (29) several times, 
we see that 

(38) 1 = z n = re ie • . . . • re ie = r n (e ie ) n = r n e in9 ; 

therefore, r and 6 must satisfy the following conditions, in view of formula (36): 

(i) r n = 1 

(ii) nd = 2nk for some k = 0, ±\, ±2, .... 

Obviously, r must equal 1, since r must be a positive real number; the allow¬ 
able values of 6 are 

d = 277 k = 0, ±1? ±2, .... 

Since e t0 ' = e tr if 0' and 0" differ by an integer multiple of 277, these values of 
0 give us only n distinct numbers of the form e td , so that equation (38) has 
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iy 



Figure 1.14 The successive 6 th 
roots of unity z 0 = 1, z lf z 2 , . . . , 
are separated by the angle 0 = 
2n/6 = 7t/3. 


exactly n distinct solutions: 


(39) 


z 0 = e 2viWn) = 1 

r 2 jr * (1 / r») 

Z 1 — 6 

~ _ ,2*U2/n) 

Z 2 — c 


r _ 2jri(n—1/n) 

Z n-1 — e 

The angle determined by the positive real axis and a typical root z k = e 2lTt{kln) 
is just 6 = 27r{k/n ), so that these roots of unity are equally spaced around the 
circle |z| = 1. As an example, Figure 1.14 shows the positions of the roots if 
n = 6. All roots of unity have absolute value one, since |z n | = |z| n = 1 implies 
that |z| = 1. 


A great simplification in solving the equation z n = 1 has been achieved by 
expressing z in polar form and making systematic use of the exponential 
formula (29). The reader might try his hand at solving the equation z 3 = 1 
by writing z as z = x + iy; if we then multiply out z 3 = (x + (y) 3 and 
separate it into real and imaginary parts, we get 

(x 3 - 3 xy 2 ) + i(3x*y -y 3 ) = 1 + iO. 

This is equivalent to a rather formidable system of cubic equations in x 
and y: 

x 3 — 3xy 2 = 1 

(40) 3*2? -/ = o. 


The solutions (x,y) of this system agree with the ones derived above, but 
greater computational difficulties are involved in using (40). 
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The general n th root problem can be handled by similar methods. Let w = 
pe l<t> be any non-zero complex number; if z = re te is any n th root of w, then 

z* = r n (e id ) n = r n e inB = w = pe*t 
By formula (36) of the last section, this implies that 

(i) r" = p 

(ii) nd = <f> + 277-A: for some integer k = 0, ±1, ±2, .... 

The first condition means that r = p 1/n = \w\ lln (the ordinary n th root of a 
positive real number), so that 

(41) \z\ = \w\v* 

for any n th root of w. Meanwhile, the angle variable 6 must assume one of the 
values 

(42) 6 = £ + 27t(-) k = 0,±1,±2,.... 

n \nj 

These values of 6 give us exactly n distinct numbers of the form e t$ , so that the 
n th roots of w have the form 


(43) 



= \w\ lln e i4>/n 


^ = krexp[.(i + 2.(i-i))]. 

Notice that the various n th roots of w can be obtained from the first one, z 0 = 
| wj 1/n e tit>/n , by multiplying it by the various n th roots of unity, 1, . . . , 

e 2iri(n-l)/n . 




\w\ l/n exp i(-+2ir 
L \n 



\ w \Vn e i<t>/n e 2irikln = ^ . e 2nik/n 


for k = 0, 1, 1. Indeed, from any one of the n th roots of w we can 

obtain all the others by multiplying it by the various rc th roots of unity. 



26 BASIC FACTS ABOUT THE COMPLEX NUMBER SYSTEM 



Example 1.3 Let us determine the n th roots of +1 and — 1 for n = 6. The 
roots of +1 are obtained by dividing 6 = 2tt into six equally spaced angles: 
d k — 27tA:/ 6 for 0 < k < 5. Thus the roots are 

Po= 1; Pi = e in,3 l p 2 = e um l Pz = e i ”\ Pi = * 4,</3 ; A = e* nm . 

Their positions on the unit circle |z| = 1 are shown in Figure 1.14. To deter¬ 
mine the roots of — 1, it is sufficient to find a single one of them and multiply it 
by the 6 th roots of unity listed above. The number — 1 = e t1T makes an angle of 
7 t radians with the positive real axis, and we get a 6 th root by taking e l ° where 
60 = 77; thus e ln/6 = q 0 . The other roots aref 


7o — 

e inl6 • 

’ fio — 

e inl * 






7i = 

e u,/# • 

■ Pi = 

e in/6 ■ 

e ivl3 = 

= exp[z77"(i 

+ • 

h] = 

_ e i3n/6 _ g in ^ 2 

72 = 

e iv/e . 

p2 = 

e in/6 • 

. gitn/3 

= exp[z7r(i 

+ 

*)] 

_ e ibn/6 

% = 

e in/6 • 

Pz = 

e in/ * ■ 

e tlT — 

exp[z7r(i + 1)] = 

^t’7jr/6 _ i5jr/6 

74 = 

e iw,t 

p4 = 

e iv/6 • 

, e Un/3 

= exp[zV(i 

+ 

*)] 

_ _ e —iv!2 

7s = 

e in/* , 

Ps = 

e i*/6 . 

gi5ir/3 

= exp[z7r(i 

+ 

*)] 

__ ^Hjt/6 _ e -iirl 6 


The locations of these numbers on the circle | z| = 1 (equally spaced with respect 
to the initial point q 0 ) are shown in Figure 1.15. 

In Chapter 2, after we have studied the exponential function more care¬ 
fully, we shall have more to say about the roots of complex numbers. 

EXERCISES 

1. Determine the cube roots of +z and plot their locations in the 
plane. 

Answers: z, = e ilT/6 ; z 2 = e 5vil «i z 3 = e ~ iv ‘ 2 = -i. 

f Since O' = 7^/6 and 6" = — 57t/ 6 differ by 27r, we have e ie ' = e ie "; likewise, the remaining 
entries in our list have been converted to values of 6 such that —n < 0 < 7r. 
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2. Prove that the quadratic formula 


—b d: \! b 2 — 4 ac 



yields the roots of any quadratic equation az 2 -f bz + c = 0 (a ^ 0), 
even if the coefficients a , 6, and c are complex . 

Hint: Recall how the quadratic formula is proved for real poly¬ 
nomials by “completing the square.” The same idea works for complex 
numbers. 

3. Determine all fourth roots of z = +1 and of z = — 1, and plot 
their locations in the plane. 

Answer: Roots are +1, —1, +i, — i in both cases. 

4. Use the quadratic formula (2) to determine the roots of the 
equation z 2 + z + 1 = 0. The square roots appearing in (2) are to be 
determined as explained in this section. 

Answer: z x = e 2 ^\ z 2 = e~ 2nilz = e Uwil *. 



2 LIMITS AND 
FUNCTIONS OF A 
COMPLEX 
VARIABLE 


Most of calculus is devoted to the study of limits in the space R or, when 
functions of several real variables are studied, the space R n . The complex 
number system C has an addition operation, multiplication operation, and a 
natural distance function, so that notions such as continuity and differentiability 
of functions have exact analogs for functions of a complex variable. In the first 
two sections of this chapter we will review the notions of “limits of sequences” 
and “limits (or sums) of infinite series”; however, we are going to consider 
sequences and infinite series of complex numbers. Then we will use these con¬ 
cepts to study functions of a complex variable. Readers familiar with sequences 
and series of complex numbers may wish to begin with Section 2.3. 


2.1 LIMITS OF SEQUENCES OF COMPLEX NUMBERS 

A sequence of complex numbers is just a correspondence between the 
integers n > 1 and certain points s n in C; each integer has assigned to it a 
complex number s n . The sequence is indicated by the symbol {j n } or {^ n : n = 
1,2,...}. Sometimes, if it is convenient, we will allow sequences to be indexed 
on the integers starting with n = 0, or with n = —1, or with n = 2, or any 
other integer. 

Example 2.1 (A constant sequence) Let w be a fixed complex number, 
and define {s n } so that s n = w for all n = 1,2,.... 

28 
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Example 2.2 Let i be the complex number (0, 1), as usual, and define 
a sequence {s n } by assigning values 

s n = i n = i * i * • • • * i for n = 1, 2, • • • . 

n times 

Now i 2 = — 1; i 3 = —i; and i 4 = +1; thus, if we are given any power i n , we 
may split off successive factors i 4 = 1 to get 

i n = i n ~* = i n ~8 = • • . . 

This shows that i n is always one of the four numbers i, —1, —i, +1. Thus the 
sequence {*„} takes on only four distinct values as n increases. 

Example 2.3 Let z be a fixed complex number and let s n = z n (the n th 
power of z): 

s n = z n = z • . . . • z for n = 1,2,.... 

n times 


The behavior of s n as n increases depends on the location of the point z = s x 
that we start with; this behavior will be discussed below. 

One of the most important features of a sequence {j n } is the behavior of its 
terms s n as n increases. The notion of convergence, and of the limit lim s ni 

n—* oo 

should be familiar in the special case when we consider sequences of real 
numbers. 

Definition 2.1 A sequence {j* n } of complex numbers converges to the complex 
number s if the distances d(s n , s) = |j n — s\ converge to zero as n -> oo. Since |j n — s | 
is a real number for n = 1,2 , ... 9 the meaning of the statement that lim \s n — s\ = 0 
is clear. n- *°° 

This definition can be expressed in another way. A sequence {s n } of complex 
(or real) numbers converges to a complex (or real) number s if and only if: 

For every positive number e , we have 

(1) d(s n , s) = \s n - s\ <e 

for all sufficiently large indices n, say n > N(e). 

Thus, for any number e > 0, the distance from s n to s is “eventually” less than 
e. How far out in the set of integers n we must go to achieve (1) will depend on 
the size of e ; we may have to take N(e) very large to get (1) if £ is small. 

If {j* n } is a sequence that converges to the number s , we will write 


i* = lim = lim {s n }, 

n-+ oo n-> oo 



30 LIMITS AND FUNCTIONS OF A COMPLEX VARIABLE 


or 

s n —► s as n —> oo, 

as an abbreviation for the phrase “ s n converges to s” If there is no numbers 
to which a given sequence {^ n } converges, we say that s n diverges. 

We may often simplify limit problems in C by reducing them to questions 
about pairs of limits in R, as follows. 

Theorem 2.1 Let {z n } be a sequence in C and write z n = x n + iy n ; thus, 
there are two sequences {* n } and {j w } of real numbers associated with {z n }. Then 

z n —>w = x J \-iy as n —► oo (in C) 

if and only if 

| as n -> oo (in R). 

y n -+y) 

Proof: Clearly z n — w = (x n — x) + i(y n — y). If z n —► w as n —>■ oo 
in C, this means that 

| z n — w\ —> 0 as n —> cc; 

when this is combined with the fact that \z n — w\ > \x n — x\ >0 for all n (see 
equation (22), Chapter 1) we get 

\x n — x\ -* 0 as n —► oo, 

so that x n —> x in R. Likewise, we see that y n -* y in R, and half of the theorem 
is proved. 

On the other hand, if x n — > * and y n —>y as n -> oo (in R), and if e is any 
positive number, then the distances \x n — x\ and | y n — y | are less than e/2 for all 
large n. This implies that 

\z n — z\— \l\x n — x\ 2 + I y n —y\ 2 < \/e 2 /4 + e 2 /4 < e 

for all large n. Since this conclusion is valid for any choice of e > 0, we con¬ 
clude that z n —* z as n —► oo. | 

It is not always advisable to resort to Theorem 2.1 in studying limit problems; 
sometimes it is better to work directly with the definition of complex limits and 
the triangle inequality for absolute values. In Example 2.5 below, our analysis 
would only be confused by considering real and imaginary parts of the sequence 
separately. 

Example 2.4 The sequence s n = i n from Example 2.2 is divergent (does not 
converge to any complex number). Indeed, we may write i in polar form as 
i = e tn/2 = cos(7t/2) + *’sin(7r/2), and thus i n = (e tvl2 ) n = e tnvl2 = cos(n7r/2) + 
i sin(;z7r/2) = x n + iy n for n = 1,2,.... Neither of the sequences {* n } or {j> n } 
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converges in R. Therefore, by Theorem 2.1, the sequence of complex numbers 
= i n = x n + iy n diverges. 

Example 2.5 Fix a complex number z and form the sequence of complex 
numbers s n = z n for n = 1,2,.... Let us investigate which choices of z lead 
to a convergent sequence of complex numbers. Our analysis depends on two 
well known facts about sequences of real numbers. 

(i) If r is a real number such that 0 < r < 1, then lim r n = 0. 

n-+ao 

(ii) If r is a real number such that r > 1, then the sequence {r n } diverges 
(its terms increase without bound). 

There are three cases to consider: 

If \z\ < 1, then the distance \z n — 0| = \z n \ = |z| n converges to 
zero as w —> oo, in view of (i); thus, 

lim z n = 0 if |z| < 1. 

n-* oo 

If |z| > 1 the sequence of absolute values |.r n | = |z| n increases 
without bound; that is, given any positive number K y the values 
|z n | are eventually larger than K: 

\z n \ = \z\ n > K for all large n. 

Thus {z n } cannot converge to any complex number a because 
|z n — a| > |z n | — |oc| does not converge to zero as n increases. 

If z = 1 + z’O = 1 we get z n = 1 n = 1, so that lim l n = 1. 

ft —*00 

One can prove that the sequence {z n } diverges for any other choice 
of z such that |z| = 1; the proof is outlined in Exercise 8. 

The behavior of {z w } as n increases is shown in Figure 2.1 for typical points 
z. This behavior is easily deduced by writing z in polar form z = re l ° and 
noticing that z n = r n (e te ) n = rV n0 . 

Various combinations of convergent sequences of complex numbers lead 
to new convergent sequences. Analogous results hold for sequences of real 
numbers; the proofs for complex sequences are similar, and we leave the de¬ 
tails as Exercise 4. 

Theorem 2.2 Let { z n } and {w n } be convergent sequences of complex numbers . 

(i) The sequence {z n ± w n } converges and 

lim {z„ ± w n ) - (limzj ± 

n-> oo \n-> oo / 



Case 1. 


Case 2. 


Case 3. 
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w 



Figure 2.1 The behavior of z n as n -* oo for z = re ie , taking r < 1, r > 1, and r = 1. 
(ii) If a is a fixed complex number , then the sequence {a z n j converges , a/irf 

lim {a z n } = a • (lim z n ). 

n-*-ao \n-+co ) 

(iii) The sequence {z n • w n } converges , and 

lim {z n •»„}=( lim z„) • ( lim 

n-*-oo \n—► oo / \n—*-oo / 

(iv) i/* lim w non-zero, then the sequence of quotients 1 — 1 converges , and 

n—*-oo 

limz„ 

lim (^2-1 = 


n-ool^ n J lim^ 


Improper Limits of Real Sequences 

Here are a few results, summarized from calculus, that will be partic¬ 
ularly useful to us. 

Certain real sequences that diverge are considered to have the “im¬ 
proper limits” +oo or — oo. We say that lim x n = + oo if, for any positive 

n—*-oo 

number K , the terms x n eventually exceed this value, so that x n > K for all 
sufficiently large n. The limit lim x n = — oo is defined similarly. One 

n—>-oo 

must be aware that a sequence of real numbers may diverge in ways that 
do not allow us to assign even these improper values as a limit; we cannot 
assign values + oo or — oo to the divergent sequences whose terms are 
x n = ( —l) n+1 or x n = ( —1 ) n n 2 . However, sequences of real numbers 
that are increasing, in the sense that * n+1 > x n for all n, are more restricted 
in their behavior. 
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Theorem 2.3 If {x n } is an increasing sequence of real numbers, then lim x n exists 

71—>00 

if the terms x n are bounded from above, in the sense that there is some constant K such 
that x n < K for n = 1,2,.... If the terms are not bounded, they must increase 
without bound, and lim x n = + oo. 

n —>oo 

There is a similar result for decreasing sequences of real numbers; they are 

either bounded from below, and converge, or else lim x n — — oo. 

n—>oo 

Improper limits for sequences of complex numbers will be discussed in 
Chapter 4. 

EXERCISES 

1. To prove that lim z n = 0, provided |z| <1, we must show 

71->00 

that \z n — 0| = \z\ n < e eventually, for every e > 0. Consider z = 
(i + l)/4; if e = 1/100, how large must one take N(e) to insure that 
|z| n < e for all n > N(e) ? What if e = 100 or e = 10 -6 ? 


2. Prove the following convergence statements: 

(iii) lim —— = 1 


(i) lim 


n-* oo 

V V 77 ' 

(ii) lim 

in 

n-» oo 

n 2 + i 


in + n 2 


n* + i 

(iv) lim exp 


fcfH- 


1 


3. If the sequence {z n + w n } converges, is it necessarily true that one 
of the sequences [zf\ or { w n } must converge? 

Answer: No. 


4. Prove the convergence statements in Theorem 2.2. 

5. Prove that if z = lim z n , then |z| = lim |z n |. Give an example 

n—>oo n—>oo 

in which the sequence {z n } diverges, while the sequence of absolute values 
converges. 

Hint: Use the triangle inequality 0 < d (\ z nl \A) = | Kl - 1*1 | ^ 

K - A- 

6 . Prove that if lim z n = z 0 , then: 

n-> oo 

(i) The sequence is bounded; i.e., there is some constant M 
such that d(z n , 0) = | Z n\ ^ M for all n. 

(ii) The sequence of conjugates converges: lim z n = z 0 . 

n—>oo 

(iii) If/(z) = z 2 + z + 1, the sequence of values w n = f(z n ) 
converges to/(z 0 ) = (z 0 ) 2 + z 0 + 1- 

(iv) lim- does not exist. 

n->oo z n — z 0 
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7. If {^ n } is a convergent sequence of complex numbers, say 
s n —*■ s, then define t n = J n+1 for all n. Prove that 

lim s n = lim t n = s. 

71—►OO 7l-*00 

Then use Theorem 2.2 to prove that the difference between successive 
terms converges to zero 

lim s n+1 - s n = 0 

n—>00 


for any convergent sequence {.y n } of complex numbers. 

8 . If |z| = 1 and 1 + *0, use Exercise 7 to prove that the se¬ 
quence of powers {z n } diverges. 

Hint: Can the differences \z n+1 — z n \ go to zero? 

2.2 INFINITE SERIES OF COMPLEX NUMBERS 


00 

Now we turn to the problem of summing an infinite series a n of complex 

n = 1 

(or real) numbers. So far, only finite sums have any meaning, and an infinite 

00 

sum ^ a n = a i + a 2 + * * * must be defined as some kind of limit. Given a 

71 = 1 

sequence {a w }, we can add up the first k terms that appear, and this can be done 
for each integer k = 1,2,... ; only finitely many operations are required to 
form each of these sums. Thus, from the original sequence of terms in the series, 

we obtain a new sequence, the sequence = 1, 2, . . .} of partial sums of 

00 

the infinite series 2 a n > these are the numbers 

71=1 

h = a i 
s 2 = a l “I” a 2 


S k — a l + a 2 + • ’ • + a k ~ 2 a n 


71 = 1 


If the sequence {a w } is indexed starting with n = 0 (or some other integer) we 
still define s n as the sum of the first k terms , so that 

fr-i 

s i = ^2 = a o + a x \ • • • ; s k — ^ a n \ 

71=0 


in this situation. 
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00 

Definition 2.2 We say that an infinite series ^ a n converges if and only if the 

n— 1 oo 

sequence {*„} of partial sums converges to some limit , and we say that ^ £ n diverges if 

n= 1 

the sequence {i , n } diverges. If the sequence {.$•„} converges , otfzgn the value 

oo / n \ 

= lim =lim (flj +-h a n ) = lim 0>J 

n=l n~+ oo n-> oo n~* oo J 

the “sum” of the series. 

00 

If {j n } diverges, there is simply no reasonable value we can assign for ^ a n- 

00 71=1 

Thus, the series 2 ( —l) n+1 , whose terms are alternately +1 and —1, has a 

71=1 

sequence of partial sums {.?„} alternating between the values +1 and 0, and the 
series diverges. 

oo 

A series ^ a n °f real or complex numbers is absolutely convergent if the 

71=1 00 

associated series of absolute values ^ \a n \ converges. Since the partial sums of 

00 71 = 1 

2 |tf n | form an increasing sequence of positive numbers, they must either con- 

71=1 

verge to a finite limit or increase without bound. In the latter case it is custom- 

00 

ary to write \a n \ = + oo (an improper limit); convergence is indicated by 

00 71=1 

writing £ Kl < + oo. 

71=1 

00 

Theorem 2.4 If^a n is a real or complex series that is absolutely convergent , then the 
00 71=1 
series 2 a n converges. 

71=1 


00 

It is not obvious that convergence of the series of absolute values, 2 \ a n \ < + oo, 

00 71 = 1 

implies convergence of the original series 2 a n - The proof requires consideration 

71=1 

of the “least upper bound 5 ’ property of real numbers, or the “Cauchy criterion 55 
for convergence of complex sequences. These matters are somewhat technical 
and will not be used later on; we will rely on Theorem 2.4 as our basic result, 
and refer the interested reader to Kaplan [12], 6.1 to 6.5 and 6.19, for the details 
of its proof. 

00 

Certain series a n are convergent, but are not absolutely convergent; 

71=1 

absolute convergence is a sufficient condition for convergence, but is not a 
necessary condition. Such a series is said to be conditionally convergent. 
Various examples will be given. 

Example 2.6 (The harmonic series) It is well known that the real series 



71=1 n 
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diverges (the integral test settles this question); thus, the series 


00 / i\n+1 

— = i 

n=i n 



is not absolutely convergent. It does converge, since it is an alternating series of 
real numbers decreasing to zero. 

Example 2.7 (The geometric series) Let z be any complex number such 
that \z\ < 1, and consider the series 


£z”= 1 + z + z 2 +---. 


71 = 0 


The n ih partial sum is 

s n =l +z+ + z*- 1 = 


1 — z n 

-u 7 n ~ 1 = - for n= 1 ,2,.. 


1 — z 


If we set a = 1/(1 — z), which is well defined since z^ 1, we get 


0 < |j n - a| = 

1 


1 -z n 1 


1 — z 


1 — z 1 — z 
|z w | = |a| • |z| n . 


Now |z| n —► 0 as n —► oo, since |z| < 1; thus, the terms on the right converge to 
zero as n — ► oo, and \s n — a| — ► 0 as n —► oo. This implies that lim s n = a, 
so the series converges: 7l_>0 ° 


for all z such that |z| < 1. 
because 



« 1 

71 = 0 1 Z 

Actually, the series is absolutely convergent if |z| < 1, 


Z\z n \ = 2 |z|»=l/(l-|z|)<+ 00 . 

71=0 71=0 

Below we assemble basic facts about convergent series of complex numbers. 


00 00 

Theorem 2.5 Let ^a n be a series of complex numbers. If ^a n converges , the size 

71=1 71=1 

of the rt th term a n approaches zero as n oo; that is, lim \a n \ = 0. 

71—►OO 
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n n—1 

Proof: For n — 1, 2, ... we have CL n — ^cL k — ^a k = s n — s n _ v But 

00 k= 1 fc=l 

if a = ^ 

n=1 

a = lim {j n } and a = lim {j n _i}, 

n-+ oo t» -> oo 

and by applying Theorem 2.2 we conclude that 


a n = s n — s n _ 1 —> a — a = 0 as n oo. 

Now recall that 0 n —► 0 as n — > oo if and only if \a n \ —> 0 as n —► oo, because 

KI = K-0|. | 

00 00 

The series 2 a n = 2 (l/ w ) ^ as l a nl = l/ w 0 as n —► oo, but the series diverges. 

n=l n=l oo 

Thus, to insure convergence of a series a n , it is not enough to know that 

n= 1 

lim |a n | = 0; we must also know that \a n \ -> 0 sufficiently rapidly that the 

n-+ oo 

cumulative sum of all the a n is finite. 

oo oo 

Theorem 2.6 If^a n and ^ b n are convergent series , then so are the series 

n= 1 n=1 


2 + ^n) 

n=l 

and 

00 

2 ( a O ( a fixed complex number ); 

n =1 

furthermore , 

n=l n=l n=l 

S(«o-«•(!«.). 

n=l \7i=1 / 

Proof: These formulas follow by applying Theorem 2.2 to the sequences 
of partial sums. | 


If the series 


(2) 


oo 


2 a n = a 0 + a l " 1 " a 2 + ' * ' 
71=0 


00 


2*- 


bo 4" bi + b 2 + • • • 


both converge, the product of their values ( 2 a n ) ' ( 2 ) 1S not given by 

oo \n=0 / \n=0 / 

2 a n b n . Actually, the collection of all products of pairs of terms of the form 

n=0 
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a l b m can be arranged into an infinite array 


(3) 


flA ^1^1 ^1^2 ^1^3 

a 2^3 
#3^2 #3^3 


If we group together terms such that / + m = />, for p = 0, 1, 2, . . . (the 
terms lying along diagonals, as shown above), we might expect the product to be 
given by the formula 


( 00 \ / 00 \ 00 / 3 ) \ 

2««) • (20 =2 (2s-A) 

n=0 / \n=0 / 3)=0 \fc=0 / 

by analogy with the formula for the product of two finite sums. 

00 00 

Theorem 2.7 If the series a n flzzrf i n are absolutely convergent , then the series 

71=1 71=1 

OO 

^ c n terms are 

71=0 


— fl tA + fl n-A + # * * + fl 0^7i = 2 a ^7n> 

Z+ra=7i 

oo oo 

w absolutely convergent , awrf equation (4) w yfl/zrf. If the series 2 2 are 

71=0 71=0 

conditionally convergent , the product series (4) ttzay diverge. 

00 

The series ^ r n is called the Cauchy product of the two series we started with; 

71=0 

it is the Cauchy product of two series which converges to the product of their 
values. We will not prove Theorem 2.7 here; it leans heavily on the theory of 
rearrangements of series, and these details would take up too much space to 
justify their inclusion. However, there is a clear, self-contained account of the 
Cauchy product formula, together with a discussion of rearrangements, in 
Hille [9], Sections 5.2-5.3. 


We might try to prove formula (4) as follows. The sum ^ c n 1S obtained by 

71=0 

summing the numbers in the array (3) along diagonals. It seems plausible 
that we should obtain the same result by summing over rows and then 
adding up the row-sums: 
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The expression on the right is just what we want; by Theorem 2.6 it follows 
that 


00 / 00 \ 00 / / 00 \ \ / 00 \ / 00 \ 

I I* -I -IS- HS‘» • 

1=0 \ m =0 / 1=0 \ \ m =0 / / \ l=0 / \ m=0 / 


The whole point of a legitimate proof lies in justifying the identity (5); this 
is a problem in rearranging series, and the absolute convergence assumed 
for the series in Theorem 2.7 is needed to justify this step. 

To decide convergence questions we often compare the terms of a given 
series with those of a well known series, such as the geometric series. This 
“comparison principle,” used in conjunction with Theorem 2.4, will be one of 
our most effective tools in studying series. 

00 00 

Theorem 2.8 (The comparison test for convergence) Let a n and ^ b n beseries 

n= 1 n=1 

with non-negative real terms . Suppose that 
00 

( i) ^b n converges . 

71 = 1 

(ii) There is a constant K such that a n < K • b n for all sufficiently large indices n, 
say for n > N. 

00 

{In other words , the terms of 2 a n are “ dominated ” Ay the terms of a known 

71=1 

00 00 

convergent series Y A n ). Then converges. 

71=1 71=1 


Proof : Remember that we are dealing with series of non-negative numbers. 

k oo 

Obviously Y b n < 2 A n < + 00 for all indices k > N, and a n < K - b n for 

7l=iV 71 = 1 

n > N. Consequently, 


n=X n=N 7i=l 


for A = N, N+ 1, . . . . 


If we add on the finite number of remaining terms, we get 


s k 


= Z*n£K' 


for k = N, N + 1,. . . 


where A'' = |aj + • • • + |a A r—il + A • Since {^} is an increasing 

sequence of real numbers which is bounded from above, it converges; thus 


00 


2 a n converges. | 

71=1 


For another version of the comparison test, see Exercise 13. 
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00 

We may test for absolute convergence of a complex series z n by com- 

oo n=l 

paring the series of absolute values ^ \ z n \ with known convergent (or divergent) 

71 = 1 

series of non-negative real numbers. The Ratio Test, below, is proved using 

00 

the geometric series ^ r n as the known series. 

71=0 


00 


Theorem 2.9 (The ratio test) Suppose a n is a series of complex numbers whose 

72 = 1 

terms are nonvanishing , and suppose that 


(6) L=limi2 ”±ii 

n-oo \a n \ 

exists (the improper limit + oo is allowed). Then the series is absolutely convergent if 
L < 1, divergent if L > 1, and we cannot make a definite statement either way if L = 1. 

Proof: If L < 1, the average a = (L + l)/2 lies between L and 1, so 
L < a < 1. In view of (6) we get 


\ a n+\\ < L + 1 

Kl 2 

for all large n (say for n > N). Therefore, 


= a 


\ a N+k\ < a k;v+jfc-il < a I ^iv+fc— 2I < * < a | a 


■N I 



N+k 
a , 


which is the same as saying that 



for all large indices j (j > N). Thus, the series \a n \ is dominated by the 

00 71 = 1 

geometric series <* n (taking K = \a N \/(x N in Theorem 2.8), which converges 
since a < 1. n=1 

On the other hand, if L > 1, then 


K+il 


> 1 


for all large n (say n > N), so that 

0 < la^l < |^ +1 | < Kv+2l < ‘ * * < kiv+fcl ^ * * ' • 
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This prevents us from having |<z n | -> 0 as n —> oo, as would be the case if 

00 

2 0 n converged (see Theorem 2.5). | 

n=l 

oo 

In examining a series 2 a n we anight have various objectives in mind. 

n=1 

Often we only need to know whether or not the series converges (or converges 
absolutely); at other times we must actually determine its sum. The conver¬ 
gence question can usually be resolved without actually calculating the sum of the 
series; the comparison and ratio tests above refer specifically to the convergence 
of the series, and do not yield the value of its sum. If we are obliged to calculate 
the sum, other methods must be used, and we may face an extremely difficult (if 
not impossible) task. For example, it is not very hard to prove that the series 

00 00 oo 

2 1 /n!, 2 ( — l) n+ 1 /n, and 2 l/n 2 converge—the ratio test works on the first, 

n —0 n=l n=l 

and the usual tests of calculus (for real series) are adequate for the others. 
Calculating their sums, 



00 ( 1 \ 71+1 

I L - L ^ = log( 2 ); 


71 = 1 


y 1 _ ZL 

71=1 n 2 6 


is a much more difficult task. 


Often we cannot hope for closed formulas for the sum, like the ones above. 
Then we must resort to numerical approximations. In almost every case 
the convergence question must be resolved before attempting a numerical 
calculation of the sum. The comparison test is useful in these approximate 
calculations because it provides us with error estimates. 

Example 2.8 Suppose {a n } is any sequence such that a n = ± 1, but with the 

sign chosen “at random” for each n. We may form the “geometric series” with 

00 

these signs, 2 a n z n . Now \a n z n \ = \z n \ = \z\ n for all n , and this series is 

71=0 

absolutely convergent for every z such that \z\ < 1 , in spite of the signs we have 
introduced. However, we cannot expect the sum of the new series to be 
1/(1 — z); in fact, its sum can be extremely difficult to calculate in closed form. 


Example 2.9 The ratio test, and comparison tests in general, are limited to 

00 

tests of divergence or absolute convergence. Thus, the series 2 ( — l) n+1 / n 

71=1 

converges, as the alternating series test (from calculus) shows, but is only con¬ 
ditionally convergent, and comparison tests are not sensitive enough to prove 

00 

that it converges. The series 2 1 l n21S not directly comparable to the geometric 

71=1 

series, and the ratio test yields no information (L = 1). However, it is absolutely 
convergent; we may use the integral test from calculus, and the fact that 
J*“(l/* 2 ) dx = lim /^(l/* 2 ) dx = 1 < +oo. Now that the convergence of 

oo iV "* co 

2 1 /n 2 is established, this series may be used as the “known series” in comparison 

71=1 

tests. (See also Exercise 12.) 



42 LIMITS AND FUNCTIONS OF A COMPLEX VARIABLE 


EXERCISES 

1. Look up a proof, in any competent calculus text, that 


00 1 1 1 

(i) - = 1 -1-h ’ • ’ diverges (divergent harmonic 

n^i n 2 3 

series) 


co / nn+i 1 i 

(ii) ^ - = 1- )--••• converges (alternating 

n=i n 23 

series test) 


00 1 11 

(iii) ^ = 1 "1-1-1- • • • converges (integral test). 

rc=i Tr 4 9 


Do these proofs give the values of the series as well as their convergence ? 


2. Prove that the series 


]Tz n = 1 + z + z 2 + • • • and 2 1 


both diverge if |z| > 1. 


3. Test the following series for convergence and absolute conver¬ 
gence. 

oo :n QQ/1 i :\n 

n\ V i_ vd + LL 


(i) 2 - # 

n=l n 

<*> idjf 

71= 1 W 1 

(iii) i(-i) n+i 




(iv) 

n=i n 
, s Z.i n + 1 

(v) 1—fiT 


(vi) 2 -—- if l z l <L 

n=l 1 — Z 


Answer: (i) absolutely convergent; (ii) absolutely convergent; (iii) 
conditionally convergent; (iv) divergent; (v) absolutely convergent; 
(vi) absolutely convergent. 


4, Determine all z for which the series below are absolutely con¬ 


vergent. 


(i) 2 - 2 



(ii) 


2 z / n! 


n=1 
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Answer: (i) \z\ < 1; (ii) all z; (iii) all z 0; (iv) |z + 1| > £; (v) 
Re(z) > 0. 

5. Prove that the following series converge absolutely to the limits 
shown. 

(i ) f z n = if | Z | < 1 

71=1 1 — Z 

(ii) ^ (—l) n+1 2 4 " = —1 + z 4 — z 8 + ■ • • = ——— 

n=0 Z — 1 

if \z\ < 1 

(“») 2 {r ~{) = ~^ if R e(z) > 0 

n=0 \Z -(“ 1/ 2 



00 1 

//znJ: Remember that Sw n = -- if \w\ < 1. 

1 ‘7 41 


00 

6 . Using the geometric series, define series of the form a n z 11 
whose sums have the values " =0 


(i) 


1 

1 +z 2 


(ii) 


1 

1 + z 


for |z| < 1. 

Answer: (i) (1 + z 2 ) -1 = 1 — z 2 + z 4 — 
(ii) (1 + z)" 1 = 1 — z + z 2 — • • 


= 2 ( —l)"z 2n ; 


n=0 


= 2(-i) n z n . 

n=0 


oo 

7. Write the terms of 2 z n as z n = x n then consider the 

00 00 71 = 1 

(real) series 2 x n an d 2 an< ^ P rove that: 

71=1 71=1 

(i) The complex series converges if and only if both real series 
converge; moreover, 


00 / 00 \ / 00 \ 

I z n = ( 2 >») + *'( I y n )• 

7i=l \n=l / \n=l / 
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(ii) If the real series are absolutely convergent, so is the complex 
series. 

(iii) If the complex series is absolutely convergent, so are both of 
the real series. 

00 oo 

8 . Prove that if the complex series z n Converges, then 2 z n ^ 

oo n=l n=1 

2 Kl- 

n=1 

Note: The series on the right is allowed to have the improper value 
+ oo, in which case the inequality is trivial. What conditions on the 
terms z n would make these series equal ? 

Hint: Use the triangle inequality to compare the partial sums. 


9. If ^ a n converges, with sum a, show that: 

71=1 

00 

(i) Each “remainder” R k = a n is a convergent series. 

7l=fc+l 

(ii) If s k is the k th partial sum, then R k = a — s k for all k . 

(iii) lim R k = 0. 

k —►oo 

Hint: R k = lim {a k+1 + • • • + O = (J m — s k ), if s m is the m th 

m-> 00 771—► 00 

partial sum of the given series. The rest follows from Theorem 2.2. 

10. Use the Integral Test to decide which real exponents a^O 

00 

make the sums ^ converge or diverge. 

71=1 

Answer: Converges if ~oo < a < — 1; diverges if a > —1. 

00 oo f _l)n+l 

11. Show that the alternating real series ^ a n — 2 - T — ( fl o = 

n =0 71 = 1 yj n 

0) is convergent. Then calculate the terms c n in the Cauchy product of this 

oo 

series with itself and show that ^ c n diverges. 


12. Use Exercises 8 and 9 to show that the “error” e k = s k — ^a n 

71=1 

may be estimated directly in certain examples: 

00 

(i) For the geometric series 2 zn > taking \z\ < 1, we get 

71=0 


1 - 1*1 


for *=1,2 
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00 

(ii) If |z| < 1 in the series 2 2 n /tt 2 , we get 

n=0 






By comparing series, or by other means, decide how many terms should be 
taken in the following series to calculate their values, so that e k < 0.01. 


(iii) 


00 


2 e ni z n 

n =0 


if |z| 


1 

2 


(") I 3 


(v) 2 


7i=i n* 

(_l)n+i 


7i=i n 



00 

Hint: Do not calculate the value 2 a n unless this is easy; instead, 

00 71 = 1 

observe that e k < ^ \ a n \ (Exercise 8) and estimate the size of this re- 
n=fc+l 

mainder by integral tests, comparison with known series, or other means. 


Answer: (iii) k >8; (iv) k > 100; (v) k > 8 (compare with 

00 \ \ 

2 <»* ■ 

71=0 / 


00 00 

13. Let ^ a n an< 3 2 b n E e series with non-negative real terms. Sup- 

00 71=1 71 = 1 00 00 

pose that ^ a n * s known to diverge and that ^ b n “dominates” a n in the 

71=1 71=1 71 = 1 

sense that there is a constant K such that a n < Kb n (all large n). Prove 

00 

that the series 2 b n diverges. Compare this result with Theorem 2.8. 

71 = 1 


2.3 GEOMETRIC PROPERTIES OF SETS IN THE PLANE 

There are a few geometric concepts, in addition to those mentioned in 
Section 1.4, which should be examined. A point z is said to be adherent to a 
set A if it is the limit of some sequence of points lying within A. A point z that 
belongs to A is adherent to A, since the constant sequence a n = z (for all n) 
consists of points in A and converges to z; however, there may be additional 
points that are adherent to A but do not belong to A. If A is the disc A = 
{z:|z| < 1}, every point on the boundary circle |z| = 1 is the limit of a 
suitably chosen sequence of points in A, and so is adherent to ^4; on the other 
hand, if \z\ > 1, we can find a small disc of positive radius about z that is dis¬ 
joint from A and isolates z from A. Thus, no point z such that |z| > 1 can be the 
limit of a sequence of points in A. Clearly, the closed disc {z:\z\ < 1} is 
exactly the set of adherent points of A. 
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The set of points adherent to A is referred to as the closure of A and will 
be denoted by A ~; if a set already includes all of its adherent points, we refer to 
it as a closed set. It is obvious that A~ contains A and, with a little effort, it 
can be seen that we get no new points by taking the closure twice in succession; 
thus {A~)~ = A ~, and A~ is always a closed set in the plane. 

The boundary of a set A , denoted by bdry(A ), consists of all points in the 
plane that can be approached by sequences from within A and from within the 
complementary set A~ = C -— A; in some sense, then, the boundary points 
“stand between” A and its complement A ~—hence the name “boundary.” 
One can show (see Exercise 5) that z is a boundary point if and only if every 
disc of positive radius about z meets both A and its complement A~. For 
example, if A is the half plane {z: Im(z) > 0}, its boundary is just the real axis: 
bdry(A) = {z:Im(z) = 0}; or, if A is the closed (or open) disc of radius one 
about the origin, the boundary is (in either case) the unit circle: bary(A) = 
{z:|z| = 1}. Some boundary points may belong to the original set A , while 
others may belong to the complementary set A~; consider what happens for the 
discs |z| < 1 and |z| < 1. Since the sets A and A~ play symmetrical roles in the 
definition of bdry(A ), it is clear that 

(7) bdry(A) = bdry(A~) for any set A. 

One can also show, by comparing definitions, that the closure A~ of any set A 
is obtained by adjoining its boundary points: 

(8) A~ = A U bdry(A) for any set A. 

The notion of connectedness turns out to be particularly important in our 
work, and we will need a careful discussion of this relatively unfamiliar concept. 
Let A be a set in the plane. We say that A is disconnected if it is possible to 
find two open sets E x and E 2 in the plane, such that 

(i) The set A x = E x O A is not empty 

(ii) The set A 2 = E 2 O A is not empty 

(iii) The sets E x and E 2 are disjoint; that is, they have no points in 
common. 

(iv) The sets E x and E 2 together cover the set A ; that is, A is the union 
A = A x U A 2 of the pieces A x and A 2 . 

Loosely speaking, a set A is disconnected if it can be divided into two non-triv- 
ial (i.e., non-empty) pieces, each isolated from the other. Indeed, the sets E x 
and E 2 divide A into non-trivial pieces A 1 and A 2 , as shown in Figure 2.2. 
Because E x and E 2 are assumed to be open sets , the pieces A x and A 2 are isolated 
from each other in the following way: for each point a in A x , there is some disc 
of positive radius about a that does not meet the other piece A 2 (thus, the disc 
“isolates” a from the points in A 2 ). Likewise, each point in A 2 is isolated from 
the points in A v 
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Figure 2.2 A discon¬ 
nected set separated into dis¬ 
joint, isolated pieces by open 
sets E x and E 2 . Each point in A x 
is isolated by a disc of positive 
radius from the points in A 2 , 
and vice versa. 




Definition 2.3 The set A is connected if it is not a disconnected set . 

In these definitions, it is crucial that the sets E x and E 2 that separate A be 
open sets, so that the pieces A ± and A 2 will be isolated. It is usually possible to 
divide any set into disjoint pieces, if we do not require the pieces to be isolated as 
above. For example, we will soon see that the set A = C (the whole complex 
plane) is connected; nevertheless, it may be divided into the non-trivial, 
disjoint pieces 

A 1 = (z:Im(z) ;> 0}—the upper half plane plus real axis 
A 2 = (z:Im(z) < 0}—the lower half plane. 

The set A 2 is open, but A x is not; furthermore, there are points in A l9 namely 
the points on the real axis, that are not isolated from the set A 2 by any disc of 
positive radius. Thus, the partitioning A = A x U A 2 does not conflict with the 
connectedness of A. 

We need efficient ways of recognizing when a set is connected, and the 
definition above is not always convenient for this purpose. For example, if we 
want to prove that the complex plane A = C is a connected set, we must show 
that no choice of disjoint open sets E x and E 2 , no matter how cleverly conceived , can 
divide the plane into non-trivial, disjoint, isolated pieces. This can be a formid¬ 
able task, if approached the wrong way. Fortunately, there is a simple, practical 
test for connectedness; it is based on the notion of “connecting” two points in 
the plane via parametrized curves. 

We define a continuous parametrized curve in the plane by giving a pair of 
continuous functions x(t) and y(t), defined on some real interval a < t < b\ 
these specify the Cartesian coordinates of a point z(t) = x(t) + iy{t), whose 
position varies continuously with t. Thus a parametrized curve is a function , 
whose variable is real and whose values are complex. We say that a para¬ 
metrized curve z[t ) connects the points p and q if 

z(a) = p and z(b) = q , 

as shown in Figure 2.3. With this definition in hand, one can prove the follow¬ 
ing result concerning open sets. (We will not go into the details of the proof in 
this book; see Buck [2], Section 1.5, and Ahlfors [1], Section 1.3 for this 
result and other elementary comments about connected sets.) 
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Figure 2.3 A connected open set with a 
parametrized curve z(t) = x(t) + iy{t) con “ 
necting the points p and q. 


Theorem 2.10 Let A be an open set in the plane. Then A is connected if and only 
if for every pair of points { p , q } in A, there is a corresponding continuous parametrized 
curve z(t) = x(t) + iy(t) that 


(i) connects p and q 

(ii) lies entirely within the set A, in the sense that z(t) belongs to A for each t 
such that a <> t <, b. 


Figure 2.3 shows a parametrized curve connecting p and q , which lies 
entirely within the set A. Theorem 2.10 applies only to open sets, but it will 
suffice for our needs. 

Usually it is intuitively obvious whether every pair of points { p , q } in A can 
be connected by a parametrized curve within A, and it is usually not hard to 
supplement this intuition by providing an explicit construction. 

Example 2.10 The unit disc about the origin A = {z: \z\ < 1} is a con¬ 
nected open set. If p == x 0 + iy o and q = u 0 + ™o are typical points in A , let us 
consider the parametrized curve defined by the linear formula 

z(0 =(1 -t)p + tq=p + t{q-p) 

= [*o + *(«o - *o)] + ibo + ^0 —.To)] = *(0 + *>(0- 

The coordinate functions x(t) and y(t) are defined for 0 < t ^ 1, and are 
continuous. It is easy to see that the moving point z(t) traces out the straight 
line segment from p to q , so z(t) remains within the disc at all times. Since p and 
q are typical points in A , Theorem 2.10 applies and A is connected. Similar 
reasoning shows that arbitrary open discs A = {z:\z — p\ < r}, or the whole 
plane A = C, or open half planes such as A = {z: Im(z) > 0} are all connected 
sets; if {p, q} are typical points, the line segment connecting these points lies 
within A. More sophisticated arguments, using parametrized circular arcs 
instead of line segments, show that the punctured plane A = {z:z^ 0} and the 
ring-shaped set A = {z: 1 < \z\ <2} are connected. 

Definition 2.4 A connected open set in the plane will be called a domain throughout 
this book . 


In Table 2.1 we present a list of sets in the plane, and indicate how the geo¬ 
metric ideas just presented apply to them. The symbol 0 stands for the empty 
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set, which has no points in it at all, and { p } stands for the one-point set whose 
only element is the point z = p. 

EXERCISES 

1. Show that the sets E are disconnected; exhibit open sets that 
separate them into isolated pieces. 

(i) E = all “integral points” z = m + in in the plane. 

(ii) E = (z:Re(z) < 0} u (z:Re(z) > 0 and Im(z) = 0} 

(iii) E = (z:Im(z) 1} 

(iv) E = the real axis with the origin removed. 

2. Verify the statements displayed in Table 2.1. 

3. If E = {z: 1 < |z| ^ 2}, show that bdry(E) consists of the circles 
|z| = 1 and |z| = 2, and that the closure E~ = {z: 1 <; |z| < 2}. Dem¬ 
onstrate that E is neither open nor closed. 

Note: There are many sets in the plane that are neither open nor 
closed. 


4. Consider the segment of the real axis E = ( — 1, +1) = 
{z:Im(z) = 0 and —1 < Re(z) < 1}. Sketch the sets 

(i) bdry(E) (iii) E~ = C ~ E 

(ii) E~ (iv) E~ E 

and answer the questions listed in Table 2.1. 

Answer: (i) bdry(E) = [ — 1, +1]; (ii) E~ = [—1, 1]; (iii) E~ = 
{z:either Im(z) ^ 0 or |Re(z)| ;> 1}; (iv) the two point set {—1, +1}- 
E is bounded, connected, not open, not closed, and not a domain. 

5. Prove that z is adherent to A if and only if every disc of positive 
radius about z meets A. Prove that z is in bdry(A) if and only if every such 
disc meets both A and its complement A~. 


2.4 FUNCTIONS OF A COMPLEX VARIABLE 

A function, or mapping, between two sets M and N is a correspondence 
that assigns to certain points x in M corresponding points/(*) in N ’, as indicated 
in Figure 2.4. To specify a function completely, two things are necessary; we 
must first give its domain of definition, the set Dom(/) consisting of all points 


M 

/ 

N 

Dom (f) 


./(*) 

Range (/) 


Figure 2.4 A mapping 
f:M -> N from set M to set N . 
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in M for which the function is defined, f Then we must give the rule that tells us 
how to get/(*) from* for each *inDom(/). Two functions /and g are regarded 
as being identical if they have the same domain of definition, and assign the same 
value to each point * in this set: 

D = Dom(/) = Dom(g) and /(*) = g(x) for all * in D. 

Complex analysis is mostly concerned with mappings from C into C, while 
calculus deals with.mappings from R (or sometimes R n ) into R, functions with 
real variables and real values. When a function or mapping/is defined through¬ 
out a set M, with values in another set N, we usually write f\M —► N to indicate 
this situation. 

Often the domain of definition is not written down explicitly; the domain 
must be specified to fully define f> but it is often clear from the context what the 
domain Dom (f) should be. For example, if we speak of the function f given by 
the rule/(z) = 1/z, we take Dom(/) to be all points z in C such that the 
rule makes sense; thus, Dom(/) = {z:z 0}. If a function f:M —> N is 
given, we will sometimes be interested in its range, the set Range(/) N 
consisting of all points in N that are images of points in M. 

Example 2.11 Consider w = f(z ) = z 2 , taking Dom(/) = C. Since 
every complex number w has at least one square root, every w is the image of 
one or more points in Dom(/); thus, Range(/) = C. Similarly, consider w = 
g(z) = 1 + z 2 defined on C. If w is arbitrary and if z = w — 1, it is clear 
that^(z) = w; thus, Range(^) = C. 

While it is possible to draw sketches and graphs to visualize functions of 
a real variable, there is a serious difficulty in doing this for functions of a complex 
variable. Complex numbers are represented as points (or vectors) in the 
Cartesian plane, having both length and direction, and a function f attaches a 
complex number w = /(z)—a vector—to each point z in Dom(/). Drawing a 
graph of this situation would require four dimensions, and is not practical. One 
way of visualizing f is given below; other methods will be introduced in 
Chapter 4. Given/(z), we may draw the “level curves” of the function |/(z)|. 
These are the loci {z: |/(z)| = c } for various c > 0. This pattern of curves tells 
us how large the values of f(z) are, but completely ignores the direction angle 
associated with the polar form of f(z). 

Example 2.12 Takers = /(z) = z 2 andDom(/) = C. Figure2.5Ashows 
/asa vector field. If z has length |z| = r and makes an angle 6 with the positive 
real axis, then /(z) = z 2 has length |z 2 | = |z| 2 = r 2 and makes an angle 26 
with the positive real axis (recall the geometric interpretation of multiplication). 
Thus, all vectors in Figure 2.5A whose base points lie on the circle |z| = r have 


f The “domain of definition’* of a function may or may not be a “domain” (connected open 
set). The word “domain” is being used in different ways in these phrases. In practice, it will 
always be clear from the context which meaning is intended. 
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*y 


A 



Figure 2.5A The complex 
number w — f(z) shown as a 
vector attached to the point z. 



Figure 2.5B The level curves 
| w\ = |/(z) | = c for various choices 
of c > 0. 


length r 2 , but different directions, as shown. This kind of diagram is cumber¬ 
some, and is not very useful for complicated functions. In Figure 2.5B we show 
the level curves \f(z)\ = c , which are circles centered at the origin with radius 
c 1/2 . 


Example 2.13 (The level curves of/(z) = z 2 + 1) The polynomial f(z) = 
z 2 + 1 is zero at the two points z = +i and z = —i, and |/(z)| > 0 at all 
other points in the plane. For the practical details of plotting the locus 
|/(z)| = c, it is better not to have to deal with square roots, so we should 
consider the equivalent equation \f{z)\ 2 = c 2 ; this is a quartic (4 th degree) 
equation in the variables x and y if we write z = x + iy\ 

| Z 2 + 1|2 = \(x 2 -y 2 + 1) +i{2xy)\ 2 

= (x 2 — y 2 + l) 2 + 4*^ 2 = c 2 . 

It is not practical to solve explicitly for^ as a function of* (or vice versa) in such 
a high degree equation; nevertheless, we may estimate the positions of these 
loci by numerical calculations and by qualitative arguments. We are aided by 
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Figure 2.6 The level curves c = 
|/(z)| for the function /(z) = z 2 + 1, which 
has zeroes at z = -f i and z = — i. 



the knowledge that a quartic locus cannot meet any vertical or horizontal line 
in more than four places because quartic polynomials in x, or in^, cannot have 
more than four roots. 

The locus |/(z)| = 0 consists of the two points +i and —i. As c increases 
from c = 0 to c = 1, the curves |/(z)| = c move away from +i and — z,.as 
indicated by the locus c = \ in Figure 2.6. When c = 1, we get the double 
curve passing through the origin (if z = 0, clearly |^: 2 H- 1| = |1| = 1). For 
c > 1 the locus is given by a single smooth curve, and for very large values of 
c > 1 there is very little difference between the level curves for the 
functions /(z) = z 2 + 1 and g(z) = z 2 ; that is, the locus |/(z)| = c is 
almost indistinguishable from the locus \g(z)\ = c, a circle of radius \Jc y for 
large values of c. 

The simplest of all the functions we shall encounter are the polynomials: 

(9) /(z) = a n z n + a^z*- 1 + • • • + a ± z + a 0 (the a k are complex). 

Here n is called the degree of the polynomial (if a n ^ 0). Polynomials include 
the constant functions, /(z) = a 0 for all z; and also include such functions as 

/(z) = z, /(z) = z 2 , . . . . 

If P(z) and Q(z ) are both polynomials, and Q is not the constant function which 
is equal to zero everywhere, then Q(z) = 0 at no more than a finite number of 
points in C, and except for these points the function P(z)/Q(z) is well defined. 
Naturally, we take Dom (P/Q) = {z:Q(z) ^ 0}. This construction gives us 
functions like 


1 — z 


z 2 + 1 


/(z) = 1 + -+z 2 = z3 + 2 + 2 
z z 


Functions obtainable in this way are called rational functions. 
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EXERCISES 

1. Prove that w =f(z) = 1 jz maps the domain E ={z:z^ 0} 
onto itself, so that Range(/) = E. Prove the same thing for w = g(z) = 
1/z 2 . 

2. Prove that w =f(z) = 1 + z 2 maps the unit disc D = {z: |z| < 
1} onto the disc E = {w:\w — 1| < 1} in the w plane. 

Hint: w =/(z) is obtained by performing the transformation 
s = z 2 , followed by w = s + 1. It is easy to see how these operations 
transform sets in the plane. 

3. Consider the following mappings w =f(z) defined on E = C. 
Regarding^as a mapping from the z-plane to the w-plane, determine the 
image under f of a typical vertical line x = c (c real). Determine the 
image of a typical horizontal line y = d (d real). 

(i) w = z + 1 (iv) w = e z 

(ii) w = (1 - i)z (v) w = (z # — 1) 

(iii) w = z 2 (vi) w = Ijz (z^O) 

Are any of these lines transformed in an exceptional way? 

4. Use Exercise 3 (iv) to verify that Range(exp z) = {w\w ^ 0}. 
Why is w = 0 not the exponential of any complex number ? Use algebraic 
methods to prove that the range of w =f(z) = (z — 1 )/(z + 1) is the 
punctured plane {w:w ^ 1}. 

5. Sketch the level curves |g(z)| = c , where g(z) = 1 — z 2 . Use 
Figure 2.6 and substitute z = iw to relate |g(z)| and \f(w)\ = |1 + w 2 \. 

Answer: Rotate Figure 2.6 by +7 t/2 radians; zeros of g are at +1 
and —1. 


6 . Consider circles |z| = R and the function /(z) = z 3 + z 2 + 
z + 2. Show that the exterior domain E R = {z: |z| > /?} is mapped into 
itself for all sufficiently large values of R. 

Hint: Use the triangle inequality; compare |z 3 | and |z 2 + z + 2|. 

Note: Later, in Section 4.8, we will interpret this as demonstrating 
that f maps points “near infinity’’ to points “near infinity.” There is a 
similar result for any non-constant polynomial. 

2.5 CONTINUITY AND LIMITS OF FUNCTIONS 

We shall take time only to generalize the ideas of continuity and limits to 
deal with functions of a complex variable. Consider a function w =f(z) 
defined on a set M = Dom(/) in the complex plane, and let p be a point in the 
plane. 
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Definition 2.5 We say that f has a limit at p if 

(i) The point p can be approached by sequences of points {z n }, all distinct from p 
and lying in the domain of definition of f 

(ii) The limit 

lim /(zJ = q 

n-+ oo 

exists , and has the same value q , for every sequence of points {z 7l }, distinct 
from p , that approaches p from within Dom(/). 

If f has a limit at /, we indicate the common value of the limits in (ii) by 
writing 

q = lim/ or q = lim/(z), 

z-*v z-* v 

or 

/(z) -> q as z ► p. 

This definition makes precise the idea that the values /(z) approach a 
value q as z approaches p from within Dom(/), keeping z p. We can 
define lim f only if p can be approached by sequences of points lying in the 

Z—+V 

domain of definition of f; otherwise, it makes no sensfe at all to speak of 
how the values f(z) behave when z is “near” p. In defining lim f it is not 

z-» V 

necessary that/be defined at the point p , and even if/is defined there we ignore 
the value/(/?), which may have no connection with the limit q = lim f The 

Z-+V 

limit behavior of / at p refers only to what /(z) is doing as z approaches p , 
keeping z p. The reader should notice how this idea was built into the 
definition just given. It is important to notice that there are an enormous variety 
of ways in which a sequence {z n } can approach a point/; existence of lim f means 

z-+v 

that/(z n ) converges to q no matter how z n makes its approach to p. A function 
may or may not have a limit at a particular point p. Some examples are given 
in the exercises. 


Some authors give an equivalent definition of lim f It turns out that 

Z-* V 

lim/ = q if and only if the following statements hold: 

Z — *-J) 

(i) Every disc about p includes points from Dom(/) that are distinct 
from p . 

(ii) Given any number e > 0, there is a corresponding 6 > 0 such that 

|/(z) — < e whenever z is in Dom(/), 

z 7 ^ /, and \z — p\ < d. 

That is, we get |/(z) — q | < e for all z, distinct from p and in 
Dom(/), which lie sufficiently close to p. 

Statements (i) and (ii) also embody the idea that/(z) should get close to q 
as z gets close to p from within Dom(/), keeping z ^ p. We will not take 
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the time to prove that these “£-(5” statements are equivalent to the defini¬ 
tion given above, involving convergent sequences. A discussion of these 
alternative definitions is given in Buck [2], particularly Section 2.1. 

Next consider a function w = /(z), and let p be a point in the plane at 
which f is defined. We say that f is continuous at p if 

(i) The function f is defined at p (so that f(p) is defined). 

(ii) The limit lim f exists. 

Z-+V 

(iii) This limit agrees with the value of/ at /?, so that f(p) = lim f 

Z-+P 

It is not difficult to recast these statements in the following way. 

Definition 2.6 Let f be a function , and let p be a point in Dom(/). Then f is 
continuous at p if for every sequence of points {z n } in Dom (/) that converges to p, 
the sequence of values {/(z„)} converges tof{p). Iff is continuous at every point in a 
subset A ^ Dom(/), we say that f is continuous on A. 

This behavior is illustrated in Figure 2.7. 

Example 2.14 Prove that f(z) = l/z does not have a well defined limit at 
the point p = 0. Here Dom(/) ={z:z^0} and f is not defined at /?, but it 
might have a well defined limit there. The points z n = (1 \n) + *0 converge to 
z = 0 as n —> oo, and z n 0; but if q is any complex number we get 

l/( z n) — ?l ^ |/(^)| — l?l = « — \q\ 

for all n. Clearly, no choice of q can give/(z n ) —> q as n -> oo; the sequence of 
distances \f(z n ) — q\ n — \q\ simply cannot converge to zero. According to 
Definition 2.5, lim/(z) cannot exist if there is any sequence of points { z n } 

z~* 0 

approaching the origin such that {/(z n )} diverges. 

Theorem 2.1 is sometimes useful in determining the behavior, or continuity, 
of functions of a complex variable; a sequence of complex numbers z n = x n + 
iy n converges to a limit z = x + iy if and only if lim x n = x and limj> n =y 
in R. 
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Example 2.15 The function f(z) = z 2 + 1 has a limit, and is continuous, 
at every point in C. Consider a point p = x -f iy and any sequence z n = x n + 
iy n that converges to p. Now f(x + iy) = (x 2 — y 2 + 1) + *(2 xy), and since 
x n -> x and y n —>y as n -> oo, we get 


(V -a 2 +1) 

(2 x n y n ) - (2xy) 


(x 2 —y 2 + 1) 


in R 


as n —► oo. Therefore, 


f( z n) = (*»* “A 2 + 1) + *(2**Tfc) ~+f(P) in C 

as n -> oo. Since this reasoning works for any sequence such that z n —► />, we 
conclude that lim /(z) = /(/?), and that/is continuous at p. 

z —►p 


Similar arguments show that a polynomial in z is continuous at every 
point in C. However, this follows from a number of general results which say, 
in effect, that reasonable combinations of continuous functions of a complex 
variable are still continuous (and likewise for limit behavior). For example, if 
/(z) and g{z) are both continuous on a set A , so are the combinations 

(a */)(z) = a • (/(z)) (a a fixed complex number) 

(/ ± g)( z ) =/( z ) ± *(*) 

(/•*)(*) =f( z )-g( z ) 

(flg)( z ) = f( z )lg( z ) (provided g(z) ^ 0). 

Also, if the functions f and g have well defined limits at p , so do these combina¬ 
tions of f and g; furthermore, 


(11) 


lim a •/= a • (lim/ 
Z-> \z->2> - 


lim/± g = | 

Z~+V 

H 

\z-+ V ) 

l± 

: (limj 

\z->p 

lim f-g = | 

z-* v 

flim/1 

\z-+p ) 

H 

lim 5 ) 

lim f/g = | 

z-* V 

l lim/ ) 

\z->p J 

0 

lim 5) 

\z->p 1 


provided lim g ^ 0. 
z-*v 


These formulas follow directly from the corresponding results for sequences of 
complex numbers, given in Theorem 2.2. 

There is another way to combine functions; we may form a composite 
function fog from f and g by defining 

(12) (f°g)( z ) =f(g( z ))- 



58 LIMITS AND FUNCTIONS OF A COMPLEX VARIABLE 


If we write w = g(z) and think of / as a function of w , we get the composite 
f © g by substituting w = g(z) in f(w) ; thinking of it another way, we get the 
composite fog by applying the mappings g and then f in succession to points 
z. The composite function fog is continuous if the functions f and g are con¬ 
tinuous (see Exercise 4 for details). 

The composite function (/ ° g)(z) = f(g(z)) should not be confused with the 
product ( f'g)(z) = f{z) • g(z) of the functions f and g; the functions are put 
together in very different ways to form these combinations. For example, if 
/(z) = 1 + z 2 and g(z) = e z , then (f-g)(z) = (1 + z 2 ) • e z and (fog)(z) = 
1 -f ( e z ) 2 = 1 + £ 2z 5 for all complex numbers z. 

EXERCISES 

1. Prove that w =/(z) is continuous. 

(i) w = z (conjugation) (iv) w = Im(z) 

(ii) w = |z| (v) a; = * 2 + i(y 2 — 1) 

(iii) zv = |z 2 + 1| (vi) w = - + z 

z 

(except at z = 0) 

2 . Prove the limit relations listed in ( 10 ) and ( 11 ). 

3 . Define /(z) = exp( — 1 /z 2 ) on the punctured plane E = 
{z:z 0 }. Show that lim/(z) does not exist. If we consider the corre- 

z —►() 

sponding function of a real variable, f(x) = e~ 1/x2 , defined for x 7^ 0, 
show that the limit does exist: lim e~ 1/x 2 = 0. 

x-+0 

Hint: There are sequences { z n }, converging to zero from within E , 
such that {/(z n )} diverges. For the real variable t , it is well known that 
lim e~ l = 0. 

t —►+00 

4 . Suppose that f is defined on an open set D, and that g is defined 
on an open set E which includes the range of f so that the composite 
function (g °f)(z) = g{f(z)) is well defined throughout D . If/is con¬ 
tinuous at p (in D) and if g is continuous at q = f{p) (in E ), prove that 
(g of)( z ) is continuous at p. 

Note: If/is continuous on D and g is continuous on E , then g of is 
continuous on D (apply the exercise to a typical point p in D). 

Hint: If z n -+p in Z), what can be said about w n = f(z n ) and 
?=/(/>)? 


5. Describe the limit behavior of the rational function /(z) = 
(z — l)/(z 2 -|- z — 2 ), defined on C {+1, —2}, at the points p = +1 
and p = —2. 

Answer: At + 1 , limit exists and is 1 / 3 ; limit at —2 does not exist. 
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6. I ff(z) is continuous on a set A, show that g(z) = |/(z)| is also 
continuous on A. 


7. If <f>(z) is defined near p , and if lim <f> = k exists and is non-zero, 
prove that z ^ v 


lim 


<t>(z) 


z-*v Z — p 


does not exist. 

Note: As a particular example, one might consider e z jz at p = 0. 
This general result will be useful in many places later on. 


8 . Consider the functions /(z) = (z — p) n defined on the punctured 
plane E = {z:z ^ p} y where n = 0, ±1, ±2, ... is a fixed integer. For 
which values of n does lim f exist ? 

Z-+P 

9. Consider the function /(z) = z/|z|, defined for z^O. Con¬ 
struct two sequences { z n '} and {z n "} such that 

(i) Both sequences converge to zero. 

(ii) The limits lim f(z n ') and lim f{z n ") both exist. 

71—► 00 71—► 00 

(iii) The limits in (ii) disagree . 

What does this tell you about the limit lim f? 

z-*p 


10. Prove the following statements. 


(i) lim — = 0 
2-0 z 

(ii) lim —-— does not exist 

2 — 1 1 Z 

(iii) lim |z| = 1 

2 — i 

sin(* + y) 2 


(iv) lim 


o x +y 


+ i(y + 1) = 1 + i 


e x sin_y + ie v cos x 

(v) lim-does not exist. 

2-0 y 


Hint: Sometimes the “€-<5” definition of limit is easiest to use; show 
that |/(z) - <x| < e for all z near p by using the triangle inequality. 
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11. Prove the following limit relations; the functions U(x,y) or 
U{x>y) + iV(x, y) are to be regarded as functions of z = x + iy. 


(i) lim 


xy 


o x+y 
(ii) lim ^- 2 = 0 

z-*o x 2 + y 2 
xy 


• does not exist. 


(iii) lim 


= 0 


V * 2 + y 2 

x(cosy — 1) + iy sin * 
(iv) lim — 

z —► 0 


V* 2 +/ 


Hint: In (iv), \sin x\ < \x\ and |cos_y — 1| <y for x and y close to 
zero. Make liberal use of the triangle inequality to estimate the size of 
|/(z)| for z near the origin. 


2.6 SOME ELEMENTARY FUNCTIONS OF A COMPLEX 
VARIABLE 

In this section we introduce the complex variable analogs of familiar 
functions of a real variable, such as e x , sin x, cos x, and x 1/2 . We shall define 
them carefully, and examine a few of their algebraic properties. At appro¬ 
priate places we will introduce new techniques for handling all sorts of functions 
of a complex variable, using these elementary functions to illustrate the ideas. 


1. The Exponential Function 

This function is defined for all z = x + iy in C by the formula 

(13) exp(z) = e z = e x (cosy + i sinj) = ( e x cos y) + i(e x sin^y), 

where e x is the usual exponential function, and sin x and cos x are the usual 
trigonometric functions of a real variable x. We shall use the symbols e z and 
exp(z) interchangeably; here “exp” is the symbol for the exponential function, 
while exp(z) = e z stands for its value at a point z. 


Motivating the definition ofe z . If we start with the exponential function 
for a real variable, e x , it is not at all obvious what the complex variable 
analog of this function should be, and the origin of formula (13) may seem 
obscure. Historically this formula was arrived at in the following natural 
way. Starting with the real variable exponential function,/( x ) = e x , it was 
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first discovered that this function is given by a series (its “Taylor series”): 

/(*) = 2“7 =1 + * + rr + ''' all f eal #, 

«=o n ! 2! 

the series being absolutely convergent for every x in R (see Exercise 3). 
This strongly suggests that we examine the complex series 

04 ) 

n=o n\ 

For any z this series is absolutely convergent, and for real z = x + iO we 
get the usual exponential, E(x + *0) = e x . Using the Cauchy product 
formula, one can show that the function E(z) has the following algebraic 
property: 

( 15 ) E(z + w) = E(z) • E(w ) 

for all z and w. In particular, E(x -f iy) = E(x) • E(iy). But E(x) = e x , 
and the series E(iy) may be rewritten as a combination of the Taylor series 
for sin^» and cosj> (in real variable^). If we make free use of the identity 
i 2 = —1, and Theorem 2.6, we get 



= cos_y + i sin_y. 


Thus the function E(z), defined by the series (14), is the same as the ex¬ 
ponential function defined by (15); E(x + iy) = e x (cosy + isin^). As a 
special case, we could take x = 0 and_>> = n, to get the formula e lir = — 1. 
This was quite startling when it was first discovered as a result of series 
arguments like the one just presented, since it relates four of the “magic 
numbers” which keep turning up in mathematics and physics. 


The exponential function is continuous at every point z = x + iy, since (13) 
expresses e xHv = U{x,y) + iV(x,y) as an algebraic combination of continuous 
functions of the real variables x and y. 

As we have indicated in Section 1.5, the complex exponential function 
converts sums into products: 

( 16 ) exp(z + w) — exp(z) • exp(zw) for all z and w. 

We have also noted the following formulae, deduced from this basic property. 

e~ z — 1 /e* 
e z ~ w = e z le w 



( 17 ) 


for all z and w. 
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Figure 2.8 Part of the level 
surface c = |/(* + iy)\ for the ex¬ 
ponential function. 

The absolute value \e z \ is easily calculated: \e x + iv \ = \e x \ \e iv \, and since \e iv \ = 
Vcos 2 y + sin 2 j; = 1 for all real y, we get \e x + iv \ = e x . This can also be ex¬ 
pressed by writing 

(18) \ e z \ = e Re(z) for all z. 

Obviously, the level curves \e z \ = c are precisely the vertical lines in the com¬ 
plex plane. On the line z = d + iy ( — oo <y < + °°), we have \e z \ = e d = c. 
Notice that \e z \ increases rapidly as z moves to the right in the plane, and de¬ 
creases rapidly as z moves to the left. Part of the surface c = \f(x + iy ) | is shown 
in Figure 2.8. From (18) we also see that 

(19) e z is never zero, 

since e x > 0 for every real number x. 

We have already indicated, in Section 1.5, how complex exponentials are 
used to express a non-zero complex number z in polar form z = re* 0 ; the 
positive part r = |z| is unique, but 6 is determined only up to an added constant 
of the form 27 rk (k = 0, ±1, ±2, . . .). From (13) it is obvious that e z is 
periodic when the variable is translated by 27n; that is, 

(20) exp(z + 277 -i) = exp(z) for all z. 

A complex number w 0 is called a period for a function /(z) if we have 
/(z + w 0 ) = f(z) for all z; evidently the numbers • • • —2 w 0 , —w 0 , 0, w 0 , 
+2 w 0 , . . . are also periods. The numbers w k = 27rki are periods for the 
exponential function, and we leave it as Exercise 9 for the reader to show that 
the exponential function has no other periods. This periodicity of exp(z) means 
that we know how exp(z) behaves everywhere in the plane once we know how 
it acts in any horizontal strip of width 27 t, such as the one shown in Figure 2.9. 

2. Complex Trigonometric and Hyperbolic Functions 

Once we have the complex exponential function in hand, we can define the 
complex variable analogs of sin x and cos x as follows. 

e iz + <r*' z . - dT 1 '* 

cos z =- sin z =- 

2 2 i 
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Figu re 2.9 The exponential 
function is periodic under re¬ 
peated shifts in the vertical 
direction. Its behavior in the plane 
is determined by its behavior in any 
horizontal strip of the kind shown 
(of width 2tt). 


iy 



These formulas arise naturally if we keep in mind that we are looking for 
functions on the complex plane that reduce to the usual functions sin and cos on 
the real axis. If z = x + £0, we get 


\ ( e tx + e tx ) = £ ((cos x + i sin x) + (cos x — i sin x)) = cos x 

— (e lx — e~ tx ) = — ((cos x 4- i sin x) — (cos x — i sin x)) = sin x , 

21 2i " 

so that the combinations (21) achieve this goal. 

The hyperbolic functions are another important class of elementary 
functions. We usually define 


cosh x = 


g* + g"* 
2 


sinh x = 


e — e 


2 


for a real variable x. If we want functions of a complex variable z that agree 
with these functions when z = x + iO, it is obvious that we should define 


_ 1 _ p 2 (P _ 0 2 

( 22 ) cosh z =- sinh z =- 

2 2 

For a complex variable, there is a close similarity between trigonometric and 
hyperbolic functions, which is revealed by comparing formulas (21) and (22). 
For a real variable, the connection between these two types of functions, and the 
connection between the functions sin *, cos x , and the exponential function 
e x y are not very apparent. 
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From (21) and (22) we proceed to define the full complement of trigo¬ 
nometric functions and hyperbolic functions: 


(23) 


tan z = 


sin z 
cosz 


tanh z = 


sinhz 

coshz 


ctnz = 


cosz 

sinz 


ctnh z = 


cosh z 
sinhz 


1 

sec z =- 

cosz 

1 

CSC z = —— 
sin z 


sech z =- 

coshz 


csch z = —- 

sinhz 


Naturally we must exclude from the domains of these functions all points at 
which the denominators equal zero. To see where these functions are undefined, 
we have to identify the zeros of the functions sin z, , cosh z, a task we leave 
to the reader as Exercise 12. Since e z , e iz , e ~ z , and e~ iz are all continuous 
functions of z, the trigonometric and hyperbolic functions are also continuous, 
where they are defined. 

If we restrict z to the real axis, so that z = x + i 0, various well known 
identities are valid, such as 


sin 2 * + cos 2 x = 1 or cosh 2 x — sinh 2 x = 1. 


We shall see in Section 3.8 that validity of a relationship like this for points on 
the real axis forces the same identity to be true throughout the complex plane. 
Therefore, all the usual identities for hyperbolic and trigonometric functions remain valid 
if we define these functions for a complex variable as above. These identities 
could also be proved by direct calculations based on the definitions of sin z, 
cos z, . . . and e z (see Exercise 11). 

In preparation for later applications, we will systematically investigate the 
following questions. 

(i) What are the periods of f (if any) ? 

(ii) What are the zeros of f (if any)—the points z such that f(z) = 0? 

(iii) Plot the level curves |/(z)| = c well enough to determine the radial 
directions in which |/(z)| increases to +oo or decreases to zero. 

We have done this for f(z) = e z in equations (18), (19), and (20). Here we 

work out the answers for /(z) = cos z; the reader should be able to answer 

these questions himself for other functions. 

Example 2.16 Because cos z is a combination of e iz and* -1 ’ 2 , both of which 
are periodic under translation by the real numbers w k = 2nrk + t‘0, we see 
that cos z has periodsf 

(24) w k = 27 rk + *0 for k = 0, dbl>d=2, .... 

We leave it to the reader to show that these are the only periods of cos z. 


f Since e z is periodic under translations w k ' = 0 + 2 rrki, then e iz and e~ iz must be periodic 
under translation by w k = 2irk + iO for k = 0,±1,±2 . . . 
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To determine the level curves it is useful to write out the real and imaginary 
parts of cos(* + iy) as functions of x and y: 

(25) cos (a; + iy) = U(x,y) + iV(x,y). 

By substituting formula (13) into the definition of cos z, we get 


cos(x + iy) = i(e ix v + e ix+v ) 

= c„ sW [£l±^]- is i„ W [^] 

= cos (a;) cosh {y) — i sin (*) sinh (^). 

Thus 

U(x,y) = Re(cos(* + iy)) = cos (x) cosh (y) 

(26) V( x >y) = Im(cos(* + iy)) = — sin(*)sinh(j>) 

for all real x and y. This gives us 

|cos z| 2 = cos 2 x cosh 2 y + sin 2 x sinh 2 y 

(27) = cos 2 x cosh 2 y — cos 2 x sinh 2 y + cos 2 x sinh 2 y + sin 2 x sinh 2 
= cos 2 x + sinh 2 ^. 


The level curves \f(z)\ = c may be interpolated from the level curves of 
G(x,y) = cos x (vertical lines) and H(x,y) = sinhj (horizontal lines), since 
|/| 2 = G 2 -f H 2 . Since cos(z + tt) = —cos z and cos(z + 27 m) = cos z, we 
need only plot the level curves in a vertical strip of width 7 r, as shown in Figure 
2.10; the pattern is the same in each translate of this strip by m t + tO. From 


Figure 2.10 The level curves 
cos(* + iy)\ = c (periodic outside 
the strip shown). Remember that 
cos(z + 7r) = — cos(z), so we only 
need a strip of width it. 




6.6 LIMITS AND FUNCTIONS OF A COMPLEX VARIABLE 


this diagram it is evident that |cos z| grows rapidly as z moves up or dowji along 
vertical lines; it is bounded (and periodic) as z moves along any horizontal 
line. 

The zeros of cos z are easily located using formula (27); clearly, cos(* + 
iy) = 0 if and only if cos x = 0 and sinh^ = 0. Since sinh y = 0 only when 
y = 0, it follows that the zeros are the points z = x + iy such that y = 0 and 
cos x = 0: 

(28) z k = | nn + —^ + iO n = 0, ±1, ±2, .... 


3. The Complex Square Root Function z 1/2 

A determination of the square root is any function w =f(z) that sat¬ 
isfies the square root equation 

(29) w 2 = z, 

so that ( f(z )) 2 = z. We have described the square roots of a typical complex 
number z = re te in Section 1.6, where we showed that equation (29) has 
exactly two solutions: 

^ = r i/y<*/ 2 ) 

w = — r v2 e iie/2) = r i/y<«/2y* = r ^ 2 e ^ v + e/2) 

(except when z = 0; then w = 0 is the only solution). These roots are shown 
in Figure 2.11. In defining a square root function we are forced to make a 
selection between these solutions; making the choice at random for each z will 
produce a highly discontinuous square root function. We will eventually see 
that there is a fundamental obstacle that defeats any attempt to define z 1/2 as a 
continuous function throughout the plane; however, we can define z 1/2 on a 
domain consisting of C with a radial line from the origin out to infinity deleted. 
We shall consider the particular “cut plane” P = C ~ J obtained by deleting 



Figure 2.11 Location of the square roots of z = re i9 ; the principal square root z 1/a is 
the number w x shown. 
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the negative real axis J = (— oo, 0], as indicated in Figure 2.11; however, we 
could carry out our discussion for any other radial line J *. 

A point z ^ 0 has a unique polar form 


if we require that — tt < 6 < + 77\ We define the principal determination 
of the square root function using this normalization of 0: 

(30) /(z) = z 1/2 = r 1/2 e ie/2 if z = re 1 '* ^ 0. 

Since 0 ranges from —it to +n, 0/2 ranges from —7 t/ 2 to +7 t/ 2; it is obvious 
that / maps a radial line extending from zero to infinity onto a radial line 
making half the angle with the positive real axis. Thus,/ maps the cut plane P 
onto the right half plane H = (z:Re(z) > 0). However,/does not “squash” 
the set P too badly; the mapping /:P —► // is actually one-to-one, in the sense 
that distinct points in P have distinct images in H. Second, it is quite clear that 
z 1/2 agrees with the usual square root function for positive real numbers: 
(x + z’0) 1/2 = x 1/2 . Other determinations of the square root function are 
obtained by taking other domains of definition; even on the cut plane P , the 
function 

g(z) = -zVt = —/(z) 

is a square root function, since (g(z)) 2 = z. However, g does not agree with the 
usual square root function x 1/2 on the positive real axis; instead we get —x 1/2 if 
z = x + z’O is on this half line. 

We now examine the continuity of z 1/2 and its limit behavior at points on 
the negative real axis J , which is the boundary of the domain P. Consider a 
point p = x 0 + iO such that x 0 < 0, and consider two sequences of points that 
approach p from within P: 

p n = \x 0 \ e lQn and p n ' = \x 0 \ e l<t>n , 

where —n < 6 n , <f> n < +t r, and 0 n —► +7r, <f> n -> —tt as n -► oo. Since sin 0 
and cos 0 are continuous functions of a real variable, we get 

/(pn) = |x 0 | 1/2 ^« /2 '= |* o | 1/2 (cos(0 n /2) + i sin(0„/2)) 

-► |x 0 | 1/2 (cos( + tt/2) + i sin( + 7r/2)) = +i |x 0 | 1/2 
f(Pn') = l*o1 1/2 e* < *" /2> = |* 0 | 1/2 (cos(<£„/2) + i sin(^„/2)) 

-*• |*ol 1/2 (cos(— tt/2) + i sin(— tt/2)) = — i |* 0 | 1/2 - 

The limit lim/(z) cannot exist, since these values disagree. In fact,/(z) = z 1/2 

z^p 

suffers a change of sign as z crosses the negative real axis. The reader may 
verify for himself that w = z 1/2 is continuous at any point p that lies off of the 
negative real axis J. 
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The square root function has no periodicity properties, and is zero only 
if z = 0. Its level curves are extremely simple: concentric circles around the 
origin. This should be clear from the fact that 

(31) |zV*| = \z\v* for all z 

(the right side is the familiar square root of a positive real number). 

The square root function is also the first of several “multiple valued 
functions” we will encounter; that is, it is a particular solution of an equation 
that has multiple solutions for each z. There are multiple valued functions of a 
real variable; for example, the inverse trigonometric function y = arctan x is 
obtained by solving the equation x = tan_y, subject to the normalizing con¬ 
dition — 7 t/2 <y < + 77 /2. If no normalizing condition is imposed, there are 
infinitely many solutions y for each x. We may expect that the complex 
variable analog of any function like x 1/2 or arctan x, which is already multiple 
valued as a function of a real variable, will be multiple valued. However, 
certain functions, like the natural logarithm log * (defined for 0 < x < + oo), 
which appear to be single valued when we consider only a real variable, turn 
out to be multiple valued when regarded as functions of a complex variable. 
This phenomenon will be illustrated in the next two sections. 


4. The Argument Function arg(z) 

If z is a non-zero complex number, written in polar form as z = re te = 
\z\ e te , the angle variable 6 is often referred to as the argument of z. It is 
natural to try to set up a function arg(z) = 0, but we will be troubled by the 
indeterminacy of 6 up to an added constant 2irk unless we normalize 6 in some 
way. To remove this ambiguity, we define the principal determination of 
the argument on the punctured plane E = (z:z^ 0} to be 

(32) Arg(z) = 6 

where 6 is the unique real number such that —tt < 6 < +i t and z = |z| e td . 
We will use the symbol arg(z) to indicate a determination of the argument that 
is not necessarily the principal determination. If z = 0, the number 6 in the 
polar form z = re t0 = 0 • e ld is completely ambiguous; we shall not try to 
define arg(z) if z = 0. 

If z x is a point lying slightly above the negative real axis, so that z x = 
—R + id (with d > 0), the values of Arg(— R -f id) increase to the value 
+7r = Arg(— R + iO) as 8 —> 0, keeping 8 > 0 (see Figure 2.12). On the 
other hand, if we examine points z 2 = — R — i8 (with 8 > 0) lying below the 
negative real axis, then Arg(— R — i8) approaches the value —tt = Ar g(—R + 
iO) — 2tt as 8 —> 0, keeping 8 > 0. Thus, the value of Arg(z) increases by 
+27r as z crosses the negative real axis, moving upwards. Later in this section 
we will see that Arg(z) is continuous at any point p lying off of the negative real 
axis. 
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Figure 2.12 

of Arg(z) across 
axis. 


iy 



Any function <f>(z) that solves the equation 

(33) z = \z\ e l * {z) for all z such that z^O 

is called a determination of the argument function. On the cut plane 
P , <f>(z) = Arg(z) is just one of the possible determinations of the argument; 
others are given by arg(z) = Arg(z) + 27 rk (k a fixed integer). It turns out 
that there is no way to define a determination of arg(z) on the whole plane so 
that it does not have a set of jump discontinuities somewhere. Of course, we 
could have normalized 6 differently, say by requiring that a — n < 6 a + 7r 
for some fixed angle a; this would have shifted the discontinuities so they lie 
along a different radial line extending from the origin out to infinity. We could 
also define arg(z) so that the discontinuities lie along a more general curve 
extending from the origin to infinity. 

Let z and w be two complex numbers. We say that z and w are congru¬ 
ent modulo 27t, written 

(34) z = w (mod 27 t), 

if z and w differ by some integral multiple of 27 t; that is, the symbol “•••=••• 
(mod 277 )” is used to mean that equality holds if we are permitted to adjust the 
right (or left) side by adding on some multiple 27rk (k = 0, ± 1, ±2, . . .). The 
idea of congruence (34) will be very useful in our encounters with exponential 
functions, and in handling problems with radial symmetry, where troublesome 
multiples of 27r always appear. Of course, z and w are congruent if they are 
equal, z = w, but the congruence relation z = w (mod 2tt) is rather different 
from ordinary equality z = w of these numbers. For example, we have seen 
that 

(35) e iz =1 if and only if z = 0 (mod 2n). 

Using this fact, and invoking formula (17), we immediately deduce that 

(36) e iz = e iw if and only if z = w (mod 27 t). 

Congruence relations are very convenient in describing properties of the 
argument function. The function Arg(z), and in fact any determination of 
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arg(z), tries to have the algebraic property 

(37) Arg(z • w) = Arg(z) + Arg(w) for all non-zero z and w. 

This is actually true for some of the points z and w without qualification (for 
example, it is true if z and w lie in the right half plane Re(z) > 0), but for 
certain choices of z and w the equation is off by an added integral multiple of 
2tt. The true relation is a congruence, rather than an equality: 

(38) arg(z • w) = arg(z) + arg(w) (mod 2tt) 

for all non-zero z and w , and for any determination of arg z. The adjustment 
needed to give equality will, of course, depend on which pair of complex num¬ 
bers we examine. To prove (38), simply multiply by i and take the exponential 
on both sides of the prospective congruence (38), and use formula (36) above. 
It is also useful to notice that 


(39) arg(z) = Arg(z) (mod 2tt) for all z 0 


for any determination arg(z) of the argument function. Indeed, arg(z) must 
satisfy the characteristic equation (33): 


z = |z| e l arg(z) for all z^O, 


so that z = |z| e* arg(z) = |z| e i Arg(z) , which means that e i arg(z) = e * Arg(z) . By 
(36) this is equivalent to the desired congruence. 

Figure 2.13 shows how we may express the function A(x,y) = Arg(* + iy) 
in terms of the elementary functions of real variable arcsin(/) and arccos(£): 


(40) 



in the upper half plane 
in the right half plane 
in the lower half plane 


iy 


iy 


iy 


x 


x 


X 


Figure 2.13 The regions in the plane in which Arg(z) is described.by the combinations 
of arcsin and arccos displayed in equation (40). 
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The continuity of Arg(z) at points off of the negative real axis follows easily 
from these formulas, and from the continuity of the functions arcsin(/) and 
arccos(/). 


5. The Logarithm Function log(z) 

A determination of the logarithm function is any function/(z) such 

that 

(41) exp (f(z)) = e f{z) = z for all z in Dom(/). 

The value w = f(z) must be selected from among the possible solutions of the 
equation 

(42) e" = z. 

Here, if z = 0 there is no solution at all, because e w is never zero; therefore, 
the domain of definition can never include z = 0. If z 0 and we write z in 
polar form z = |z| e 10 , then w = u -f iv is a solution of (42) if and only if 

e u+iv = e u e iv = |z| * t0 , 

which means that we must have \z\ = e u and e 10 = e iv . In view of formula (36), 
the only solutions of the equation e 10 = e iv are v = 6 + ‘Inn (n any integer). 
Thus, the only solutions of (42) are of the form 

u = log \z\ 

v = 6 + 27772 (n = 0, ±1, ±2, . . .) 

and we get all possible solutions from 

(43) w = log |z| + i Arg(z) + 27 riit (n = 0, ±1? ±2, . . .)• 

Here log x is the usual natural logarithm function for real variable 0 < x < 
+ oo. 

The principal determination of the logarithm is the function Log(z) 
defined on the domain E = {z:z 0} by writing 

(44) Log(z) = log |z| + id = log |z| + i Arg(z). 

The symbol log(z) will be used to indicate a determination of the logarithm that 
is not necessarily the principal determination. 

Let P be the cut plane obtained by deleting the negative real axis J = 
( — oo, 0] from the plane. The function Log(z) is continuous on P , since Arg(z) 
is continuous on P and log |z| is readily seen to be continuous on the even larger 
domain (z:z^0). However, iArg(z) has a jump of magnitude 2iri as z 
crosses the negative real axis, and since Log(z) is the sum of this function and 
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log |z|, which is continuous at points in J, we conclude that Log(z) must also 
exhibit a jump of magnitude ri as z crosses the negative real axis. 

From the defining equation for logarithms (41) we see that 

(45) e ]0 * {z) = z for all z. 

On the other hand, logarithms almost give us the converse identity 

log(* 2 ) = z for all z, 

but this equation may be off by an added term of the form 27 mi (n some integer), 
depending on which z we look at and the particular determination of logarithm 
being considered. Using the notion of “congruence of two complex numbers 
(mod 27«),” we note that 

(46) log(* z ) = 2 (mod 27 ri) for all z. 
holds for any logarithm function, and in particular 

Log(tf z ) = z (mod 277ri) for all z. 

Here, congruence (mod 2ni) means that the numbers involved differ by an 
integral multiple of 2777*; evidently the statement proved earlier: 

e iz = e iw if and only if z = w (mod 2tt) 

is equivalent to 

(47) e z = e w if and only if z = w (mod 27 ri). 

To prove (46), take the exponential of \og(e z ); the defining equation for 
logarithms gives us 

exp(log(* 2 )) = exp(z) for all z, 

and from this we get the desired congruence by applying (47). 

The exponential function converts sums into products; in so far as possible, 
the logarithm function reverses this process. Actually, 

log(z • w) = log(e l0giz) • e log{w) ) = log(^ log(z)+log(M,) ) 

= log(z) + log(w) (mod 27H*) 

is a direct consequence of (46), for any determination of log(z). Equation (48) 
is the fundamental algebraic property of logarithms, just as equation (16) is the 
fundamental property of the exponential function. The level curves and other 
properties of Log(z) are studied in Exercise 15. 
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6. The Function f(z) = z* 

To define the n th roots z 1/n for integers n = 2, 3, ... we want a function 
w =f(z) that is a solution of the n th root equation 

(49) w n = z for all z. 

In Section 1.6 we saw that this equation has n different solutions for each z, 
except in the trivial case z = 0. Thus the n ih root function is multiple valued; 
to avoid this ambiguity, we define the principal determination of the n th 
root function f(z) = w 1/n by writing z in polar form z = |z| e xd , normalizing 
6 so that — 7r < 6 < +7T, and taking 

(50) z n = r^ n e ie/n = \z\^ n e i6ln — | z |l/n Arg(z)/n 

for all z^O. We take f (0) = 0. This function is discontinuous along the 
negative real axis (values on opposite sides of the cut differ by a factor e 2lTt,n ) 9 
but it is continuous at all other points. Of course, there are n other continuous 
functions on the cut plane P that are solutions of (49), but z 1/n is the only one of 
them that agrees with the usual n th root function along the positive real axis: 
(x + z*0) 1/n = x 1/n for all positive real *. 

There is a nice way to represent these fractional powers using exponentials 
and logarithms. If 6 is normalized so that — tt < 6 < +7r, then 


- Log(r^) = - log r + - Ar g(re t0 ) = - log r + i - . 
n n n n n 

For positive real numbers r > 0 we know that * (1/n)log r = (* l0 * r y/* = r 1/n , so 
that 

exp Log(z)^ = ex P^“ ( lo gl 2 l + *'<?)j = exp(^log|z|) • e i9,n 
= \ z \ 1,n • e i9/n = z 1,n . 

We have proved: 

z 1/n = exp(- Log(z) 

\n 

Once the n th root function has been written in this form, we may use the 
algebraic properties of the exponential and logarithm functions to determine 
its properties. 

However, n th roots are not the only powers that turn up in applications; 
we often encounter fractional powers like * 4/5 , and even powers like x VS. 
Formula (51) suggests a means of defining arbitrary powers z a , even if the ex¬ 
ponent is complex . For a fixed exponent a (any complex number) we define z® on 
the set (z:z ^ 0} by the formula 



for all z^0. 


( 52 ) 


z a =e a-Loe(z) f or all Z ^ 0 . 
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The function we get is referred to as the principal determination of the a th 
power of z. Except when a has the special form a = n -f iO for some integer 
n = 0, ±1, ±2, . . . , these functions have discontinuities along the negative 
real axis and are continuous elsewhere in the plane. This reflects the fact that 
w = z* is a multiple valued function; its other determinations are obtained by 
taking different determinations of the logarithm ir^ (52), such as log(z) = 
Log(z) + 27 riit. In Exercise 25 we indicate why integer exponents do not lead 
to multiple determinations of z a . 

The family of functions we get by taking various exponents a in (52) in¬ 
cludes the usual powers z n (n = 0, ±1) ±2, . . .) and n th roots z 1/n (for n ^ 0), 
and also more exotic functions like zVT and z l (see Exercises 20 to 24 for some 
comments on z*). The functions in this family obey the usual laws of ex¬ 
ponents : 

(i) z° = 1 for all z^O; z 1 = z for all z^O. 

(53) (ii) z ( ‘ +/,) = z* • z* for all z ^ 0. 

(iii) z~ a = — for all z^O. 
z a 

These formulas follow easily from definition (52) and the algebraic properties of 
exp(z) and Log(z). There is some trouble with the formulas 

(54) (z a ) p =z <x ' fi and (z • w) a = z* • w a . 

Although they may be true in special cases, they are not true in general. 


Exercise 22 is devoted to verifying that 
(55) (z 2 )V2 ^ ( z l/2)2 


for certain z lying off of the negative real axis; thus, the “laws” (54) break 
down if we take a = £ and /? = 2. Similarly, if a is rational, so that a = 
(min) + i’O with m, n # 0 integers, we always get 

(56) z (m/n) = ( 2 i/n)m (take roots first, then powers) 

but the alternative formula 

z (m/n) __ ( z m)i/n (take powers first, then roots) 

may fail to be true. In particular, the formula (z m ) 1/n = (z 1/n ) m fails to be 
true, although we might at first expect it to be valid; what really happens is 
that (z m ) 1/n and (z 1/n ) m may give different determinations of the power 
z (m/n)> anc [ on iy f ormu i a ( 56 ) is sure to give the principal determination 
defined in (52). 
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7. Exponential Functions f(z) = a 2 with Base ay^O 

There is a completely different family of functions f(z)= ol z , complemen¬ 
tary to the family of functions z a . If a is a fixed non-zero complex number, we 
may define the exponential with base a: 

(57) a z = e z ' Loe(a) for all complex z. 

This function of z is well defined and continuous throughout the plane. It is 
very similar to the ordinary exponential function e z , and reduces to this function 
if we take a = e + z‘0. We leave the reader to work out the basic algebraic 
properties of the functions a 2 from formula (57) and the algebraic properties of 
the usual exponential function. See Exercises 26 and 27. 

EXERCISES 


1. Verify the following formulas. 


(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 


sin(* + iy) = 
cos(x + iy) = 
sinh(* -f iy) 
cosh (x + iy) 

tan(x + iy) - 
sech(* + iy) 


(sin * cosh y) + i(cos x sinh y) 
(cos * coshjy) — z(sip * sinh y) 
= (sinh x cos y) + z(cosh x sin y) 
= (cosh x cos y) + z(sinh x sin y) 

/ sin ^ cos * + i sinh y cosh y \ 
\ cos 2 x + sinh 2 y ) 

cos x cosh y + i sin x sinh y 
cos 2 * + sinh 2 y 


What are the natural domains of definition ? Are the functions continuous 
throughout these domains? 


2. Show that |cos z| 2 = cosh 2 j; — sin 2 x and |sin z| 2 = cosh 2 j> — 
cos 2 x . 


3. Show that the series E(z) = ^ z n /n \ is absolutely convergent for 

71 = 0 

all z; then use the Cauchy product formula to prove that E(z + w) = 
E(z) • E(w) for all z and w. 


Hint: Recall the binomial expansion (z + w) v = 2 \\ zV jw ’> 

j=o \ J / 


where 


IP 


P\ 


c p-jyji 


are the binomial coefficients. 


4. Given a point /?, verify that arg(z — p) is the angle shown in 
Figure 2.14, for each z p. (Use the parallelogram law to relate the 
directed segment from p to z, and the segment from the origin to z — p.) 
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z 



Figure 2.14 Interpretation of arg(z — p). 


5. Given points p q show that 


arg 



= arg (z ~ P) ~ arg (z - q) 


(mod 2tt) 


corresponds to the angle A0, measured from the segment [^, z] to the 
segment [ p , z], as indicated in Figure 2.15. What is the value of 
arg[(z — p)/(z — q )] (mod 2tt) when z lies on various parts of the circle 
shown in Figure 2.15? 


6 . Prove that Arg(* + iy ) is given by formula (40) in the parts of the 
plane indicated in Figure 2.13. In which parts of the cut plane does 
Arg(* + iy) = arctan(j/*) ? 


7. Give explicit formulas for the real and imaginary parts of z 1/2 as 
functions of x and y, for z = x + iy in the parts of the plane shown in 
Figure 2.13. 

8. Evaluate the complex numbers 

(i) e 1+tv (v) sin(l + i) 

(ii) exp(* 1+l ) (vi) cosh(l + 0 

(hi) e 2 + lvi (vii) cos(-i) 

(iv) y/l + i 

9. Determine all complex numbers w (the periods of exp) such that: 
exp(z + w) = exp(z) for all z. 

Hint: There are the obvious periods w k = 2nki (k any integer). To 
see that there are no others, use formula (16) and formula (34) of Section 
1.5. 
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10. Show that the functions below have precisely the periods 
indicated (k any integer). 


(i) cos(z) 

(ii) sinh(z) 

(iii) tan(z) 

(iv) sech(z) 


z k = 2rrk + iO 
z k = 0 + 27 rki 

z k = 7rk + z’0 

z k = 0 + 2irki 


11. Prove the following identities from the definitions and standard 
trigonometric identities for functions of a real variable. 

(i) sin 2 z + cos 2 z = 1 

(ii) cosh 2 z — sinh 2 z = 1 

(iii) cos 2 z — sin 2 z = cos 2z 

(iv) cos(z w) = cos z cos w T sin z sin w 

(v) sinh(zz) = i sin z 

(vi) sin z = cos ^z — —j 

12. Verify that 

(i) sin z = 0 if and only if z = irk + *0 

(ii) cosh z = 0 if and only if z = 0 -f i^irk + 

(iii) tan z = 0 if and only if z = rrk + *0 

for k = 0 5 ±1, ±2, .... 

Hint: Sometimes it is easiest to locate zeros by examining |/(z)| 2 . 


13. Use the formula e z = Y — , basic definitions, and the ele- 

ntoJl! 


mentary results on series in Theorem 2.6 to prove that 


z 3 . z 5 


(i) sin z = z — — — -=2(-l) n — 

3! o! n =o (2 n 


_2n+l 


( 2 »+ 1 )! 


2 4 

(ii) cos z = 1 — — + ~ — 
2! 4! 


_2n 


n=0 (2n)! 


-3 5 oo 2n+i 

(iii) sinh(z) = z + - + - + --- = 2 ~ — 

3! 5! n =o (2 n + 1)! 

-2 4 oo 2n 

(iv) cosh(z) = 1+- + -H-= 2 

2! 4! n=o (2n)! 


W J + ; + (ji) + (f,) 

1 I 00 7 U 

= - + i + T —^- 

z 2 z «=o (n + 2)! 


•2 + 


(all z =£ 0) 


(all z) 
(all z) 

(all z) 

(all z) 
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14. Consider the cut plane obtained by deleting the negative 
imaginary axis J* = {z:Re(z) = 0 and Im(z) < 0} from the plane. How 
would you define a continuous determination of log z on this domain such 
that log(* + i0) = logx for positive real x? In which parts of the plane 
does log z agree with Log z? 

Hint: Use the polar form z = re 16 and a statable normalization of 6. 

15. Sketch the level curves |Log z| = c in the cut plane P. Explain 
why these curves are not closed; relate this to the behavior of Log z along 
the cut. Find all the zeros of Log z in the domain P , and show that Log 
z is not periodic in any direction. Show that 

(i) lim Log(z) does not exist 

z-*0 

(ii) limz • Log(z) = 0. 

z-* 0 

Hint: If x is positive real we know that lim x log x = 0. 

x-+0 

Answer: z = 1 is the only zero; therefore no periodicity. 

16. Prove the following important identities. 

(i) sinh(z) = — i sin(iz) 

(ii) cosh(z) = cos(zz) 

(iii) tanh(z) = — i tan(z'z). 

17. Sketch the curves |cos z| = c in the rest of the plane (refer to 
Figure 2.10). Then determine the forms of the level curves 

(i) |sin z| = c 

(ii) [cosh z| = c 

(iii) |sec z| = c; 

compare these curve patterns with those in Figure 2.10. 

Hint: Use the identities of Exercise 16. All results follow easily from 
the data in Figure 2.10. 

18. Prove that the function/(z) = z 1/2 (principal determination) 
and g(z) = exp[(^)Log z] agree on the cut plane P . 

19. Prove the exponent laws for powers z® listed in (53). 

20. Show that 

z x — *” Arg(2) [cos(log |z|) + i sin(log |z|)] 

on the cut plane P. Evaluate i\ ( — 1)*, 2*, 1\ Show that |z l ’| = e ~ ATg(z) , 
and sketch the leveLcurves |z l ‘| = const. 

Answer: i * = e~ n/2 ; ( — 1)* = e~”; 2 { = cos(log 2) + isin(log2); 

1* = 1. 
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21. Find all possible determinations of i 1 and sketch their locations. 

Answer: e~ nl2 • e~ 2irn (n = 0, ±1, ±2, . . .), all positive real. 

22. Show that (z 1/n ) m always gives the principal determination of 
z m/n , defined for a = mjn as in (52). Demonstrate that (z m ) 1/n does not 
always give the correct values by calculating (z 2 ) 1/2 , (z 1/2 ) 2 , and z 1 for 
z = i — 1. Sketch the geometric situation to see why this mismatch 
occurs. 

23. One might expect the function z® to satisfy the law ( zw) a = 
z*w\ Show that this is not true throughout P for certain exponents a. 

Hint: Take w = z in the last exercise (keep a = £). 

24. Calculate the limit values of z* along the upper and lower edges 
of the cut; if x < 0 is fixed, show that 

lim/(* + id) = *-V' l0 * |a:| 

<5 — 0 

lim f(x— id) = eV l0B|x| 

<5-0 

(keeping d > 0 in both limits). What is the difference A(x) in values of 
f{x + id) as d increases from negative to positive values? 

Answer: A(x) = —2 sinh(7r) [cos(log \x\) + i sin(log \x\)]. 

25. For which exponents a do the values of z“ along upper and lower 
edges of the cut agree ? 

Answer: a = k + z*0 for k = 0, ±1, ±2, .... 

26. Consider the exponential function a 2 having base a^O, and 
prove that: 

(i) ol z+w = ol z • ol w for all z and w. 

(ii) a 2 is non-zero for all z. 

(iii) a -2 = 1/a 2 for all z. 

(iv) |a aH " tl/ | = e xloe Arg(a) 

27. Is it possible for two bases a ^ to give the same exponential 
functions a 2 and /? 2 on C ? 

Answer: No. 

28. If Arg z n —► 0 and |z n | -* p as n -► oo, prove that z* = lim z n 
exists. How is z* related to p and 6? 

Answer: z* = pe td , even if p = 0 and 6 = ±77. 

29. If z* = lim z n , is it necessarily true that Arg z* = lim Arg z n ? 

n —*.oo n—*-oo 

What if z* is in the cut plane P? 

Answer: No, if z* = a: + zO such that x < 0; otherwise yes—this is 
the continuity of Arg(z) on P. 
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30. Find all solutions of the equations 

(i) = 2 

(ii) Log z = +i 

(iii) cos z = 7. 

Hint: In (iii) set Z = e iz and show that Z 2 — 14Z +1=0. 

Answer: ( i) z = log 2 + 2imi; (ii) z = cos 1 + i sin 1; (iii) z = 

—ilog(7 + 4>/3) + 2-7771. Note that (7 — 4y/3) > 0. 

2.7 DERIVATIVE OF A FUNCTION OF A COMPLEX 
VARIABLE 

Consider a function f defined near a point p (i.e., defined in some disc of 
positive radius about p). We may imitate the definition of the derivative of a 
function of a real variable and inquire whether the difference quotients 

m -m = a / 

z — p A Z ’ 

which are defined for all z near p such that z ^ p, have a limit as z approaches 

p. If so, we call this limit the derivative of f at p and denote it by f'(p) or 

dfldz(p). The function f is then said to bt differentiable at p\ if it is differ¬ 
entiable at various points in its domain of definition, we obtain a new function 
/'(z), the derivative of f, whose domain of definition is the set of points z 
where/'(z) exists. We shall use the notations/' and dfjdz interchangeably. 


Since /is defined near p,f(p + h) is defined for all complex h sufficiently 
close to zero, and if h =£ 0 the quotient 

/ip + h) -m _ f(p + h) -f( P ) 
h (p + h) -p 

is defined. It is clear that (writing z = p + h) 




lim /(*+ *)-/(*) 

/i—o h 


and this gives us a slightly different way of looking at f'(p). 


It is possible for a function w =f(z) to be differentiable at a single point, 
and nowhere else (Exercise 4). Such pathological situations will not be of 
interest to us, and certainly will not occur if f is defined and differentiable 
throughout an open set; then it must be differentiable on some disc about each 
point in the set, by the definition of open sets. 
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Definition 2.7 Functions that are defined and differentiable on an open set E in the 
complex plane will be referred to as holomorphic functions on E. 

One can prove, exactly as one does for functions of a real variable, that all 
polynomials are holomorphic on C, with derivatives: 

/'(z) = 0 if /(z) = a 0 (a constant) 

(58) /'(*) = 1 if f(z)=z 

-(z n ) = nz n ~ 1 for n= 1,2,3,.... 
dz 

The a th power function (principal determination) f(z) = z®, defined on 
the cut plane P, is also holomorphic, and its derivative is given by the familiar 
equation 

(59) — (z a ) = a • z® _1 for all z in the cut plane P, 
dz 

provided a^O. (When a = 0, z® = 1 for all z and the derivative is zero , not 
z _1 .) This formula will be proved in Section 2.9 for arbitrary complex ex¬ 
ponents a; here we will only do the simple case a = (£) + iO to illustrate 
direct (i.e., brute force) methods. 

Example 2.17 Let f(z) = z 1/2 on the cut plane P. Let z be a point in P. 
If \h\ is small and h ^ 0, then z + h is close to z and is also in P. The algebraic 
formula a 2 — b 2 = (a + b)(a — b) is valid for complex a and b , and it gives us 

h = (z + h) - z = ((z + h) m + z 1/2 )((z + h) in - z 1/2 ); 

thus, 

/(z + h) -Az) _ (z + A) 1/2 - z 1/2 

h ((z + A) 1/2 - z 1/2 )((z + h) m + z 1/2 ) 

_ 1 

~ (z + A) 1/2 + z 1/2 

The function f(z)= z 1/2 is continuous at z, so that as h —*■ 0 (A ^ 0), we get 
z + h —*■ z, and (z + A) 1/2 —► z 1/2 . Thus, 


.. f(z + h)-f(z) 1 

/ (z) = lim- = lim- — - — 

*-.<) h ft-o (z + A) 1/2 + z 1/2 


lim {(z + A) 1/2 + z 1/2 } 2z 1/2 




since the limit in the denominator is not zero. 
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It is much more difficult for a function of a complex variable to be differ¬ 
entiable than it is for a function of a real variable (how much more so is one of 
the real surprises of complex analysis). In C there are infinitely many ways to 
approach a point />, and the difference quotients A//Az must converge to a 
single limit no matter how we make the approach. In R there are only two 
different directions to contend with, and a function has less to do if it is to be 
differentiable. 

Just as with functions of a real variable, there is a collection of results which 
tell us that certain combinations of differentiable functions are again differenti¬ 
able, and at the same time show us how to evaluate the new derivatives. These 
results are proved in the same way as their real variable counterparts, so we will 
not prove them here. 

Theorem 2.11 Let f and g be functions defined near a point z in C, and differentiable 
at z. Then the following combinations of f and g are also differentiable at z, with 
derivatives computed as shown below . 


(i) (/± *)'(*) =/'(*) ±*'(*) 

(ii) (oc/)'(z) = a(/'(z)) (a a fixed complex number) 

(iii) (f-g)'(z) =/'(z) -g(z) +/(z) -g'(z) 


(60) 


iv) ( 0 <2 > - 
(v) 0'w = 


f\z)-g{z) —f{z) • g'(z) 


(*(*))* 


-1 

(g(z))' 


,g'(z) 


(provided g(z) =£ 0) 
(provided g(z) ^ 0). 


There is also a formula for differentiating the composite (f ° g)(z) = f{g{z)) 
of two differentiable functions; this result, known as the “chain rule,” will be 
proved in the next section. 


EXERCISES 

d 

1. Prove that — (z n ) = nz n ~ x for n = 1,2,.... 

dz 

Hint: Remember that (*z n+1 — 6 n+1 ) = [a — b)(a n -f a n ~ 1 b + • • • 

+ b n ). 

2. Prove the following differentiation formulas by directly calculating 
limits of difference quotients. 

(i) -j-(z 2 + z+ 1) =2z+ 1 
dz 

(ii) 7z(l^) = {t fixed; 2 # p) 

(iii) (z 1/4 ) = Jz“ 3/4 = (principal determinations) 

(iv) (e*) = 


Note: (iv) is not easy. Later we will get this formula indirectly. 
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3. Prove the formulas in Theorem 2.11 by calculating limits of 
difference quotients. 

4. Prove that the function f(z) = |z| 2 = x 2 + y 2 is differentiable at 
z = 0, and nowhere else in the plane. Do U = Re(/) and V = Im(/) 
have continuous partial derivatives ? 

2.8 DERIVATIVES AS SOLUTIONS OF A “LINEAR 
APPROXIMATION” PROBLEM 

Let us consider a function w = /(z) defined near a point p . The existence 
of the derivative/'/)) can be interpreted as giving us a “good linear approxi¬ 
mation” to the behavior of 'f(z) for z near p. 

We say that a function w = F(z) is linear if it has the very special form 

F(z) = a • z + b (a and b complex constants). 

In order for such a function to agree with/(z) z = /?, so that F(p) = /(/>), 
it must have the form 

F(z) = a • (z — p) +f(p) ( a may be any complex constant), 

which has only one undetermined constant left in it. If we also want the 
derivatives of F(z) and f(z) to agree at the only possible choice for F(z) is: 

(61) F(z)=f(p)+f(p)(z-fi). 

The degree to which the linear function F(z) approximates the behavior of f(z) 
for z near p is measured by the size of the error function 

E(z) =/(z) -F(z), 

which measures the discrepancy between/(z) and F(z). Thus, 

(62A) f(z) =F(z)+E(z) = [/(/>) +f(p)( z -p)l+E(z). 

We will prove that (61) gives a “good” linear approximation to f(z) near p in 
the sense that the error in (62A) has a magnitude \E(z)\ which vanishes much 
faster than |z — p\ (the distance from z to p) as z approaches p\ thus 

\E(z)\ 

(62B) -—► 0 as z —► p (with z ^ p) 

\z - P\ 

in equation (62A). 

For functions of a real variable *, the derivative/'(/>) = dfjdx{p) gives us 
the approximating linear function F(x) =f(p) +f'{p) (* — p), which is 
usually interpreted as the equation of the “tangent line” to the graph of/above 
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the point x = p. Formula (62) can also be regarded as the first step toward a 
Taylor formula with remainder; E(z) plays the role of the remainder. 

Notice that the coefficients in the linear approximating function (61) will 
be different if we try to approximate the behavior of/(z) near some other point 
z = q where f is differentiable; we would have to replace p with q everywhere 
it appears in (61) and (62). 

To prove that the linear function in (61) givds us the rapidly vanishing 
error exhibited in (62B), we merely look at the definition of the derivative 
f'(p). If p, then 


E(z) 


A*)-m -rmz-p) 


/(*) -f(p) r(b) 

z~ P 


z- p 


^ J \P) 

z-p 


tends to zero as z —► p, since f{p) is defined as 


f{P) = Km 


f( z) -f(p) 
z- p 


If/(z) is differentiable at p y the linear function F(z) in (62) that closely ap¬ 
proximates /(z) for z near p is called the best linear approximation to 
f near p. 

If we write Az for z — p and A/for the difference/(z) — /(/>), we may 
recast equations (62) in the form: 


(63A) A f = f\p) • Az + E(z) = f (p) • Az + E(z) 

dz 

and 


(63B) 


E(z) 
z- p 


0 as z -> p 


(that is, as |Az| —► 0). 


If the derivative f'(p) is non-zero, then the non-constant linear term f'(p) • Az 
is proportional to Az, while the size of the error term becomes negligible in com¬ 
parison with/' (p) • Az, as Az -> 0. If f'(p) = 0, the formulas (62) and (63) are 
still valid, but in this event (63A) reduces to the equation A/= E(z) and loses 
much of its usefulness. 

As a simple application of these remarks on linear approximations and 
derivatives, we prove the following result. 


Theorem 2.12 Letf be a function defined near the point p. If f is differentiable at p y 
then f must be continuous there. 


Proof: We must show that /(z) -*f(p) as z —If we write 


m=m+fm*-p) + E{z), 
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as in (62), we get \E(z)\ —► 0 as z —►/>; in fact, \E(z)\/\z — p\ -► 0. But, it is 
obvious that/'(/>) (z — p) —► 0, so the right side has the limit f ( p ) as z approaches 

A I 


The error term E(z) in (62A) can be written in another way, 
(64) E(z) = e(z) • (z — p) for all z near p (including z = p) 


where e(z) is a function that is continuous at z = p and has the value e(p) = 0 
there. To prove ttys, we simply take 


p 

*(*) = g(f) 

‘ (z - />) 


if z‘= p 
if z ^ />. 


The limit formula (62B) shows that e(p) = 0 = lim {>(z)}, which is the same 

Z—*• V 

as saying that e(z) is continuous at z = p. The chain rule for complex deri¬ 
vatives may be proved from (62A) by writing the error term in the form (64). 

Theorem 2.13 (Chain Rule) Let w = g(z) be differentiable atp , and let s = f(w) 
be differentiable at the image point q = g(p). Then the composite function s = 
(f ° g)(z) = f(g(z)) is differentiable at p , and 

(65A) (Jo g)’(p) =J(g(p)) ■ g'(p) =f'(q) ■ g'(p). 

This rule can also be written in the form 


(65B) 


d df de 

dz dw dz 


which suggests more clearly the variable involved in each differentiation. 


Proof: Let {z n } be any sequence such that z n ->p (and z n ^ p); we 
must show that (f(w n ) —f(q))/(z n — p) approaches f'(q) • g'(p), where w n = 
g(z n ). Since g(z) is differentiable at z = p, it is also continuous and we must 
have w n = g(z n ) -> g(p) = q as n -> oo. Applying formula (62A) to f (the base 
point is q ), we get 


Z n~ P 


f (s( z n)) ~f(g(fi)) _ /(«>,) —/(g) _ f'(q) \— !1 - - ~] + [toll 

z„- P L Z n - pi lz„ - pi 

L - P J U. - pi 


=/•(,) ■ 1 + 1 

z n~ P J Lz„-/> 


J' 
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From our hypotheses, it is clear that 


lim ~ e(P } = g'(p) 

n-> oo Z n — p 


lim e f (w„) = e f (q) = 0 


(by differentiability of g at z = p) 
(by continuity of e f (w) at w = q). 


Now we can invoke standard theorems on limits to see that 


oo Z n — p 


=/'(?) • g'{P) + o 


for any sequence z n —► p (such that z n p). This is exactly what we mean by 
existence of the limit 

f = m I 

dz z-+v z — p 

Using the chain rule and formulas (60), we may differentiate a large variety of 
functions, but there are still many functions whose derivatives cannot be 
evaluated this way; for example, z 112 (whose derivative was calculated by 
direct examination of difference quotients above), e z , Log(z), and sin(z). Two 
additional methods are needed: the Cauchy-Riemann equations, and the 
method of inverse functions. 

EXERCISES 


1. Write/(z) = z 2 — 2z -f 1 in the form 

/(*) = [/(/>) +f(p)(z-p)]+E(z), 
taking p = 1 + *0 and p = i. Show that: 

(i) \E(p+t±z)\ < | Az| 2 for small displacements from p = 1. 

(ii) | E(p + Az)| < |Az| 2 for small displacements from/? = i. 

Note: In either case, \E(z)\j\z — p\ -> 0 as z p. 

2. Show that /(z) = (1 — z 2 ) 1/2 is a well defined composite of 

w = 1 — z 2 and s = w 1/2 (principal determination), if we take as 

Dom(/) the doubly cut plane obtained by deleting the segments (— oo, 
— 1] and [+1, +oo) from the real axis. Calculate dfjdz explicitly. 

Answer: dfjdz = —1/(1 — z 2 ) 1/2 = —(1 — z 2 )~ 1/2 (principal deter¬ 
mination of w~ 1/2 defined as in Section 2.6). 



2.9 THE CAUCHY-RIEMANN EQUATIONS 87 


3. Assuming that we know that — (sin z) = cos z, prove that 

• dz 

sm z 

lim- = 1; then try to calculate this limit directly without using the 

2—►O z 

differentiation formula. 

Note: Direct calculation of lim (sin z)jz is difficult; the differenti- 

z-+ 0 

tion formula will be proved, in the next section, by indirect methods. 
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Any function w =f(z) of a complex variable can be regarded as a map¬ 
ping from R 2 into R 2 . If we identify C with the Cartesian plane R 2 and write 
f(z) in the form f(x + iy) = U(x,y) + *V(x 9 y), then f is identified with the 
mapping of R 2 given by 

<!>(*, j) = (w, v ) where u = U(x,y) and v = V(x,y). 

Definition 2.8 A mapping w =f(z) is said to be smooth if the component 
functions U(x,y) and V{x,y) are continuous and have continuous first partial derivatives 
dU/dx, . . . , dV/dy when we writef(x + iy) = U(x,y) + iV(x,y). 

Smoothness is not enough to give complex differentiability of w =f(z); 
rather, differentiability of/is equivalent to smoothness plus an important set of 
relations between the partial derivatives dU/dx , . . . , dV/dy, the famed 

Cauchy-Riemann equations: 

dU = dV 
dx dy 

( 66 ) 

BU = _dV 
dy dx 

This system of partial differential equations plays an important role in the 
application of complex analysis to potential theory, fluid flow, and other prob¬ 
lems in physics. Each of these physical problems has a partial differential 
equation associated with it that is related to the Cauchy-Riemann equations. 

Theorem 2.14 If f(z) = U(x,y) + iV(x,y) is defined near p , and if dfjdz 
exists at p , then the partial derivatives dU/dx , . . . , dV/dy all exist at p and satisfy the 
Cauchy-Riemann equations. 

Proof: Write/? = x 0 + z/ 0 and consider points z = (* 0 + Ax) -f iy 0 such 
that Ax 0. Then z — p = Ax and 


m -/w 

z- p 


~U(x 0 + A*,j> 0 ) - U(x 0 ,y 0 )' 


,fF(*o + A*, 7 0 ) - V(x 0 ,y 0 ) 
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As Ax —► 0 we have z = (x 0 Ax) + iy 0 —► p, and the left side (hence also the 
right side) converges to f'(p)- This gives us 


( 67 ) f\P)=-r L {P) + i^{P), 

ox ox 

together with the existence of both partial derivatives. Notice that the real 
and imaginary parts of the right side must have limits separately if their sum 
has a limit as z-+ p. If we work with z near p of the form z = x 0 + i(yo + A y) 
(Aj> =£ 0), then z — p = 0 + i&y, and by the same reasoning we get 


(68) /'(» = (!)[fw + .fwl-f («-<*>)■ 

\ i) L oy oy J oy oy 

Comparing the real and imaginary parts of (67) and (68), we obtain the Cauchy- 
Riemann equations. | 

We have also shown how to evaluate dfjdz in terms of the partial deriva¬ 
tives dUjdx, . . . , dV/dy in the above proof. The basic equation is 


df du .dv dv .du 

dz dx dx dy dy 

and various others are derived from it by substituting the Cauchy-Riemann 
equations into this identity. 

Theorem 2.15 Suppose that f(z) is defined on an open set E in the complex 
plane , and that the component functions U and V in 

f(x + iy) = U(x,y) + iV(x,y ) (z = x + iy in E ) 

are continuous and have continuous first partial derivatives throughout E. Then f is 
holomorphic in E if and only if the Cauchy-Riemann equations are satisfied. 

Note: In the proof we will have to recall a few facts about partial deriva¬ 
tives. For these details we suggest that the reader consult Kiokemeister and 
Johnson [11] or Fulks [8]. 

Proof: If/is holomorphic, we may apply Theorem 2.14 to each point in 
E to see that the Cauchy-Riemann equations are satisfied. 

For the converse argument we suppose that the Cauchy-Riemann equa¬ 
tions are satisfied, and must prove that dfjdz exists. The existence and con¬ 
tinuity of the partial derivatives dUjdx , . . . , dV/dy near a typical point p = 
Xq + iy 0 in E means that we can write U(x,y) and V(x, y) in the form 
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where the error terms E^z) and E 2 (z) vanish rapidly as z = x -f iy approaches 

P- 


(70B) 


I E k (x + iy) | 


m*)\ _ 

\z — p\ I (at + iy) — (* 0 + tjv 0 )| 


0 as z —► p 


for k = 1, 2.f Now consider any point z = x + iy = (x 0 + Ax) + i(y 0 + 
Ay) p . We may write out the difference quotient as 


m -/(/») _ /(*) -/w 

z — p A* + i A_y 

1 


A 7T~ [^) + - ^(/>) - iF(^)] 

A* + z A_y 

: £rT^La; WA ’ + a> WA ' +, * WA ‘ 

.dV 


+ * ^ (/>) Aj + £ i( z ) + *£*(*) J- 

If we use the Cauchy-Riemann equations, we get 


Zi ^ = r^rrf«( A ' + iA » 

z — p Ax + i Ay L dx 

+ (-i) Y y iPK&c + i&y) + E^z) + i£ t (z)J 

dU dU E,{z) E 2 (z) 

~Z~ \P) — 1 TT” \P) ^-7 + *-7 • 

ox oy z — to z — p 

But as z —> p the last two terms approached zero, by equation (70B), so that this 
difference quotient has a well defined limit. Thus,/is differentiable at p and 


ox oy ox ox 

Example 2.18 The function exp(z) = e x (cosy + i sinj>) is holomorphic 
on C, and 


Here 


7 - (O = * z - 

dz 

e x+iv _ JJ{x,y) + iV(x,y) = e x cos y + ie x sinj;, 


t Recall that the distance between two points z = x + iy and p = x 0 + iy 0 in the plane is 
precisely the absolute value | z — p\. Thus in formula (70B), the denominator is just the Euclid¬ 
ean distance from p to the nearby point z = x + iy. 
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so that 


ac/ du 

— = e cos y — = —e x sin y 
dx J dy 


dV x . BV x 

— = e smy — = e cos y. 
dx J dy 


Obviously the Cauchy-Riemann equations are satisfied, and 

df du ,du x , . * . 

— = — — i — = e cos y 4- le sin y = e . 
dz dx dy 

The Cauchy-Riemann equations are often used to determine whether/is 
differentiable, since the partials dU/dx, . . . , dV/dy are usually easy to compute. 
However, many of the functions we are concerned with are presented with the 
variable z described by its polar coordinates (r, 6) rather than its Cartesian 
coordinates (x,y); this amounts to writing z = re l ° and then writing f (z) = 
f (r, 6). It is possible, and often desirable, to check the validity of the Cauchy- 
Riemann equations directly when the variable z has been given in polar 
coordinates: 

f(z) =f(r,6) = U{r, 6) + iV(r, 6) 

(the values of f are still expressed in Cartesian coordinates!). The Cauchy- 
Riemann equations are equivalent to the set of equations 

/7 , x dU dV , dV dU 

V ' dr dd dr do 

and in this situation the derivative is given by 

ft \ r n •• *\l dU ^ dV \ -ie(dU^.dV\ 

(72) / (z) = (cos 6 - i sin 6) + i—J = e + i— J • 

We prove equations (71) and (72) by noticing that if we start with any smooth 
function g{x,y) described in Cartesian coordinates x andj;, and convert this into 
a function g(r , 6) expressed in polar coordinates via the transformations 

x = r cos 6 and y = r sin 0, 

then we may apply the chain for partial derivatives to get 

dg dg dx dg dy dg . dg 

— =-+-= cos 0 — + sin 6 — 

dr dx dr dy dr dx dy 


dg ■ a dg dg 

— = -rsmfi — 4-r cos 0 — . 
dd dx dy 
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dg dg 

On solving these equations for — and — we see that 

dx dy 


dg a dg sin 6 dg 

— = cos u — —- 

dx dr r dd 


dg ■ a dg cos 6 dg 

— = sin (7 — +-. 

dy dr r dd 


d d 

Since these calculations apply to any function g(x,y), the operations — and — 
performed for Cartesian coordinates, correspond to the operations x ^ 


( 73 ) 


d__ 

fl d 

cos d - 

sin 

dd_ 

dx 

dr 

r 

dd 

d__ 

sin d — + 

cos 

d d 

dy 

dr 

r 

dd 


performed for polar coordinates. These considerations, applied to the function 
g(x,y) = f(x + iy), quickly lead to equations (71) and (72) presented above. 

Example 2.19 We shall prove the differentiation formula 


( 74 ) 


— (Log z) = - , for all z in the cut plane P. 
dz z 


Start by writing the logarithm in polar coordinates: Log(z) = t/(r, 6) + 
iV(r, 6) = log r + id, if z = re 10 (d normalized so — tt < d < +7r). Evidently, 


dU_ 1 

dr r 

^=0 

dr 


dd 


w=i 

dd 


at all points in the cut plane; 


the Cauchy-Riemann equations (71) are satisfied and the derivative is given by 


T ( Lo § z ) 


\dr dr) 


I e ~ ie = (re ie )~ l = - . 
r z 


We know that other determinations of the logarithm (perhaps defined on other 
domains in the plane) differ from Log(z) by an added constant 2nki, which 
disappears upon differentiation; thus we conclude that 


-J- (log z) = - for 0, 

dz z 
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for any continuous determination of the logarithm. Notice that the derivative 
1/z is single valued (there is no disagreement between the values of 1/z on opposite 
sides of the negative real axis), even though there are many different deter¬ 
minations of log z. We will see that it is quite common for a single valued 
function to have a multiple valued antiderivative. 

EXERCISES 


1. The most general linear mapping of R 2 into R 2 is given by w = 
u + iv =f(x + iy), where 

u = ax + by + s and v = cx -f dy + / (real coefficients). 

Which choices of b, c, d and s ) t make f holomorphic ? If/ is holomorphic, 
show that w =f(z) = Az + B, where A and B are complex scalars. 

2 . Determine whether the following functions are holomorphic. 

(i) (* 2 — y 2 ) - 2 ixy 

(ii) (x 2 — y 2 ) + 2 ixy 

(iii) log \J x 2 -j-y 2 + i arc cos(*/V* 2 + y 2 ) if Im(z) = y > 0 

(iv) x 2 — i{y 2 + x) 

3 . Prove that conjugation f(z) = z is not differentiable anywhere. 

4. Consider the mapping of the punctured plane E = {z:z jz 0} 
given by f(re iz ) = (1 /r)e ld . Prove that this map is not differentiable. 
Interpret this map geometrically as a reflection of points through the unit 
circle |z| = 1. 

5 . Use the Cauchy-Riemann equations, and other techniques such 
as the chain rule, to prove the following identities. 

(i) — (sin z) = cos z 
dz 

(ii) — (cos z) = — sin z 
dz 

(iii) -j- (tan z) = sec 2 z ^z ^ ^ + rnr j 

(iv) — (a 2 ) = (Log a) • a 2 (a ^ 0 fixed) 
dz~ 

(v) — (z a ) = az a-1 (a fixed; z in cut plane P ). 
dz 

d 

(vi) — (sinh z) = cosh z 
dz 
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6. Show that A(x,y) = Arg(* + iy) is a smooth function of two real 
variables on the cut plane P , and that 

dA —y dA x 

dx x 2 + y 2 dy x 2 + y 2 

Hint: Use the formulas in (40), in different parts of P. 

7. Prove that Log(z) is a smooth function on the cut plane P. 

8. Suppose that a smooth function w = /(z) = U(x,y ) + iV(x 9 y) 
is expressed in the form f{x,y) = ( R(x 9 y ), J Q(x,y)) = R(x,y)e iQ{x>v K 
Show that the Cauchy-Riemann equations are equivalent to 

J _dR = d& and ±dR__d& 

R dx dy R dy dx 

9. Show that the Cauchy-Riemann equations are equivalent to 

r_ dR. _ <30 ^ ±dR__ r d& 

R dr ~ dd an Rd6 ~ dr 

if we write both the values and the variable of w = f(z) in polar form, so 
that/(r, 6) = R(r , d)e i&{r ' e) . 

10. Prove that z { = e tLoeiz) is a smooth function on the cut plane 
P. Use the Cauchy-Riemann equations to show that 

— (z‘) = iz u ~ l} for z in P. 
dz 

11. If/(* + iy) = U(x,y) + iV(x, y) is defined on an open set E, let 
E* be the image of E under conjugation (reflection through the real axis). 
On £* define: 

g(z) = f(z) for all z in E*. 

Prove that f is holomorphic on E if and only if the “reflected function” 
g is holomorphic on the “reflected” set E*. If f(z) = e z on the upper half 
plane E = {z:Im(z) > 0}, calculate g(z) on E* = (z:Im(z) < o}. 
Answer: g(z) = e z for z in £*. 


12. Using differentiation formulas, and the fact that /'(0) = 
lim (/(z) — /(0))/z, show that 

z->0 


r\ r sinz i 
(i) lim-= 1 

z-* 0 Z 


..... .. sinh z 

(in) lim —;-= — i 

z~* 0 l Z 


(ii) lim 

z~*0 



i 


(iv) lim z • ctn z = 1. 

z~*0 
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*2.10 ANTIDERIVATIVES AND FUNCTIONS WHOSE 
DERIVATIVE IS ZERO 

Let w =f(z) be differentiable throughout a connected open set (domain) 
E , and assume that dfjdz = 0 at all points in E. Then f must be constant: 
f{z) = a 0 for all z in E. This is proved in two steps. First, we show that f is 
“locally constant" in the sense that it is constant throughout some disc about 
each point in E; this part of the proof uses only the Cauchy-Riemann equations. 
Then the connectedness of E must be used to show that f takes a single value 
throughout E. Unless E is connected, it is quite possible for f to take on more 
than one value as z varies. For example, if E is the (disconnected) open set 
obtained by deleting the real axis from the plane, E splits into two connected 
half planes E x = {z:Im(z) > 0} and E 2 = {z:Im(z) < 0}. We could take 

f(z) = 1 for z in E x 
f(z) =0 for z in E 2 . 

This function is clearly holomorphic on E; dfjdz = 0 everywhere, and f is 
locally constant, but f does not take on a unique value throughout E. 

Theorem 2.16 Let E be a domain in the complex plane. Let f be differentiable , with 
dfjdz = 0, throughout E. Then there is a constant c such thatf(z) = cfor all z in E. 

Proof: First let us show that f(z) is “locally constant.” If/(x + iy) = 
U(x,y) + iV{x,y), this means that 


0 + iO 


df 

dz 


dU .d_V_d_V 
dx dx dy 



so that these partial derivatives exist and are zero on E . Now consider what 
happens near a typical point p = x 0 + iy 0 m E. Since E is an open set, there is 
a disc D about p that lies entirely within E , as shown in Figure 2.16. If z = 
x + iy is any other point in D, consider the horizontal line segment from (a: 0 ,^ 0 ) 
to (#, y 0 ) shown in the figure. By the Fundamental Theorem of Calculus, 





for every .v' such that x 0 < < *, so that U is constant along this line segment. 

Likewise, if we examine the vertical segment from {x,y^) to (*, y)> we see that 


U(x,S) 



forj’' such that y 0 <y' <y, so that U is constant along this segment too; thus, 
U(z) = U(x,y) = i (x Q ,y 0 ) = U(p). This works for every z in D, so U must be 
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x 


Figure 2.16 The integrations used to prove f(z) = const on any disc D about p = 
* 0 + *>o that lies entirely within the domain of definition JL. 


constant on this disc. The same reasoning shows that V is cpnstant on D , so that 
/(z) = /(/>) throughout D. Since p was a typical point in E , we have shown 
that /is locally constant on 

To complete the proof we will verify the following useful statement about 
connected sets. 

Theorem 2.17 Any function w =/(z) that is locally constant on a domain 
(<connected open set) is constant throughout the set. 

Proof: Pick any point p in E and let c = f(p). Then define these 
subsets of E : 

E x = {z:z is in E and f(z) = c} 

E 2 = {z: z is in E and/(z) ^ c}. 

Since/ has constant value near each point in E , these must be open sets; in 
fact, if z* is in E x , then/(z) = c at z* and on a disc of positive radius about z*, 
and this disc obviously lies within E x (by definition). Likewise, if z* is in E 2 , 
then /(z*) = d ^ c, and f(z) has the same value d for all points near z*; 
therefore, all points near z* are within E 2 . The sets E 1 and E 2 together fill up 
E and they are obviously disjoint. The definition of a connected set is violated 
if both of these sets are non-empty, so only one can be non-empty. The non¬ 
empty set must be E 1 because we already know that it includes at least the 
point z = p. Thus, E x = E and E 2 = 0 (the empty set, with no points in it), 
and/(z) = c for all z in E. | 


t In the example above, where E is the disconnected union of two half planes, why 
doesn’t the reasoning just presented lead to the conclusion that/is constant throughout E ? 



96 LIMITS AND FUNCTIONS OF A COMPLEX VARIABLE 


All of this leads us to the essential uniqueness of antiderivatives for functions of 
a complex variable (if antiderivatives exist at all). If/is defined on an open set 
E , we say that a function g(z) is an antiderivative of/(z) whenever 

(i) g(z) is differentiable throughout E 

(ii) ^ —f on E. 
dz 

Theorem 2.18 (Uniqueness of antiderivatives) If gfz) andg 2 (z) are antideriva¬ 
tives of a function /(z) on an open set E, then gfz) — £ 2 ( z ) ^ locally constant throughout 
E. If E is connected , then g 2 (z) = gfz) + c throughout E , where c is some complex con¬ 
stant. 


Proof: Obviously, g 1 — g 2 is differentiable on E , and 

^{gi-g*) = dj r- dj r =f(z) -f{z) = 0 for z in E. 
dz dz dz 

Now apply Theorem 2.16. | 

Applying the last result several times in succession, we obtain the following. 

Corollary 2.19 If f(z) has derivatives of orders k < n throughout a domain E , and 
if / <n) (z) = 0 on E, then f(z) must be a polynomial in z with degree at most n — 1. 

EXERCISES 


1. Find antiderivatives for 

(i) sec 2 z ^z ^ + mr for n = 0, ±1, +2 • • • 

(ii) sin z + 2 

(iii) z 1/2 (on the cut plane P ) 

(iv) z l + 3z (on the cut plane P) 

2. Prove that all holomorphic functions on C such that d 2 fjdz 2 = e z 

have the form e z + + B (A, B complex constants). 

3. If f is holomorphic on a domain E , and takes on only real values, 
prove that /is constant. Prove the same result if / has purely imaginary 
values on E. 

4. Prove the following result on determinations of log(z — p). 

Theorem: If D is an open disc that excludes the point />, and 
if /(z) is any continuous determination of log(z — p) on D , 
then / is necessarily holomorphic on D and dfjdz = 1/ 
(z — p) throughout D. 



2.11 LAPLACE’S EQUATION 97 


The proof is based on the following easy steps. 

(i) There exists a holomorphic determination g(z) of 
log(z — p) on D whose derivative is dgjdz = 1 /(z — p). 
[Hint: Try g(p + re ie ) = log r + id, normalizing 0 

suitably.] 

(ii) /(z) — g(z) is locally constant on D. 

(iii) /(z) — g(z) is constant on D , so that/(z) = c + g(z) is 
holomorphic. [Hint: D is a domain.] 

(iv) df/dz = dg/dz = l/(z — p). 

5 . Use Exercise 4 to prove "that any continuous determination of 
log(z — p), defined on any open set E that excludes p , is necessarily 
holomorphic on E and has derivative dfjdz — l/(z — p) throughout E. 

Hint: Examine a small disc about a typical point in E. 

6. Suppose that E is a connected open set that excludes the point p. 
Suppose that/(z) and g(z) are continuous determinations of log(z — p) 
on E. Show that there is a (single) integer N such that g(z) = f(z) + 
2mN throughout E. State and prove a similar result for determinations 
of arg(z — p) on such a domain. 

Hint: f — g is locally constant (why?); E is connected. 

7. Let/be a smooth holomorphic function/defined on a domain; 
prove that |/(z)| 2 = c implies that/(z) — d (d complex constant). 

Hint: |/(z)| 2 = U 2 + V 2 is constant; use Theorem 2.10 and the 
Cauchy-Riemann equations. 

8. Suppose that E is a connected open set (domain) and that/is a 
smooth holomorphic function that satisfies the congruence arg/(z) = c 
(mod 2n) on E, where c is a fixed real constant. Prove that there is a 
complex constant a such that/(z) = a on E (ordinary equality). 

2.11 LAPLACE’S EQUATION AND HARMONIC FUNCTIONS 

In this section we consider functions f(x + iy) = U(x,y) + iV{x,y) 
defined on some open set E in the complex plane, and we shall assume that 

(75) The component functions U and V are continuous and have 

continuous first and second partial derivatives on £’.'(• 

As is well known, these conditions on U and V are sufficient to guarantee that 
the mixed second partial derivatives agree: 

„„ d 2 u d 2 u „ d 2 v d 2 v 

(76) -=- and -=- 

dx By By 3x Bx By By Bx 

f This is sometimes expressed by saying that f is smooth to second order. Our 
original definition of smoothness, Definition 2.8, should be regarded as describing functions 

that are smooth to order one. 
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Theorem 2.20 Let f(z) be holomorphic on an open set E , and assume that its real and 
imaginary parts satisfy the smoothness conditions (75). Then both oj these components 
satisfy Laplace's equation on E: 

m '~g*g-‘ 

Proof: Simply notice that U and V satisfy the Cauchy-Riemann 
equations, so that 


B_tdu\ _ a/an = _ey_ 

dx \ dx ) dx\dy) dx dy 

d_(du\ = 1/ an 

dy\dy) 3y\ dx) 


dHJ = d_(du\ = l/_ap\ = a 2 F 

dy 2 dy \ dy) dy l dx) dy dx 

and we can apply equations (76). The same reasoning works for V. | 

In two dimensions Laplace’s equation is the partial differential equation 

« ™-g+0- 


(the higher dimensional analogs will be set down later on), and any function 
which satisfies this equation is called a harmonic function. Harmonic 
functions arise in physics since equation (78) must be satisfied by electrostatic 
and gravitational potentials in two dimensional problems; the validity of this 
equation follows from the basic conservation laws of the physical problems, so 
the connection between physics and harmonic functions is unavoidable. It 
would be difficult to underestimate the importance of this partial differential 
equation, and its higher dimensional analogs, in both pure and applied mathe¬ 
matics. 

We have just seen that every differentiable function of complex variable 
f(z) = U(x,y) + iV(x,y) with sufficiently smooth component functions U and 
V gives us paired solutions of Laplace’s equation, U = Re(/) and V = Im(/). 
But the connection between holomorphic functions and solutions of Laplace’s 
equation is much stronger than this one-way correspondence might suggest. In 
fact, with one qualification, every harmonic function H(x,y) turns out to be the 
real part of some holomorphic function of a complex variable. It is this fact 
which allows us to bring the machinery of complex analysis to bear on problems 
associated with Laplace’s equation in the plane. A detailed account will be 
given in Chapters 7 and 8. 


EXERCISES 

1. Show that any linear function U(x,y) = ax + by + c (real 
coefficients) is harmonic. Find a corresponding function V{x,y) such that 
f(x + iy) = U(x,y) + iT(x,y) is holomorphic. 
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2. What choices of real coefficients a , b , c make the quadratic func¬ 
tion U(x,y) = ax 2 + + £V 2 harmonic? 

3. Prove that A(x,y) = Arg(* + iy ) has continuous partial deriva¬ 
tives of first and second orders, and that V 2 A = 0 on the cut plane P . 

Hint: Recall Exercise 6, Section 2.9. 

4. Given p = x 0 + iy& prove by direct calculations that 

log \z-p\ = (*) log[(* - *„) 2 + (y -7o) 2 ] 

has continuous first and second partial derivatives, and is harmonic, on 
the punctured plane E = {z:z =£p }. 

5. Show that the Laplacian operator has the form 

d 2 Id Id 2 

dr 2 r dr r 2 dd 2 

when expressed in polar coordinates r and* 6. 

6. Decide which functions below (expressed ii> polar coordinates) 
are harmonic. 

(i) U(r, 0 ) = r n cos tid (n = ±1, ±2, . . .) 

(ii) U(r 9 6) = 1/r 

(iii) U(r 9 6) = r n sin nd {n = ± 1, ±2, . . .) 

(iv) U(r, 6) = log r. 

7. Assume that f = U + iV has continuous first and second partials, 
and that f is holomorphic. Show that 

(i) W(\f\ 2 ) = 4 \f'\ 2 

(ii) log | f(x + iy) I is harmonic, except at points z such that 
f(z) = 0 (log |/(z)| is undefined at these points). 

Hint: In (ii) one can use brute force calculations, but there is another 
proof based on Theorem 2.20. 


2.12 INVERSE FUNCTIONS 

Let M and N be sets in the complex plane. We say that f is an invert¬ 
ible mapping between M and N if 

(i) The map /is defined throughout M\ that is, Dom(/) = M. 

(ii) The map f is one-to-one (univalent) ; distinct points z l / z 2 in A1 
have distinct images w 1 = f(z^) ^ w 2 = f{z 2 ) in N. 
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iy to 



(iii) The map / is onto; every point w in N is the image w = /(z) of at 
least one point z in M. 

If we systematically write z = x + iy for points in Af, and w = u + iv for 
points in N to clearly distinguish between the roles of these sets, we see that 
(i), (ii), and (iii) together mean that 

(79) For each w in N there is exactly one point z in M such that w = /(z), 
and vice versa. 


Hence, we can take the equation w =f(z) and uniquely solve it to express z 
as a (different) function of w. If we write/for the function that gives z =f(w ), 
then/is a mapping /:N —> M (as shown in Figure 2.17) that reverses the original 
mapping/: M —► N. For this reason / is called the inverse mapping, or the 
inverse of/. Obviously / and / are related by the identities 


( 80 ) 


= f( w ) = z for a11 z in M 

=/(z) = w for all w in N. 


Notice that these mappings play completely symmetrical roles, so that / is the 
inverse of/, and at the same time /is the inverse of / In particular, if we are 
given one of these mappings, the other is completely determined by (80). 

If/ is univalent on a set M , it necessarily maps A 1 invertibly onto the set 
N = Range(/). We will often say that a function/is invertible on a set M if 
it is univalent on A/; if no second set N is specified, it will be understood that 
/is being regarded as a mapping from M to N = Range(/). 


Example 2.20 The mapping /:C -* C given by w = f(z) = az + b 
(a 0) is invertible, and the inverse is given by z = f(w) = (1 /a)(w — b). 

Example 2.21 Let A/ = C and N = C and let w =/(z) = z 2 . This map¬ 
ping/: A/ —► AT is onto, but it is not univalent on M since/(z) = /( —z), even 
though z — z if z 0. Thus /is not an invertible mapping/: Af—> A r and it 
is not possible to define an inverse mapping f:N —► A/; in fact, if w is in N, 
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solving the equation w = /(z) = z 2 for z in terms of w does not lead to a 
unique solution z in M. 

Let us change the situation a little; take M = {z:Re(z) > 0}, and N 
equal to the cut plane obtained by deleting the negative real axis from C. It 
is not hard to see that w =f(z) = z 2 maps M onto N , and because of the way 
we chose M it is no longer possible to find different points in M with the same 
image under f Thus f:M-+N is invertible; to get the inverse mapping 
f:N —> M we must solve z 2 = w so that z is in M. Obviously, z will be one of 
the square roots of w , so that 

z = f(w) = ±w 1 ! 2 (w 1 ! 2 is the principal determination); 

but z = J(w) has to be in the right half plane M for w in N. The principal 
determination w 1 ! 2 ends up in the right half plane, while — h) 1 / 2 is in the left 
half plane, and we are obliged to take 

f{w) = -\-w 112 ( w l ! 2 the principal determination of square root) 

for all w in N. We would be forced to exactly the same conclusion about the 
form of/by inspecting equations (80), which characterize the inverse function. 

If we choose M and N suitably (A l a wedge of angle 2tt\u , symmetric about the 
positive real axis, and N the cut plane), the function/: M —► N given by w = 
/(z) = z n is invertible and the inverse is the principal determination of the n th 
root function, z = f(w) = w l/n for all w in N. 

Example 2.22 The exponential function w = e z is not univalent on E = C, 
due to the periodicity exp(z) = exp(z + 2rrki). We leave it to the reader 
(Exercise 3) to verify that 

(i) The exponential mapping w = e z becomes univalent if we restrict its 
domain of definition to the horizontal strip M = {z: —tt < Im(z) < 
+ 7 r} (or any other horizontal strip of width 2tt). 

(ii) The exponential maps the strip M one-to-one onto the cut plane P 
obtained by deleting the negative real axis from the w-plane. 

(iii) The inverse is given by z = f(w) = Log w , the principal determina¬ 
tion of log w. 

EXERCISES 

1. Prove that w =f(z) = 4/(z — i) maps the domain E = {z: 
z ^ i } one-to-one onto the domain F = {w:w ^ 0}, and that z =f(w) = 
(4 jw) + i = (4 + iw)/w is the inverse mapping. 

2. Consider w =f(z) = e z as a mapping of the strip M = {z: 
— tt < Im(z) < tt) into the w-plane. Prove that M is mapped invert- 
ibly onto the cut plane P , and that the inverse is z = f(w) = Logw. 
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What happens if, instead, we take w = e l on the strip M* = {z:n < 
Im(z) < 3ir} ? 

Hint: Use formula (47) to see that f is invertible on M or Al*. 

V V 

Answer: The inverse f:PAl* is z = f(w) = Log w + 2m, an¬ 
other determination of log w. 


3. How is the half plane E = (z:Re(z) < — 1} mapped by w = 
f(z) = 1 + z 2 ? Determine the image set F = f(E) explicitly, and show 
that f:E—>F is univalent. Prove that z = f(w) = ( —l)(a/ — 1) 1/2 
(principal determination). 

Hint: Examine the mapping on the boundary line Re(z) — — 1. 

4. Consider /(z) =-|zH—j = (z 2 + l)/2z on the domain D = 
{z: |z| > 1}. Prove that f is univalent on D. 

Hint: If f(z) = f(w ), show that —zw(w — z) = (w — z). This 
happens only if w = z or wz = — 1; the latter is impossible if z and w are 
in D (why?). 


5 . Show that/(z) = sin z is univalent on the disc D = {z:|z| < 1 }. 

Hint: Let Z = e iz for z in D. If/(z) = f(w ), then — ZW{W — 
Z) = (IV — Z), which can only happen if W = Z, or WZ = — 1. For 
z and w in D , WZ = — 1 is impossible, and W = Z holds only if z = w. 

Note: The same methods actually show that sin z is univalent on the 
the disc |z| < 7t/2. 


2.13 THREE THEOREMS ON INVERSE FUNCTIONS 

The mapping properties of a holomorphic function w =f(z) become 
degenerate at points where dfjdz = 0, the critical points of f 9 as we will 
explain in Chapter 4; other points will be referred to as regular points. 

Definition 2.9 A function w = f(z) is regular on an open set E provided that it is 
holomorphic and f'(z) is non-zero for all z in E. 

The exponential mapping w = e z has dwjdz = e z ^ 0 throughout E = C, and 
so is a regular mapping of the plane. The trigonometric function w = sin z is 
holomorphic on the plane, but is only regular on sets that exclude the critical 
points z n = (tt/2) + an. 

The results of this section apply to regular functions w =f(z) that are 
also smooth (in the sense of Definition 2.8), so thaty'is continuously differentiable. 
The theorems below all emerge as corollaries of a single line of reasoning, 
which analyzes the behavior of a smooth holomorphic function w = f(z) near 
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a particular point z = p where f'(p) 7 ^ 0. However, this discussion involves 
detailed use of the method of successive approximations, and would be rather 
technical for many students. We will not give the proof here; moreover, its 
inclusion in an introductory text is not necessary. We will never have to refer to 
details of the proof, and in specific examples the use of these theorems could be 
avoided by direct (but perhaps complicated) calculations. The theoretically 
oriented reader will find a good, self-contained account of these results, and of 
the successive approximations procedure required for their proof, in Hille [9], 
Sections 4.5 and 4.6. For an alternative treatment of these theorems as part of 
advanced calculus, without reference to complex variables, see Buck [2], 
Sections 5.6 and 5.7. 

Theorem 2.21 (Open mapping theorem) Let f be a smooth, holomorpkic function 
defined on an open set M in the z-plane. Assume that dfjdz never vanishes on M. Then 
the image set N — f(M) = {w:w = f(z) for some z in M} is an open set in the w- 
plane. 

Thus, a smooth regular mapping can not “squash” an open set into a more 
degenerate kind of set, such as an arc or a set of isolated points. If we are 
obliged to determine the images of sets when they are transformed from the 
2 -plane to the w-plane (a problem we will encounter frequently), it can be 
very helpful to know that the image of an open set is operi. 

Theorem 2.22 ( Inverse mapping theorem) Let f be a smooth, holomorphic func¬ 
tion defined on an open set M in the z-plane. Assume that dfjdz never vanishes on M. 
Then f is “locally invertible”; that is, if p is any point in M, there is a small disc D 
about p on which f is invertible. 

Since f is smooth and regular, any small disc D about p is mapped to an open 
set in the w-plane, by the open mapping theorem; the point of Theorem 2.22 is 
that f is univalent if the disc D is made small enough. Once we know that /is 
univalent on a set D , it must be univalent on any smaller subset of D. The map 
/is invertible on a small disc about each point in M , but the size of the disc may 
depend on the location of the point p within M. 

Example 2.23 If M = C and w =f(z) = e z , then dfjdz = e z is never zero 
and /is a smooth, regular mapping. By referring to formula (47), we see that 
/is univalent on the disc D v = {z: \z — p\ < tt) about a typical point />; in 
fact,/is univalent on the horizontal strip Im(/>) — it < Im(z) < Im(/>) + tt, 
which contains D v . It is not univalent on any larger disc \z — p\ < r centered 
at p, since e 27Ti + z = e z . Thus,/is not an invertible mapping on M, although it is 

V 

“locally invertible.” The “locally defined” inverse mapping z =f{w) maps 
the image set E = f{D ) back to the disc D p ; it is a determination of z = 

V 

log a; (defined on the set E v in the iti-plane), because w = /(z) = f(f{w)) = 
exp(/(w)). 

The open mapping theorem insures that the image set E v =/(Z) p ) is an 
open set in the Mi-plane. Using direct calculations based on the definition of 
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w = e z , it would be difficult to calculate the precise shape of E p , and to verify 
that E p is an open set. 

Our final result deals with the differentiability of the inverse of an invert¬ 
ible regular mapping. 


Theorem 2.23 (Differentiability of inverse functions) Let f be a smooth , 
holomorphic mapping defined on an open set M in the z-plane. Assume that dfjdz ^ 0 on 
M , and that f is an invertible mapping of M onto the image set N = Range (/) = /( M) 
in the w-plane. Then the inverse mapping f:N-+Mis holomorphic on N. Furthermore , 
its derivative is given by 


(81 A) 


(/)'(/(*)) = - 


/'(*) 


[i.e.,^(/(z))=-r 

dw dj 




or all z in M, which is the same as saying that 


(81B) 


(/)» 


1 

/'(/>)) 


for all w in N. 




T (/>)) 


The set N is open, by the open mapping theorem; thus, z = f(w) is defined 
near each point q in N> and the difference quotients in the formula (f)'(q) = 
lim ( f(w ) — f{q))/(w — q) are well defined for all w near q. Since the recipro- 

W—*-Q 

cal of dfjdz appears on the right side of formula (81), this formula would not 
make sense if f were not regular. If we start with formula (81 A), then (8IB) 
follows by writing z = f(w) everywhere z appears in (81 A); similarly, we can 
obtain (81 A) from (8IB). The continuity of dfjdw is clear from formula (8IB), 
which expresses this function as the reciprocal of a continuous function dfjdz 
that is never zero. It is also clear that dfjdw is non-vanishing on N; so f :N M 
is a smooth, regular mapping. 


Corollary 2.24 Iff : M —* N is a smooth , regular mapping between open sets that is 
invertible , then the inverse f:N —> M is also a smooth , regular mapping. 


Formulas like (81 A) and (8IB) are derived in calculus for functions of a 
real variable, and are used to investigate the derivatives of pairs of inverse 
functions such as e x and log x, or tan x and arctan x. However, the proofs 
given in calculus lean heavily on the order properties of the real number 
system (by way of the mean value theorem for derivatives), and cannot be 
adapted to work for functions of a complex variable. 


The hard part in the proof of Theorem 2.23 is to establish that the inverse 
function/is actually differentiable. Once we are assured of this, we may apply 
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the chain rule to the equation (a composite of differentiable functions) 

z =/(/(*)) for all z in M; 
this “implicit differentiation” gives 


i = (/)'(/(*)) •/'(*) = y (/(*)) • y (*)■ 

aw dz 


df 


Since we assume that f'(z) 7 ^ 0, we get (81A), and (81B) follows from this. 

Example 2.24 The transformation w = tan z is not univalent on the full 
domain {z:z 7^ (( 7 t/ 2 ) + Mr) + z ‘0 for n = 0 , ±1, ±2, . . .} on which it is 
defined, because it is periodic with tan(z) = tan(z + hit). There is some hope 
of obtaining an univalent function if we restrict the domain to a vertical strip of 
width 77 , such as M = {z: —77-/2 < Re(z) < 7 t/2 }. Now w = tan z is one-to- 
one on the domain M (see Exercise 3 ); later on (in Chapter 4 ), we will show 
that w = tan z maps M onto the (open set) domain N in the w-plane obtained by 
removing the two parts of the imaginary axis that lie outside of the unit disc 
|2X?| < 1 ; N is a plane with two cuts in it, running in opposite directions along 
the imaginary axis from the points +z and — i out to infinity. Naturally the 
inverse function f:N M is to be regarded as a determination of arctan(zti). 
For real numbers — 00 < u < + 00, the familiar function of a real variable 
x = arctan u satisfies the conditions (i) u = tan at, and (ii) — 7 t /2 < * < +tt/ 2 , 
so that z = x + iO is in the strip M ; we conclude that arctan w agrees with the 
familiar arctangent function when w is real: 

(82) arctan(w + iO) = arctan u for all real u such that — 00 < u < + 00. 


The particular determination just defined on N will be regarded as the prin¬ 
cipal determination of arctangent and will be indicated by Arctan w here¬ 
after. 

Since d/dz (tan z) = sec 2 z = 1/cos 2 z is never zero in M, Theorem 2.23 
assures us that z = Arctan w is continuously differentiable throughout N , and 
gives us the familiar differentiation formula 


— (Arctan w) 
dw 


(83) 


1 

d . 

— (tan z) 
dz 


1 

- 

_sec 2 z 

z=Arctan w_ 


|z=Arctan wj 


1 


_1 + tan 2 z 


z=Aretan w 


1 

1 +^ 2> 


now valid for complex variable, in the doubly cut plane N. 


Note: The inverse f of a function f should not be confused with its reciprocal 
1 jf For example, if f(z) = z + 1 is taken as a mapping/:C —► C, then 
/(z) = z — 1, while the reciprocal is (l//)(z) = l/(z + 1). Some authors use 
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the symbol/ -1 to indicate the inverse of/ but this can be confused with the 
notation for reciprocals (as when we write z -1 = 1 /z), so we shall favor the 
notation/ 

EXERCISES 

1. With Figure 2.17 in mind, explain what is meant by expressing 
(/)' = dfjdw , whose variable is w> as a function of variable z via the 
formula 



2. Calculate dfjdw as a function of z in the following situations. 
(You need not verify that/ is invertible on the domain M indicated). 

(i) /(z) = ctn z on M = {z:0 < Re(z) < i r} 

(ii) /(z)=^(z + i) on M = {z: |z| > 1}. 

Note: Sometimes it is difficult to express dfjdw as a function of w y 
especially when we cannot calculate z =f(w) explicitly. Notice how 
this calculation was avoided in Example 2.24. 

3. Show that w = tan z is a univalent mapping on the strip M = 
{z: — 77-/2 < Re(z) < + 77 / 2 }. Show that/is regular and holomorphic on 
M, so that the image set f(M) is an open set in the w-plane. 

Hint: Write tan z = —i(e 2iz — 1 )/(e 2iz + 1). If f(z) = /(z"), set 
Z' = e 2iz and Z" = e 2iz , and show that Z r = Z". Then verify that 
z = z if both points are in M (use formula (36)). 

4. If w is fixed (w 7 ^ ± 2 ), show that all solutions of w = tan z are 
given by 

* = L °g(~ + ‘r ) + nn (n = 0, ±1, ±2, . . .)• 

2 1 \1 — iw! 

These are the values of the various determinations of arctan w. Which 
one is the principal determination Arctan w ? Prove that tan z never 
takes the values -\-i or — i, for any z. 

Hint: Write Z = e iz and w = —i{Z 2 — 1 )/(Z 2 + 1); then solve 
for Z by converting this into a quadratic equation in Z. Use formula (36). 

Answer: n = 0 gives Arctan w. 

5. Prove that w = f{z) = sinh(z) is univalent on the strip M = 
{z\— 7t/ 2 < Im(z) < +7 t/ 2}. Without trying to determine the precise 
shape of the image domain N = /(A/), show that/: N M is differenti¬ 
able on N and calculate dfjdw as a function of w. 
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Answer: 
tion). 


dfjdw = 


1/Vl + 


w 2 = (1 + w 2 )~ 1/2 (principal determina- 


6 . Calculate all possible values of the following inverse functions 
z = f(w ) at the points indicated; that is, find all solutions z of the equa¬ 
tion w = f(z). 

(i) arcsin(l) (iii) arctan(2z) (v) arcsinh( + l) 

(ii) arctan(l) (iv) arctanh(O) (vi) arctan(l + i). 


2.14 SMOOTHNESS OF HOLOMORPHIC FUNCTIONS 

In certain sections of this chapter we have imposed smoothness conditions 
on the holomorphic functions f(z) = U(x,y) + iV(x,y) being considered, such 
as: 

(i) The first partials dU/dx, . . . , dV/dy exist and are continuous. 

(ii) The second partials d 2 U/dx 2 i . . . , d 2 Vfdy 2 exist and are continuous. 

For functions of a real variable, existence of the first derivative dfjdx does not 
insure its continuity (Exercise 1), and even if the derivative'is continuous, there 
is no assurance that higher derivatives will exist; similar remarks apply to the 
partial derivatives of a function of several real variables. 

In Chapter 5 we will be able to show that any function f(x + iy) = 
U(x,y) + iV(x,y) that is complex differentiable (holomorphic) on an open set 
E must actually have component functions U(x,y) and V(x, y) whose partial 
derivatives of all orders exist and are continuous. Once this has been established, 
there is no need to make any special hypotheses about the smoothness of U and 
V. All reference to conditions (i) and (ii) may be dropped from the theorems 
presented above—complex differentiability of f 9 without further assumptions, 
is enough. 

EXERCISE 


1. Define f(x) for real x so that 

f(x) = x 2 sin(l/*) if x ^ 0; /(0) = 0. 

Show that f is differentiable at and near x = 0, but that the derivative 
f'(x) is discontinuous at x = 0. Does f" exist at at = 0? 



3 POWER SERIES 
AND ANALYTIC 
FUNCTIONS 


The Taylor series associated with a function of a real variable f(x) and a 
base point x 0 on the real line is given by 


;/ <n, (*ob V ./"(*«), \2 | 

I — (* - *o) = /(*o) +/ (*o)(* - *o) + —T7" 0 - *o) + 


(i) 2 — 

n=o n 


For example e x , sin x, and cos x have the familiar series expansions 


X , x 2 , x 3 


** = y- = i+ - + - + - + 

.. i ' i i n i o« ' 


1! 2! 3! 


sin at = T (-1)” —-= 

n-o (2n+l)! 3! 5! 


cosjc = 2(-l) n — 

n=o (2n)! 


1 - 
2! 4! 


valid for all real x. There is also the geometric series 


2* n = i + x + ^ 2 + --- = -— 

71 = 0 1 — X 


which converges for all x such that — 1 < x < +1, but diverges otherwise. 
Our purpose in this chapter is to develop the theory of power series using com¬ 
plex, rather than real, variables. We will examine the unique properties of 
power series and analytic functions, such as the analytic continuation principle, 
which appear only when complex variables have been introduced. 


108 
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There are many reasons for using complex variables in power series. For 
one thing, as we have already noted, the complex variable analogs of functions 
like exp, sin , and cos are represented by allowing the complex variable z in the 
Taylor series, keeping the same (real) coefficients. Moreover, fundamental 
relationships between these functions are revealed, such as 

e iz + e~ iz 

cos(z) =-—-; e z = cos(zz) — i sin(zz); sinh(zz) = i sin(z), 

whose existence would never be suspected if we restricted our view to functions 
of a real variable. Another benefit is that the use of complex variables allows us 
to understand the convergence properties of powers series, which might seem 
strange if we considered only real variables; in particular, the fact that every 
Taylor series has a “radius of convergence” about its base point x 0 is best under¬ 
stood by introducing complex variables. Finally, since power series are very 
useful in solving differential equations (for a real variable), complex variables 
can be introduced into both the differential equation and the series used to 
solve it. This often reveals surprising relationships between the various families 
of solutions. 

We begin with a few remarks on the notion of convergence of a sequence 
(or series) of functions to a limit function. Our discussion is arranged so that it 
applies equally well to both real and complex variables, f Before very long we 
will restrict our attention to “power series,” but for a while we shall take a 
broader view. 


3.1 CONVERGENCE OF SEQUENCES OF FUNCTIONS 

Let us consider a sequence /i,/ 2 ,/ 3 , ... of functions, all defined on a subset 
E of the complex plane (everything we say is equally valid for functions defined 
on a subset of R). There are various ways in which this sequence { f n } can 
“converge” to a limit function/defined on E; we shall mention only two types 
of convergence: pointwise convergence and uniform convergence . 

Definition 3.1 Pointwise convergence means that 

f(z) = lim/ n (z) ( convergence of a sequence of complex numbers) 

n-+ oo 

for each point z in E. We write 

fn -*■/ (ptwse) or / = lim /„(ptwse) 

n-> oo 

to indicate this type of convergence. 


t Discussions of convergence of sequences and series of functions in Calculus often lean 
heavily on the order properties of R. For a complex variable there is no order relation to work 
with, and more care is required in this context. 
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Figure 3.1 Pointwise convergent sequences of functions. 

Example 3.1 Here are two examples of pointwise convergence, illustrated 
with functions of a real variable so that we can draw graphs to help us under¬ 
stand what is going on. The sequence of functions { f n } is defined by taking 

f n (x) = e~ {x ~ n) for — oo < * < + oo, 

V 7r 

for n = 0, 1, 2, . . . , as in Figure 3.1 A. The area under their graphs moves off 
toward infinity as n increases; here we are taking E = R. Another sequence of 
functions £ n (*), defined on the interval E = [0, 1], is shown in Figure 3.IB. 
Both sequences are pointwise convergent on their respective domains of 
definition: 

/= lim f n (ptwse) g = lim g n (ptwse) , 

n— ► oo n—KX) 

where f and g are the constant functions: /(*) =0 and g(x) = 0 for all x . 

From these examples one can see that the rate at which the numbers f n (x ) 
approach their limit f(x) may vary considerably from point to point in E; in 
other words, the speed of convergence to the limit function ^is not “uniform” 
throughout the set E. 
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If the functions {f n } converge pointwise (or in some other sense) to the 
limit function f = lim f n9 we often wish to apply limit operations such as 

n—►oo 

(4) f (•••)</*; lim (• • •) 

aZ Ja z-> v 

to f\ that is, we wish to calculate ‘‘double limits 5 ' such as 



in which the operation lim (. . .) is followed bygone of the operations in (4). 

»-*• oo 

In practical situations it is usually much easier to evaluate the result if these 
operations are carried out in the reverse order. Applying the operations in (4) 
to each term f n and then calculating lim (•••)> we § et 

»-► oo 



Is this “interchange of operations” allowable? That is, if {f n } converges, do 
the quantities calculated in (5) and (6) agree? Unfortunately, if {f n } only 
converges pointwise to its limit, these operations generally cannot be interchanged 
without seriously affecting the result of the calculation. For example, consider 
the sequence {^ n } of functions whose graphs are shown in Figure 3. IB. Then 
~ 1 f° r n = 1? 2, . . . , so that lim (jj£ n (*) dx) = 1. On the other 

n—► oo 

hand, the limit function g(*) = lim g n (x) = 0 on [0, 1], so that 

n—► oo 



Thus, we do not get the same result on performing the operations lim (• • •) and 

71—►OO 

JJ(* • •) dx in reverse order. Similarly, we cannot interchange the order of the 
operations lim (• • •) andjl^(* • •) dx for the sequence {f n } shown in Figure 3.1 A, 

n —►oo 
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because /„(*) dx = 1 for all n, and 

lim ( f + 7„(*) = 1 # 0 = f + °°(lim/„) dx = [ +m 0 dx. 

n-*co\J— oo / J —oo \n-+oo / •/—oo 

These difficulties can often be traced to the nonuniform rate of convergence 
of the terms f n to the limit function. 

Definition 3.2 A sequence of functions {f n } converges uniformly on E to a limit 
function f defined on E if: for any number e > 0, we get 

(7) | f n (z) -f(z) | < e for all z in E 

once the index n is beyond some integer N(e) (so that the formula (7) is valid for all large 
n) . If this happens , we write 

f n > f ( unif ) or f = lim f n (unif). 

n-*oo 


This definition requires that the values f n (z) approach the limit value f(z) at 
a uniform rate, for all points z in F, as n —► oo. How far out in the set of 
indices n = 1,2,..., we must go in order to get the distance between the 
values of f n and the values of f uniformly less than a given number e > 0 will 
naturally depend on the particular number e > 0 being considered in (7); 
we write N = N(e) to indicate this dependence of N on e. 

It is obvious that f = lim/ n (ptwse) if we have f = lim f n (unif) on a set 

n —»oo n—>oo 

E. Furthermore, if f n — >/(unif) on E , then certainly f n — *f (unif) on any 
smaller set D c= E. Another basic fact is: 

Theorem 3A Let z = <f>(w) be a mapping from a set F into a set E in the plane, 
and assume that f andf x ,f 2 , . . . , are functions defined on E such thatf n —*f (unif) on 
E. Then the composite functions g n (w) = f n (<f>(w)) = (f n © <f))(w) converge uniformly 
to g = f © <f> on the set F. 

Proof: Ife > 0 is given, then | f n (z) — f(z)\ < e throughout E , for all 
sufficiently large n , say n > N(e). For each w in F, the point z = <f>(w) is in E 
so that 

IfnO) - 5(w)| = \f n (<Ku> )) -f(<f>(w))\ < e for all w in F, 

and for each n > N(e). Now compare this last statement with the definition 
of uniform convergence on F. | 

As a general principle, the operation lim (• • •) for uniform limits of functions 

n —>oo 

may usually be interchanged with other limit operations; this is our reason for 
introducing the notion of uniform convergence. Here is one result which will 
be useful in later discussions. 
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Theorem 3.2 Assume that the functions {/ n } are defined on a subset E in the plane 
and converge uniformly on E to a limit function f 

(i) If the functions f n are each continuous at a point p in E , then f is also contin¬ 
uous at p . 

( ii) If the f n are each continuous throughout 2?, so is their uniform limit f 

Note: Statement (ii) follows directly from statement (i). The latter is 
really a statement about interchanging the operations lim (• • •) and lim (• • •). 

n —*-oo z—►p 

Continuity at p means that 

(8) f{p) - lim/ = lim (lim f n 

z->p z-*v \n~* oo 

On the other hand, each f n is continuous at />, so that lim f n = f n (p ), and 
because f n —*f we know that lim f n (p) = /(/?); thus it is clear that 

n-+oo 

lim (lim/„) = lim /„(/>) = /(/>)• 

n-> oo \z-*v / n-+ oo 

The result (8) we really want would follow immediately if we could interchange 
the limit operations involved. 


Proof of Theorem 3.2: If a number e > 0 is given, we get 
(9) | fn(z) -f(z) | < e/3 for all z in E, 

for all sufficiently large n (say n > N), due to the uniform convergence 

f n -►/on E. We must show that/( p ) = lim f to establish continuity of f at 

z —►P 

p. Consider z near p; then by adding and subtracting/y(z) and fjy(p) we 
get 

I f(z) -f(P) | < I f(z) -f N (z) I + | f N (z) -f N (p) I + I MP) -f(P) I 
< 3 + \/n(z) —/n(P) I + 3 

for all z in E (take N as in (9)). But/y is continuous at/?, so that |/y(z) — 
f N (p)\ < e/3 for all z sufficiently close to p\ thus 

I Hz) -f{p) | <\e + \f N {z) -f N (p) | < « 

for all z sufficiently close to p , say |z — p\ < S. This proves that f(p) = 
lim/ as required. | 

Z-+V 


If the functions {/ n } only converge pointwise on E to the limit function f con¬ 
tinuity of the “approximating functions” /x,/ 2 , . . . , is not always inherited by 
the limit function/; uniform convergence insures that continuity is passed on to 
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the limit function. For other discussion of “interchange of limits,” see Rudin 
[20], Chapter 7. 


Note: Every general principle has its exception, and we hasten to point 

d 

out that (at least for functions of a real variable) the operation —(•••) presents 

special difficulties when we try to interchange it with a limit of func¬ 
tions lim (• • •), even if f n —+f uniformly. See Exercise 8 of Section 3.2. 


n—► oo 


Example 3.2 The functions 


fn( z ) ~ ~ — 1 + 2 + Z 2 + 


/(*) = 


1 — Z 

1 

1 - z 


+ 2 


n—1 


are well defined on the open disc E = {z:\z\ < 1} and also on the smaller 
closed discs D r — {z:\z\ < r} with radius r less than one .f In our earlier remarks 
on the geometric series we saw that f = lim f n (ptwse) on E. Actually, 


( 10 ) 


f n —►f (unif) on any closed disc \z\ < r such that r < 1; 


however, the sequence {f n } does not converge uniformly to f on the whole disc 
E (see Exercise 5). To illustrate the handling of a uniform convergence prob¬ 
lem, we prove (10). Fixing our attention on the behavior of the functions f n on 
a given disc D r , we notice that 


(ii) i/„w-/( 2 )i = 


u n i 

i - 


|1 -z\ 


< 


\z\ n 


1 - I z\ 


for all z in D r 


because the triangle inequality insures that |1 — z| > |1 — \z\ | = 1 — |z| if 
|z| < 1. The expression |z| n /(l — \z\) achieves its maximum value on D r at 
points where |z| = r, so that 


( 12 ) 


I/»(*) ~/{z) | < 


for all z in D T . 


Because r < 1, r n approaches zero as n -> oo, so that r n /(l — r) —► 0. Thus, if 
some number e > 0 is given, there is a corresponding integer N(e) such that 
0 < r n /(l — r) < e for all n > N(e). For these indices we get 

\fn( z ) —f ( z )I < -r ~— < £ for all z in D r , 

1 — r 

and since this reasoning works for any e > 0, we have proved (10). 

f Notice that/„(z) = 1 + z + • • • + z' ,_1 is just the n th partial sum of the geometric 
series 1 + z + z 2 -f • • • . 
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3.2 SERIES OF FUNCTIONS 

Let A,f 2 J 3 , ■ • ■ , be functions defined on a subset E in C. To form, or 

CO 

even define, the “sum” of the infinite series 2 fn — fi + ft + ' * * 5 we must face 

71=1 

the same sort of questions we faced in defining the “sum” of an infinite series 
of complex numbers. Again, we form the partial sums, which are now functions 
defined on E , 

*l(z) = /l( Z ) 

* 2 ( z ) =/i( z ) + / 2 ( z ) 


•b.( z ) =/i( z ) + / 2 ( z ) H-b/ n ( z ) =2 f k ( z ) 

fc=l 


and examine the limit behavior of the sequence of functions j l5 s 2 , • . . . A new 
feature now enters the situation—there are various ways in which the sequence 
of functions {s n } may converge to a limit. If {j- n } converges pointwise (or 

00 

uniformly) to a limit function fi we say that the series f n converges point- 

n =1 

wise (or uniformly) to f on E, and write 


/= 1 fn (ptwse) or / = 2 fn 


71= 1 


71 = 1 


00 

If the type of convergence is clear from context, we write f = f n . 

71 = 1 

For series of functions there is a very simple, and useful, test for uniform 
convergence. 


00 

Theorem 3.3 (Weierstrass Test) Let 2 f n be a series offunctions defined on a set 

71 = 1 

E in C, and suppose we can find non-negative numbers 0 < M n < + 00 for n = 1,2,... 
such that 

(0 |/„( z )| < M n for all z in jB, and all n = 1,2,... 

(«) < +CO. 

71 = 1 

00 

Then the series / n converges uniformly on E to some limit function fi 

71=1 
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Theorem 3.3 will be our primary tool for verifying uniform convergence 
from now on (however, see Exercise 11). Notice that it allows us to decide 

whether the series is uniformly convergent, without actually evaluating the sum 

00 

f = 2 fn °f the series. 

n= 1 


Proof of Theorem 3.3: If z is a typical point in E, then ^ \fn(z)\ < 

oo oo n=1 

2 M n < + oo, so the series of complex numbers ^ fn(z) is absolutely con- 

n=1 n=l 

vergent for each z. In particular, the series converges (Theorem 2.4); let 

us write f (z) for its sum. Then the partial sums of the series of functions 
00 

2 fn obviously converge pointwise to/. We must show that this convergence 

71=1 

is actually uniform on E. oo 

For any convergent series of complex numbers ^ we know that 

00 00 71=1 

2 &71 < ^ i fl n| (Exercise 8 of Section 2.2). For the n th partial sum s n (z) = 

71= 1 71= i 

fi(z) -f • • • +/ n (z) we conclude that 


(13) \f(z)-s n (z)\ 


IMz) 

k =1 fc=l 


2 


k=7i +1 


< 2 

k=7i +1 


for all z in E, and all n = 1,2,.... Since the series ^ Af* converges, its 

oo k= 1 

“tail end” R n = goes to zero as n -► oo (Exercise 9 of Section 2.2); 

lim = 0. k=n+1 

n—*-oo 

If a number e > 0 is given, then 0 < R n < e for all large n , say for 
m > iV’(e). But then formula (13) insures that 0 < |/(z) — s n (z)\ < 
R n < e for z in E } so that 


0 < |/(z) — J n (2)| < e for all z in E , 


for each integer n such that n > N(e). This is precisely what we mean by 

00 

uniform convergence/ = ^ fn (unif) on E . | 
n=l 


Example 3.3 Consider the series 


(14) 


2(-\) n z 2n = 1 -z 2 + 

n=0 


z 4 - 


where/ 0 (z) = l,/x(z) = —z 2 ,/ 2 (z) = z 4 , . . . . A simple application of the 
ratio test (Theorem 2.9) shows that (14) is absolutely convergent provided that 
|z| < 1, and diverges if |z| > 1; the series also diverges if | z| = 1 because the 

absolute values |( —l) n z 2n | = |z| 2n = 1 do not tend to zero as n oo. The 

00 

series (14) is obtained from the geometric series 2 w n by substituting w = — z 2 ; 

71=0 
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if |z| < 1, then |k>| = |z| 2 < 1, so the geometric series converges: 

2 (-l)"z 2 » = !«;" = — — = — 1 — 2 for |z| < 1 . 

71=0 71=0 1 — W 1 + Z 

Evidently ( 14 ) converges pointwise on the unit disc to the function f(z) = 
(1 + z 2 ) -1 . On any smaller disc of the form D R = {z:\z\ < /?}, with radius 
R < 1, the series converges uniformly to this limit function; indeed, |/ n (z)| = 
|z| 2n ^ R 2n throughout D Ry so that the constants. M n = R 2n give 

\f n {z)\^M n on D r ; 2M n = f (* 2 )" = — l — < +oo. 

71 = 0 71=0 1 ft 


CO 

Now apply the Weierstrass test to the series 2 f n • limit function f[z) = 

71 = 1 

(1 + z 2 ) -1 makes sense for all z in the complex plane except z = +i, — i, 
while the series (14) only converges in the disc \z\ < 1 which has these two 
points on its boundary. As we shall see later in the chapter, it is the presence 
of these “singular points” for the function/(z) which prevents the series from 
converging, and representing the function f in any larger domain. 


EXERCISES 


1. Let z mn = m/(m + n ) for m > 1 and n > 1 integers. Compare 
the limits 

lim I lim z mn \ lim I lim z mn \ 

7i-> oo \m-> oo / 7n->oo \n—>oo / 

2. Find all points z at which the following sequences of functions 
{fn\ converge. Evaluate the limit if you can. 


(i) 



(ii) - sin(ttz) 
n 



(iv) ze nz 

(v) n z = e zLoen 


Hint: In some cases, examine absolute values. 

Answers: (i) all z; (ii) Im(z) = 0; (iii) all z; (iv) (z:Re(z) > 0} 
U {0>; (v) {z:Re(z) <0}U{0}. 
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3. Find the points where the following series of functions converge 
absolutely. (Exclude z if one or more terms are undefined!) 


(0 i <-=5 

n=1 Z -f- tl 


(ii) 2 nJ>zn (P a fixed integer: p = 0, ±1, ±2, . . .) 


71=1 


(iii) 2 


1 1 7 71 

n =1 1 — Z 


( iv ) 2"i sin (« 2 ) 

n=i n 


(v) 2 z n *-" 2 

71=1 

0 ° 1 

(vi) 2 


2 2 

7i=o z — n 


(vii) 2 


i 


«=o (z - n) 2 


(i) not absolutely convergent at any z; (ii) |z| < 1; 
(iii) |z| < 1; (iv) Im(z) =0; (v) log |z| < Re(z), or |z| < exp(Re(z)); 
(vi) undefined at z = 0 , ±1, ±2, . . . , and absolutely convergent else¬ 
where; (vii) undefined at z = 0, 1 , 2, . . . , and absolutely convergent 
elsewhere. 


4. Prove that the following series converge uniformly on the sets 
indicated. 

(i) ^ 1 on {z: \z\ < R] (assume 0 <R<+ oo) 

7i=i z + n 

OO gU 

(ii) ^ ~i - on { z: \ z \ ^ r } (assume 0 < r < 1) 

»=0 2 + 1 

( Hi ) 2 7 2 1 — on l z l ^ 2} 

71=0 (z^ — l) n 

00 e nz 

(iv) 2 — on {z: — oo < Re z < +1} 

71=1 n ! 

In (iv), show that e n ln\ < (e 2 /2) • ( e/3 ) n ~ 2 ; then notice that 

W3) < 1. 


00 


5. Prove that 2 does no/ converge uniformly to its limit f(z) = 

71=0 

1/(1 — z) on the open <^isc of convergence \z\ < 1. 
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Hint: If e = \ (or less), is there any n = 1,2,..., such that 
1^(2) — f(z) | < e throughout the disc |z| < 1 ? (For fixed n, estimate 
the maximum value of \s n (z) — f(z) | on the disc, by examining points 
2 near 1 + iO.) 

6 . Show that f n (x) = nx( 1 — * 2 ) n , defined on E = [0, 1], con¬ 
verges pointwise to the constant function f(x) = 0. Show that this con¬ 
vergence is not uniform on E. Calculate and compare 


lim ( f/nW and f (lim/„) 

»-*■ 00 \J 0 / JO \n-> 00 / 


dx 


Hint: If e = 1 (or less) can we ever get | f n (x) —f(x)\ < 1 
throughout E by making n large? What is the maximum of f n on E? 


Answers; 
while 


J/. 


(x) dx = 


n 1 


2n + 2 2’ 


f (!i m /„) dx = [ 0 dx = 0 . 
Jo \n-» 00 / Jo 


7. Show that 


£. a: 2 _ fO if a: = 0 

«=o (1 + x z ) n x 2 if x 0 

for real x such that — oo < x < + oo. This series of continuous func¬ 
tions converges pointwise (but not uniformly) to a discontinuous limit 
function. 

Hint: Bring the common factor x 2 outside; a geometric series 
remains. 


8. Show that the sequence of functions f n (x) = 


sin nx 


V n 


, defined for 


all real x, converges uniformly on R to the constant function f(x) = 0. 
Prove that the sequence {d/Jdx} diverges at certain points. Thus, the 
d 

limit operations— (• • •) and lim (• • •) do not give the same result when 

(*X 71—*00 

performed in reverse order, in spite of the uniform convergence of f n to f. 


In fact 




does not even exist at certain points, while 


d 

dx 



= 0 everywhere. 
dx 
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9. Show that 

(i) lim -— = +1 if |z| < 1 

»->col + z n 

(ii) lim -— = — 1 if |z| > 1. 

n-co 1 + z n 

Prove that the convergence (ii) is uniform on E r = {z:r < |z| < +oo} 
if r > 1. Taking r = 2 and e = -^o, find an integer N(e) such that 
I fn “/I < e throughout E ri for all n > N(e ). 

Hint: Divide out (1 — z n )/(l + z n ) and show that | f n — f | = 
12/(1 + z")|,if|z| > 1. 

Answer: 2 n >21 guarantees \f n —f\ < yq on E 2 ; take N(e) = 5. 

OO 00 

10. Let ^ f n an< ^ series of functions defined on E whose 

n=j> n=a 

terms agree after a certain point: f n = g n for all large n, say n > N. 
Show that one series converges uniformly to a limit function on E if and 
only if the other does. Devise an example showing that the series sums 
need not agree, even though both series converge. Formulate similar 
results for convergence of sequences of functions defined on E . 

Note: Altering a finite number of terms in a series cannot affect its 
convergence (or lack of it), although it may change the value of the sum. 

11 . Show that the series 


(i) 


00 


2(1 


-*)(-*)" = 


1 - * 
1 + * 


converges uniformly on [0, 1]. Show that the series of absolute values 


(H) 


00 


00 


21(1 -*)(-*)"! =2(1 -*)* n 


converges pointwise, but not uniformly, on [0, 1]. 

Note: The Weierstrass test applies to the absolute values of terms in 
a series; it cannot be used to verify the uniform convergence in (i). 

n ~ x /1 — *\ 

Hint: Partial sum s n = (1 — *)(— x) k = I-I [1 — (— *) n ]. 

k =0 M + xj 


Find the maximum of 




on [0, 1] by Calculus methods. 


3.3 POWER SERIES* AND OTHER SPECIAL TYPES OF SERIES 

In applications we often encounter series whose terms are scalar multiples 
of the members of some fixed family of functions . . . , defined on a set E. 
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Thus, if we are given complex scalars (coefficients) a u a 2 , . . . , we get a typical 
series 

0 5 ) 2 a nfn = -/l(2) + a 2 • f 2 (z ) H-. 

n—1 

Two questions arise. 

Question 1 . Given a function f defined on E , is there a choice of coeffi- 

00 

cients a v a 2 , . . . , such that / = a n / n in some sense ? 

71=1 

That is, which functions / can be represented by a series 
based on the set of functions f v f 2 > . . . ? 

Question 2. If a function/ has a representation in the form just described, 
are the coefficients unique? Or, is it possible to pick two 
different sequences {< a n } and {6 n } of numbers such that 

2 «»/»=/ and f> n /„=/? 

71 — 1 71 = 1 

Most of our attention will be devoted to the “power series” 

O 6 ) S «n(z - P) n = *0 + — />) + a 2 (z — p) 2 H- 

71=0 

which are formed from the functions f 0 {z) = l,/i(z) = (z — fi),f 2 (z) = (z — 
p) 2 , ... . A series of the form (16), whether it converges or not, is called a 

power series about the point p, or simply a power series if the “base 
point” p is understood. As a special case, if p = 0 we obtain series of the form 

(17) 2 a » z " = a 0 + a i z + a 2 z * H-• 

71=0 

The first thing to notice about a power series is that introduction of a base 
point p different from p = 0 only makes the series (in variable w) 

| a n (w - p) n 

71 = 0 

have the same behavior, and same sum, at w as the series 

00 

Iv n 

71 = 0 

has at z — w — p. As a result, facts about the series (16) are readily translated 
into corresponding facts about the series (17), which has a different base point 
but the same sequence of coefficients { a n }. 

The basic convergence properties of a power series (16) follow from the 
next result. 



122 POWER SERIES AND ANALYTIC FUNCTIONS 


Theorem 3.4 If the series (16) converges for some point z 0 f p, then the series' is 
absolutely convergent at every point z which lies closer to the base point p than z 0 does 
(so that \z — p\ < \z 0 — p\)- 

00 

Proof: We are assuming that the series 2 a n( z o ~P) n converges. This 

71=0 

implies that \a n (z 0 — p ) n | = \a n \ \z 0 — p\ n -*• 0 as n ->• oo (by Theorem 2.5); 
hence, this sequence is bounded by some constant A : 

Kl \ z o — p\ n for all n = 0, 1, 2,- 


00 


Now if |z — p\ < | z 0 — p\, then a n( z ~ P) n must be absolutely convergent 
since n “° 


00 


00 


2 M* - p ) n | = 2 Kl \ z - P\ n = 



If — Pi 
K - Pi 


z o - Pi 


n 


n=0 V| Z 0 — p\) 

Since |z — p\/\z 0 — p\ < 1, the geometric series on the right converges to a 

00 

finite limit, and | a n (z — p) n | < + oo, as required. | 

71=0 

We are now able to describe the fundamental property of power series, the 
existence of a “radius of convergence.” Every series of the form (16) converges 

at the base point z = /?, to the value a 0 , and there are series with no other points 

00 

of convergence. For example, the ratio test shows that ^n\ z n converges only 

71 = 0 

at the base point p = 0. On the other hand, certain series, such as the expo- 

oo 

nential series 2 ^ n /n!, are absolutely convergent at every point z (use the ratio 

71=0 

test again). Except in these extreme situations, there will be points z ^p 
where the series converges, and others where it diverges. 

Theorem 3.4 tells us that convergence of the series (16) at a point z 0 ^ p 
forces absolute convergence throughout the entire disc {z:\z — p\ < 1*0 -*1} 
which has z 0 on its boundary. Let r be the largest radius such that (16) is 
absolutely convergent on the disc |z — p\ < r; r is finite if there are any points 
at which the series diverges. The series converges absolutely at z if |z — p\ < r. 
On the other hand, the series must diverge at z if |z — p\ > r; otherwise, it 
would be absolutely convergent throughout the larger disc of radius r = 

| z — p\ > r, which conflicts with our choice of r. Thus, the circle |z — p\ = r 
divides the plane into domains of absolute convergence and divergence, as 
shown in Figure 3.2. The radius r is called the radius of convergence of the 
series. In the extreme cases mentioned above, we assign radii of convergence 
r = 0 and r = + oo, respectively. These observations may be summarized as 
follows. 
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*y 


x 


Figure 3.2 Domains of convergence and divergence for a series with radius r about base 
point z = p. 


Theorem 3.5 If a power series (16) is given, there is a real number r with 0 <; 
r <> +oo, the radius of convergence of the series, such that 

(i) The series converges absolutely for all z in the open disc \z — p\ < r. 

(ii) The series diverges for all z such that \z — p\ > r. 

Nothing definite can be said about the behavior of the series (16) on the 
boundary circle \z — p\ = r. The following examples show that the series may 
diverge at every point, or converge (absolutely) at every point, or may diverge 
at some points and converge at others, on the boundary circle. Of course, if 
r = 0 or r = + oo, the boundary circle is either degenerate, or doesn’t exist 
at all, so there is not much to be said unless 0 < r < + oo. 

Example 3.4 The series 

00 _n 

( 18 ) 2 

n=1 n 

is absolutely convergent if \z\ < 1, since 

oo | in oo oo i 

I — ^I\z\ n ^I\z \ n =-—-< +°°; 

71=1 n 71=1 71 = 0 1 — \z\ 

it diverges if \z\ > 1, because the terms \z\ n jn diverge to the improper limit 
+ oo as A —> oo (they would converge to zero if the series were convergent). 

Thus, the radius of convergence is r = 1. On the boundary circle the series 

00 

reduces to the well known divergent series 2 1 /tz if z = 1 + iO, but if we set 

71 = 1 00 

z = ( — 1 ) + iO we get the convergent alternating (real) series ^( — i) n / n - 

71 = 1 
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Although (18) converges at certain points on the boundary circle, this con- 

00 00 

vergence can never be absolute , because 2 \ zn \l n = 2 ^l n = + 00 if \ z \ = 1 • 

n=l n=l 


Example 3.5 The series 


( 19 ) 


2 ^ 

n=i rc 


is absolutely convergent for all z such that \z\ <1, because 


00 


2 


]fP < y JL 

n 2 — 71=1 n 2 


< +oo 


(convergence follows from the ratio test if \z\ < 1, and from the integral test of 
calculus if \z\ = 1); it diverges if \z\ > 1 because the terms \z\ n /n 2 diverge to 
the improper limit + oo as n oo. Thus the series (19) has radius of conver¬ 
gence r = 1, but in this example the series converges absolutely at every point on 
the boundary circle \z\ = 1, as well as within the disc of convergence. By 
using the Weierstrass test, we can also verify that the series converges uniformly 
to its limit function on the closed disc {z:\z\ < 1}. Just take M n = l/n 2 ; then 

oo 

^M n < +oo, and we obviously have \z n jn 2 \ < M n for all z in this disc. 

71=1 

Notice that we have been able to discuss the convergence, and even uniform 
convergence, of this series without ever evaluating its sum; recall the comments 
of Section 2.2. 

Example 3.6 The geometric series 
(20) f>" = 1 + z + z 2 + --- 

71 = 0 

has radius of convergence r = 1, as we have seen. If z lies on the boundary 
circle, then \z n \ = |z| n = 1 for n = 0 , 1 , 2 , . . . , so the series must diverge; 
if the series converged, the sequence of terms would converge to zero as n —► oo. 
The geometric series diverges at every point on the boundary circle. 


Before long we will develop systematic methods for computing the radius of 
convergence, but it is useful to see this done directly in a few cases, as above. 
Meanwhile, we shall display a number of useful facts about power series. 


Theorem 3.6 The radius of convergence of a power series (16) depends only on the abso¬ 
lute values |a 0 |, |flj|, |a 2 |, ... of its coefficients; thus,if\a n \ = \b n \foralln , the series 


2 a *( Z - P) U and 2 b n(z ~ p) n 

71 = 0 71 = 0 

have the same radius of convergence (although their sums will not be related in any reason¬ 
able way). The radius of convergence is not affected by a change of base point. 
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Proof: We have already pointed out why a change of base point will not 
affect the radius of convergence. If \a n \ = \b n \ for all n , this implies that: 

2KII z — p\ n <+QO if and only if X \ b n\\ z ~ P\ n < + °°- 

n=0 n=0 

Thus, the two series are absolutely convergent at exactly the same points in 
the plane. From the definition of radius of convergence, it is obvious that these 
series have the same radius. | 

Theorem 3.7 If the power series (16) has radius of convergence r, then for any 
smaller radius r (with 0 < r < r) the series converges uniformly to its limit on the 
closed disc D r = {z: \ z — p\ < r'}. 

Proof: The Weierstrass test for uniform convergence of series is made to 
order for this task. Take z = p + (r' + *0); then (16) is absolutely con¬ 
vergent at z and |z — p\ = r', so that 

2 Kl (r') n < +oo. 

71 = 0 

For all z in the closed disc D r . we have \z — p\ <r and 

(21) \a n (z - p) n \ = \a n \ \z - p\ n < |<z„| (r') n , 
so if M n = \a n \ (r') n for n = 0, 1, 2, . . . , we get 

(22) fM„<+oo. 

71=0 

Combining (21) and (22), we have met the requirements of the Weierstrass test, 
so that series converges uniformly on D r . This reasoning works for any r less 
than r (but not for r = r; why?). | 

Next we apply some properties of uniformly convergent series to prove that the 
sum of a power series is continuous throughout the (open) disc of convergence. 

Theorem 3.8 A power series (16) converges to a function f(z) which is continuous 
at every point in the open disc of convergence D = {z:\z — p\ < r}. 

Proof: The functions/ 0 (z) = a 0> / x (z) = afz — p),f 2 (z) = a 2 (z — p) 2 , 
. . . which appear in the series are continuous, as are the partial sum s n (z) = 
f 0 (z) + • • • +/ n _i( z ); they are just polynomials in z. These sums converge 
uniformly to f on any disc of the form D r > = {z:\z — p\ < r'}, ifr' < r; thus, 
f is continuous on each of these subdiscs, by Theorem 3.2. If z 0 is a typical point 
in the disc of convergence D, this point and all nearby points lie within D r , 
provided r is greater than the distance |z 0 — p |, as shown in Figure 3.3. Thus 
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Figure 3.3 In the disc of con¬ 
vergence D = {z:\z — p\ < r) we 
consider the smaller closed disc D/ = 
{z:\z — p\ < r'}. If z 0 is given, we 
want to take r' so that | z 0 — p\ <r' < 
r; then D/ includes z 0 and all 
(shaded) nearby points. 


/is continuous at z 0 ; continuity on D means that /is continuous at each point 
z 0 in D, so the proof is complete. | 

There is much more to be said about the ‘‘smoothness” of the function 

( 23 ) f(z)=Ia n (z-p) 

n=0 


to which the power series (16) converges within its disc of convergence. We 
now show that/is complex differentiable. Starting with a series (23), we define 
the first derived series to be the power series, with the same base point, which 
is produced by term-by-term differentiation of (23): 


2 na n (z - p) n 1 = 2 (# + 1K+i(z - P) n 

n=l 7i=0 

(24) = + 2 afz — p) -f- 3 a z (z — p) 2 + • • • . 

Theorem 3.9 The derived series (24) has the same radius of convergence r as the 
original series (23). If f and g are the sums of these series , then f is differentiable through¬ 
out the open disc of convergence E = {z:\z — p\ < r}, and dfjdz = g throughout E. 


Proof. The functions f and g are given by the series (23) and (24) 
respectively; let r and r be their radii of convergence. 

We first show that: if the derived series converges absolutely at z*, the 
original series is also absolutely convergent there (this gives r <, r). To see 
this, we start with the assumption that 


Z (* + i) K+il \ z * 


71 = 0 


- p\ n < +oo; 


(25) 
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then we rewrite the series associated with f so we can use this information. 

Xkl l^-/r = KI+i l a nl I z*-P\ n 

n=0 n=1 

= Kl + X K+ll \Z* ~ P \ n+1 

71=0 

= kl + X («+ 1) k+il \z* - p\ n • • 

71=0 \ n + 1 / 

The multiplying factors |z* — P\!(n + 1) are bounded by some constant A for 
all w, since they converge to zero as n oo. Thus the series on the right con¬ 
verges, by comparison with (25). 

Next we show that: if the series for f converges absolutely at some point 
z* ^ p , then the derived series converges absolutely at any z such that \z — p\ < 
\z* — p\. This shows that the (open) disc of convergence for the derived series 
is at least as large as the (open) disc of convergence for f, so that r > r. If 
z = p the derived series obviously converges, so we need only consider points z 
such that 0 < |z — p\ < |z* — p\ (this keeps us from dividing by zero in the 
following calculations). Starting with the information 

(26) Xkll Z*-P\"<+CO, 

71=0 

we can rewrite the series of absolute values associated with g to use this informa¬ 
tion : 


Now 


X (»+ i) k+il \z -p\ n = I • l«„ + il \z - P\ n+1 

71=0 71 = 0 \ | Z p\j 


-mumor* .. 


X l a n+ll \ Z * - P\ n+X = X \ a n\ | 2 * — P\ n 


71=0 


71 = 1 


<LlWn\\z* ~ PF < +<*>. 


71=0 


If we multiply each term in this series by the factor 


c 


n 


/ »+l \ ( \z-p\ \ n+1 


the new series converges, by the comparison test, since c n 0 as n —► oo (be¬ 
cause |z — p\/\z* — p\ < 1). Thus the derived series is absolutely convergent 
at z. 

Now that we have established that r = r', so that the derived series con¬ 
verges on E , we must prove that f is differentiable, and that df/dz = g. To do 
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this we use the time-honored principle of brute force. If z* is a point in the disc 
E, then all points near z* also lie within E. We want to examine 


( 27 ) 


Az 




z — z 


for z = z* + A z ^ z *, and prove that this expression converges to the limit 
zero as z —> z*. This is exactly what we mean by the statement that f'{z*) = 
g(z*)- For each function appearing in (27) we substitute the corresponding 
convergent series and collect terms; we get 


T~ 2 a n (z % a n (z* -/>)»- f na n (z* - P Y~ l 

Az n= 0 Az 71=0 71=1 


oo 

I*n ' 

71 = 1 L 


(z - p) n — (z* - p) 


A z 


-w(z* — />) n_1 


The n = 0 terms have cancelled, and for the others we note that 


(Z - PY - (Z* - PT _ (z - PY - (j* - P) n 
Az (z - p) — (z* - />) 

= (z - />) n_1 + (*- /») n - 2 (z* -/>) + ••• 

+ (z* - 


so the last expression can be written in the form 


¥- g ( z *) 

Az 


( 28 ) 


2 a n [(z - PY- 1 + • • • + (z* - PY- 1 ~ n(z* - pY ~ l ] 


71 = 1 


^IKI 

71=1 


(z - + • • • + (z* - PY- 1 - n(z* - P) 


\n-l 


7i terms 


Our limit problem would be resolved if we could interchange the operations 

00 / 00 \ 

lim(* • •) and (• • •); we want lim I 2 O' 0) = 0, while it is obvious that 
2 ( lim (• • •)) = 2 Kl \( z * - H-f (z* — PY- 1 — «(z* — />) n ~ 1 | = 

71=1 \Z — *-Z* / 71=1 


2 |a n | *0 = 0. The use of brute force enters in justifying this manipulation. 

71=1 ^ 

For our purposes later on, it is enough that the reader be aware of the general 
idea of the proof up to this point. We include the final details below only for 
the sake of completeness. 
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Figure 3.4 The disc D about z* in which the estimates used to prove 
Theorem 3.9 are valid. 


We are going to need uniform convergence of all series involved in order to 
make this interchange of limits work, so we take a closed disc about p 
slightly smaller than the disc of convergence about p , but with radius r 
large enough that the disc D r > ={z:|z — p\ < r'} includes z* in its 
interior, as indicated in Figure 3.4. 

For z close to z*, say in the small disc D shown in Figure 3.4, we have 
|z* — p\ <r and |z — p\ < r'; therefore, the /* th term in the series (28) 
is bounded by \a n \ • 2n(r') n “ 1 for all z in D. The derived series (24) has 
radius r; taking w = p + (/ + iO), we get 

(29) | 2 K| H(r')"- 1 = 2 f n |aj |w|-» < +oo, 

n*=l n=1 


since / < r . 

If any number e > 0 is given, we will now show that the series in (28) is 
less than e for all z near z*. First, we take an integer N = N(e) sufficiently 
large that the tail end of the convergent series (29) is less than e/2: 

2 2n |a n | (r') n-1 < ~ . 
n=N+l * 

Then we break the series in (28) into two pieces, 

N oo 

!(••■)+ 2 (•■•)• 
n=l n=N+l 

For any z in D, we know that |z — p\ < r because D is contained in D r > ; 
therefore, 


2 (•••) 

n-AT+l 


< 2 2 » l fl nl (»'') n - 1 < 5 

n=N+l 


for all z in D. 


(30) 
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On the other hand, the left-hand piece is a finite sum, 


!(•••) =2 Kll (2 ~P) n ~ l + ■■■+{** -P)"~l-n(z* -/>) n-1 |: 


n=1 


n=l 


and as such it goes to zero as z approaches z *; therefore, 


( 31 ) 


N 


2 (’ * ' ) < o for a\\ z sufficiently close to z* 

n=l 2 


Combining observations (30) and (31), we conclude that 


A z 


- £(**) 


iV 


<!(•••) +2 (•••) 

n=l n=V+l 


e e 

< 2 +- 2 ~‘ 


for all z near z * such that z ^ z*. This reasoning works for every choice 
of e >0, so that 


/(z) -/(z*) 

lim---exists and is equal to g{z*). | 

Z—#-Z* ^ Z 


Now that we know how to differentiate the sum of a power series, we may 
apply the same technique to the derived series, which converges to dfjdz , to see 
that /is twice differentiable, with 

(32) f"{z) =!»(»- 1 K(z - = 2 • 1 • « t + 3 • 2 • a 3 (z -/>) + ••• 

n=2 

This series, the second derived series^ has the same radius of convergence as 
the series for/' and/ By repeated application of Theorem 3.9 we see that, for 
any k = 0, 1, 2, ... , the fe th derived series 

(33) |n(«- !)•••(«- k+ l)a n (z -/)"-* 

n=k 

= k\a k + - p) + Vi±p± akAz -p)* + ... 

has radius of convergence r and gives us the £ th derivative of f throughout the 
open disc of convergence. (Recall that, by convention, we set 0! = 1.) 

Theorem 3.10 The sum of a power series (23) has derivatives of all orders on the 
open disc of convergence , and the derivative f {k) is the sum of the k th derived series (33), 
which has the same radius of convergence as the original series. All of these functions are 
continuous on the open disc of convergence , being sums of convergent power series. 
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On the other hand, we might also look at the first antiderived series 

0 ° 1 

x-' A 


(34) 


n=0 71 -f- 1 


«.(* - p) n+ \ 


Let r" be the radius of convergence of the antiderived series. Differentiating 
(34) term-by-term gives a series whose radius is also r". But, clearly, we get the 
original series (23) if we differentiate the terms in (34), so the series (23) and 
(34) have the same radius of convergence: r" = r. If h(z ) is the sum of the 
antiderived series, then h is differentiable on the disc D = {z: \z — p\ < r}, and 

7 = i -f: -f {(I - P)'*') = S ..(*-»■ -/«, 

az 7i=o n + 1 A2 71=0 

so the antiderived series gives us an antiderivative for/on Z). 

Theorem 3.11 The k th antiderived series associated with the power series (23), 


( 35 ) 

7i=0 \71 -f- 1/ \n -J - kj 


1 1I 

= — a 0 (z — p) k + - ; - 

k\ {k + 1)! 


«i(z - P) 


fc+i 


+ 


2 ! 


(k + 2)! 


<*2(2 - P ) k+2 + 


has the same radius of convergence r as the original series and converges to a function h{z) 
on the disc D = {z: \z — p\ < r} such that h {k) = f 

We have already noted that, on a connected set like the open disc of convergence, 
the antiderivative of a function (if it exists at all) is uniquely determined up to 
an added constant. It is also interesting to notice that Theorem 3.9 says, in 

« d 

effect, that the operations 2, ( # * *) an d — (* • •) give the same result when per- 

7i=o “Z 

formed in either order on the terms in a power series. 

Our final observation is that the coefficients of a power series are closely 
related to the derivatives of f at the base point z = p. 

Theorem 3.12 If f is the sum of a power series (23) then 

a„ = J -—^ for n = 0,1,2,, 
n\ 

so the series could be rewritten in the form: 


/(*) = 


| / (n) (/>) 

w=o n ! 


(z - p)\ 
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Proof: Evidently, f i0) (p) = f(p) = o 0 . From Theorem 3.10 we see that 
f'{p) = «i; f"(P) =2-1 • a 2 ; . . . ;/<">(/>) = n! . | 

Corollary 3.13 (Uniqueness of coefficients in a power series ) Suppose two power 


f(z) = 2 a„(z - />)" and *(z) = 2 b n( z ~ P) n 

71 = 0 71=0 

series converge near the base point p and agree on some disc about p. Then the coefficients 
must be the same: a n = b n for n = 0, 1, 2, ... . 

Proof: By the theorem just proved, 


_ f n \p) 

n! 


and b n 


t\p) 

n\ 


for n = 0, 1, 2, ... . But f(z) = g(z) for all z near p , so the derivatives agree: 
/ (n) (z) = g {n) (z) near p. Set z = p to get a n = b n for all n. | 

Now we turn to the very important problem of effectively calculating the 
radius of convergence of a power series: 


(36) 2 a n(z- P) n - 

71 =0 

As we remarked earlier, the information determining this radius is somehow 
built into the sequence of absolute values of the coefficients, {|a 0 |, \a x \, . . .}. 
One method for reading out this information, which is very useful when it 
works, is based on the ratio test introduced in Section 2.2. 


Theorem 3J4 If the power series ( 36 ) has non-zero coefficients , and if the sequence 
of ratios |fl n+ i|/|fl n | has a well defined limit ju as n —> oo ( the improper limit /u = + oo 
is allowed ), then the radius of convergence of the series is r = \/ fj,. (Take r = 0 if fi = 
+ oo, and r = + oo if fx — 0.) 

Proof: The terms b n = a n (z — p) n in the power series have ratios 


^n+1 


a n +i (z - P) n+1 


a n +1 

K 


1 

N 

£ 


a n 


These converge to the limit fi • \z — p\ as n -> oo. The ratio test for series 
convergence shows that the series 


oo oo 

J, b n = I«n(z - PY 

71=0 71 = 0 

(i) converges absolutely if lim \b n+1 /b n \ = /z • \z — p\ < 1 

n-* oo 
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(ii) diverges if lim \b n+ Jb n \ = fi • |z — p\ > 1. 

71 “MX) 


Thus, the series converges absolutely if \z — p\ < \\fx and diverges if \z —p\ > 
1 1/a. Clearly, r = 1/fi. | 


This test is inadequate in certain situations, especially if the series (36) has 
plenty of zero coefficients. It is not that these zeros upset the convergence of 
(36)—rather, they improve its convergence properties—but their presence can 
make the ratio test inapplicable (the ratios will not be well defined). There are 
a number of other tests which may be familiar from the study of real power 
series in Calculus. Many of these can be adapted for complex variables (see 
Exercise 10). 

There is actually an explicit formula for the radius of convergence which 
always works, but it involves the somewhat subtle notion of the upper limit 
(or limit superior) 


limsup c n = lim(sup{e n , c n+1 , c n+2 ,. . .}) 

71 ~* 00 7l~* 00 


of a sequence of non-negative real numbers {r n }. Unlike the ordinary limit 
lim { c n }, which may fail to exist, the upper limit limsup{c n } is always well 

n —►oo 7i—►oo 

defined (if we allow the value + oo), and by taking the numbers c n = \a n \ 1,n 
we get a general formula for the radius of convergence r : 

(37) - == limsup{|fl n | 1/ri } (Hadamard’s formula for the radius) 

T n oo 

which has a meaning, no matter how irregular the sequence {1^1, |tf 2 | 1/2 > 
|fl 3 | 1/3 , • • •}• Since the notion of limsup is fairly technical, we will not invoke 
formula (37) in this book, but it is worth knowing that such a formula is avail¬ 
able. There is a concise account of upper limits, and the Hadamard formula, 
in Hille [9], Sections 1.2 and 5.4, and in Ahlfors [1], Sections 2.2.1 to 2.2.4. 

Some concluding remarks about power series are in order. First, all of our 
discussion applies equally well to real variables to give the theory of real power 
series usually discussed in Calculus: for a real power series, there is an interval of 
convergence about the base point, and it is easy to see, by restricting our attention 
to real variables in the above proofs, that the radius of convergence for real 
variable is exactly the same as the radius of convergence for complex variable 
(the coefficients and real base point p being kept the same). 

We must also point out that the convergence properties of power series, 

especially the radius of convergence phenomenon, do not carry over to series of 

00 

the form a^^z) associated with some family of functions other than the 

71=0 

special family/ 0 (z) = l,/i(z) = (z — p),f 2 (z) = {z — p ) 2 , . . . , we have been 
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working with. For example, we might consider the family of all complex 
trigonometric polynomials 

/i(0 = i 

Ut) = /,(*) = e~ Uit 


(38) 


e 2n (t) = e*’ int 


An + 1(0 = ^ 2l<n< 


defined either on the interval [0, 1], or on all of R (real variable ; complex 
values ). Series of the form 


2 a nfn (0 ( a n complex scalars) 

n=1 

are referred to as (complex) Fourier series, and the resolution of Questions 1 
and 2, stated earlier, is one of the central problems in the theory of Fourier 
series expansions. It is worth pointing out two features of this family of series. 
First: the convergence properties of Fourier series are very different from those 
of power series, and are more difficult to handle (see Exercises 12 to 16). The 
reader should never mistakenly try to carry our ideas on power series over to 
Fourier series problems. Second, the complex trigonometric polynomials are 
more or less equivalent to the ordinary trigonometric polynomials, since 
e 2 jnnt __ QQs^jrnt) + i sin( 27 mt) and we can get one family of trigonometric 
functions from the other by taking complex linear combinations. By introduc¬ 
ing the functions (38) we make the first steps in connecting the theory of Fourier 
series with complex analysis. In applications of Fourier series this can be ex¬ 
tremely useful (particularly in wave propagation problems), but we will not 
have space to pursue these paths of inquiry in this text. 


EXERCISES 


00 


1. If 2 a rk z ~~ P) n h as radius of convergence 0 < r < oo, show 

00 71=0 


that ^ \ a n \ ( r ) n < + oo for any r such that 0 < r < r. 

n=0 


Hint: Examine z = p + (r' + *0)- 
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2. Determine radii of convergence for the following power series. 
(What is the base point in each case ?) 


« 1 

n= i rr 

(ii) f nz n 

n=l 

(iii) f2 n (z-l) n 


71=0 


(iv) i(—) 

n=0 \ n J 


(z + 0» 


* n 3 


( v ) 

71=1 O 


oo on 

(vi) I-Az+ 1)" 

n=0 n\ 


(vii> 2,3 


Answers: (i) r = 1; (ii) r = 1; (iii) r = \ y p = 1; (iv) r = 1, p = 
-i; (v) r = 3; (vi) r = oo,/> = -1; (vii) r = +oo. 


3. Write out the Taylor series expansions of the polynomial 1 + z 2 
about the base points p = +z, p = —i, p = +1, p = 0. For which base 
points is the constant term a 0 equal to zero ? 

Answer: Each series is a polynomial; a 0 = 0 for -ft and — t. 


4. Calculate the Taylor series (and its radius of convergence) for 


(i) Log z about p = 1 


(vi) about p = *— 1 


(ii) sin z about p = 0 

(iii) Log(l — z) about p = 0 

(iv) sin z about p — 7t/2 

1 


(V) 


1 +z ! 


about p = 0 


(vii) z* = ** Log(2) about p = 1 
(viii) sinh z about p = +t7r. 


Afote: Later we will determine whether these series agree with the 
original functions. 


5. Prove that 


( 1 \ 7 2 r 3 00 r n 

;-) = z + v + tH— = 2 ~ 

1 — zj 2 3 «=1 n 


and 


Log(l + z) = z - | + | - 


= 2(-i) n+1 - 

n=l n 
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for |z| < 1, by comparing the derivatives of the functions and the series. 

Note: Thus we have evaluated the sum of the harmonic series in 
closed form. 

00 

6 . Show that the sum /(z) of the series z n /n 2 satisfies the 

differential equation 71=1 


L 

dz 




for \z\ < 1. 


Show that f(z) is an antiderivative of the holomorphic function 


z z \1 — z/ 

on the domain E = {z:0 < \z\ < 1}. 

7. In Exercise 5, sketch the cut planes on which these composite 
functions are well defined, and about z = 0 draw in the discs of conver¬ 
gence of the series expansions. Is there a relation between the cuts and the 
discs of convergence ? 

Answers: — Log(l — z) = Log||-j is defined off of the cut 

[+1, +°o) and the disc has +1 on its boundary. Log(l + z) is defined 
off of the cut (— oo, — 1] and — 1 is on the boundary of the disc. 


8 . Show that 

z 2 ” +1 
(2n+ 1) 

on the disc |z| < 1. (Arctan is defined in Example 2.24). 

Hint: Write/(z) = Arctan z and g(z) for the series sum. Compare 
dfjdz and dg/dz. Recall Example 2.24; recall Section 2.10. 


z 3 z 5 00 

Arctan z = z — — + — — • • • = ]£ (—l) n 
3 5 n= o 


oo 

9 . Suppose that p is real and that the series 2 a n ( x — P) n has real 

n=0 

coefficients and real variable *. Suppose that this series converges on the 
(real) interval p — 6<x<p-\-8; show that the corresponding com- 

oo 

plex series 2 a n (z — p) n (same real coefficients and base point) converges 

n=0 

absolutely on the disc |z — p\ <8. 

00 

10. (The root test) Suppose that a power series ^ a n ( a ~ P) n has 

71=0 

non-zero coefficients (actually, finitely many zero coefficients are allow¬ 
able), and suppose that /jl = lim \a n \ 1/n exists. Prove that r = 1///. 

71—►OO 

Hint: Consult any Calculus text which discusses the “root test.” 
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11. Show that the following series expansions are valid, and specify 
the domains of convergence. 


(i) 

(ii) 


1 


1 


z 2 - 2z + 1 (z - l) 2 

1 


= (_1)(1 +2z + 3z 2 + •••) 


1 + z s 

1 


(iii) - = 


= 1 — z 2 -f- z 4 — • • • 

1 =iWi)» 


z 1 - (Z + 1) A 

(iv) \ =l +f(»+ 1)(Z+ 1)« 


(v) -L = l + 1 f (-0”(n+ 1) 

v z 2 4 4 nfi 2" v ' 


Hint: The function in (i) is the derivative of a function whose series 
expansion has already been calculated; others can be obtained by work¬ 
ing with geometric series. 


12. Consider a Fourier series ^a n e in0 (complex coefficients a n ) 

n=0 

defined for all real 6. If the series converges at 0 O , show that it must also 
converge at the points 6 0 + 2tth (n = ± 1, ±2, . . .). 

00 r 

13. Show that ^ sin nx converges to zero at * = 0, ±77, ±27r,. . . 

71=0 

and diverges for all other real x. What can be said about the complex 

00 

Fourier series V netnQ defined for real 6 ? 

n =0 


00 


14. Fix 0 < r < 1. Show that the complex Fourier series r n e tn0 

71=0 

converges absolutely for all real 6 in the interval [0, 27 t]. Show that 


y r n e ine = 1 ~ r cos 6 

n=o 1 — 2r cos 6 + r 2 


+ i 


— r sin 6 


1 — 2r cos 6 + r 2 


How is this evaluation related to evaluation of the power series ^ z n ? 

71=0 

Hint: Set z = re 10 and use what we know about geometric series. 
Use standard methods to express 1/(1 — z) = u + iv. 


15. Using Exercise 14, evaluate the sums of the sine and cosine 
00 00 

series r n sin nd and r n cos nd , taking 0 < r < 1. 

71=0 71=0 
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00 1 

16. One might think of 2 cos {nz) as a “Fourier series” with 

n=0 Tr 

complex variable z. At which points z does this series converge? 
Answer: Im(z) = 0; otherwise |cos(nz)| behaves like 

17. (Dirichlet series). Let n z = e zLog( ^ n) for n = 1, 2, . . . , and 
consider the Dirichlet series 

00 1 00 

2- L . = 2*- 

n=i n 7i=i 


Prove that this series 

(i) diverges if Re(z) < 1 

(ii) converges absolutely if Re(z) > 1 

(iii) converges uniformly on any rectangular set 


|z:l + “ ^ Re(z) < R and — R < Im(z) < + /?J, 


if 1 <C i? ~J“ oo. 

(iv) does not converge uniformly on E = {z:Re( z) > 1}. 
Note: This series is of great importance in number theory. 


3.4 ANALYTIC FUNCTIONS 

We say that a function f defined on an open set in the plane has a local 
power series expansion valid near /?, if there is some choice of coefficients 
a 0 , a i> a 2 > • • • > such ^at the power series 


( 39 ) 2 a rX z PY 

71=0 

has the properties 

(i) The series has positive radius of convergence r > 0. 

00 

(40) (ii) The sum of the series g(z) = ^ a n ( z ~ P) n coincides with the given 

71=0 

function f in some disc of positive radius about p (that is 9 f = g near 
p). 

We say that f is analytic on D if there is such a local power series expansion 
about each point p in D. Of course, as p varies, the coefficients in (39) will 
vary too, so there is a different set of coefficients associated with each point /?. 

If/has a local power series expansion at a point /?, there is only one possible 
choice for the coefficients of this series: f must be infinitely differentiable at p , 
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by Theorem 3.10, and we must have 

(41) a n = f -^f for n = 0,1,2,.... 

n\ 

Thus, 

00 00 f(n)f 

(42) f(z) = I a n (z -P) n = 2 • / —+ (z - py 

n =0 n =0 71: 

for all z in some disc about p. Consequently, if/is analytic at p it is represented, 
at least near p if not at great distances, by the usual Taylor series (42) about/?. 
We sum up these observations as follows. 

Theorem 3.15 If f is defined on an open set E , and if f has a local power series 
expansion at every point in E, then f is infinitely differentiable at every point in E, the 
coefficients in the series expansion about p are unique , and they coincide with the usual 
Taylor series coefficients off at p. 

The main problem we must look into is the analog of Question 1 in Section 3.3. 

(43) When is a function f analytic on an open set E? 

If/is analytic, it must have complex derivatives of all orders. One of the great 
surprises of complex analysis, and the point upon which the theory of function 
of a complex variable diverges from the theory for a real variable, is that mere 
differentiability of a function of a complex variable makes it analytic. 

Theorem * A function f of a complex variable is analytic on an open set E if and only 
if it is holomorphic on E. 

To emphasize that this result is special to functions of a complex variable, we 
point out that it is possible for a function of a real variable f(x) to be infinitely 
differentiable without being analytic; or to put it another way, f(x) can be 
unrelated to its Taylor series, even though it has continuous derivatives of all 
orders throughout R. 

Example 3.7 Consider the function f(x) defined for all real x by the 
formula 


(44) 


/(*) = 


(0 if — oo < x < 0 
U“ (1/a:2) if 0 < x < +oo. 


This function, sketched in Figure 3.5, is obviously continuous at x = 0, since 
lim e~ il,x2) = 0 =/(0). It is not too difficult, using L’Hospital’s rule, to prove 

X—►() 

that f is actually infinitely differentiable at x = 0, with 


/< n >(0)=0 for# = 0,1,2,...; 
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Figure 3.5 The function de¬ 
fined by formula (44). 


the function obviously has derivatives of all orders at any point ^^O.in R. 
Now, if f has a local power series expansion about the point p = 0, it must be 
given by the usual Taylor series for f about p. But this Taylor series is degener¬ 
ate: it converges to zero 

/(0) +/'(<>)* + —^ J ** + ••• = 0 + 0- x + 0-x 2 + -- - = 0 


for every x in R. Thus, the sum g(x) of the Taylor series of f about p is the func¬ 
tion £(*) = 0, and the Taylor series certainly does not reproduce the original 
function for all x near x = 0, even though f is infinitely differentiable through¬ 
out R. 

If the reader will consult the proofs given in Calculus that functions of a real 
variable like e x , sin x, and cos x coincide with their Taylor series, he will find 
that this was no simple matter, and special techniques were required in each 
case; mere differentiability of these functions could not be much help, as the 
last example shows. Perhaps these remarks will make.it clear how remarkable 
it is that, for functions of a complex variable, mere differentiability is enough 
to make the function analytic. 

We will not be able to prove the missing step in Theorem * (that differ¬ 
entiable implies analytic) until Chapter 5, when we discuss the use of integration 
methods in complex analysis. But it is certainly not too soon to be aware of this 
result—this is really why we are devoting a chapter to analytic functions and 
power series. As we shall see, analytic functions have some very unusual 
properties; the phenomenon of “analytic continuation” is particularly inter¬ 
esting. One consequence of Theorem * is that holomorphic functions are al¬ 
ready analytic and have all these properties. For instance, in the theory of 
differential equations the solution functions, which are evidently differentiable, 
must actually be analytic and possess analytic continuation properties, among 
others, which are useful in understanding the differential equation. 

It is clear (see Section 2.2), that if f and g are analytic on an open set, the 
functions (/ + g)(z) = f{z) + g(z) and (a */)(z) = a • f{z ) (a a fixed com¬ 
plex scalar) are also analytic; given series expansions near z = p 


f{z) = 2 - P) n and g(z) = J b n (z - p) n , 

n=0 n=0 



3.4 ANALYTIC FUNCTIONS 141 


the new functions have series expansions 


2 («» + *«)(* - P) n and f> • a n (z - />)”.- 

71=0 n=0 

Furthermore, if/ and g are analytic at p , so is the product function (/• g)(z) = 
/(z) • g(z); the series expansion about p is 

(f-g){z) = <*(A) + (Vo + a 0 b r ){z-p) H-h / 2 H-• 

\k+l=n 1 

This is an easy consequence of the Cauchy formula for products of absolutely 
convergent series (Theorem 2.7), from which it is clear that the product 
series has a radius of convergence at least as large as the smaller of the 
radii for / and g , because the product series will converge absolutely at p if 
the series for / and g both do so. 

The set (E) of all functions which are analytic throughout an open set 
E is an algebra: functions may be added, subtracted, scaled by fixed complex 
numbers, and multiplied together without altering their analyticity. Once we 
have proved Theorem *, we will see that this class of analytic functions is identi¬ 
cal to the class of all holomorphic functions on E, and thus 'must have several 
additional properties. 

(i) If/is analytic, then so is its reciprocal g = l/f \ except at points z such 
that f(z) = 0, where the reciprocal is not well defined. 

(ii) If = g(z) is analytic near z = p and ifs = f(ui) is analytic near the 
image point q = g{p ), then the composite function h(z) = (/ °g){z) = 
f(g{z)) is analytic near z = p. 

(iii) If w =f(z) is an analytic, invertible mapping between open sets 
f:E —and if the derivative df/dz is non-vanishing on E , then the 
inverse mapping/: F -* E is analytic. 

If we replace “analytic” by “holomorphic,” the validity of these statements is 
clear from the results on derivatives given in Chapter 2. It is possible to prove 
each of these results directly from the power series definition of analyticity, 
without reference to Theorem *, but the proofs are not easy and space limita¬ 
tions preclude our doing this in an introductory text. 


These details may be found in the first chapter of the book by H. Cartan 
[3]. In his account of complex analysis, analytic functions and power 
series representations play the primary role, so it is natural that he should 
determine all the properties of analytic functions by working directly with 
power series. Understanding his book requires a fair amount of experience 
with mathematical proofs. 


In the rest of this chapter Theorem *, and the corollary results (i) • • • (iii) 
mentioned above, will be used freely in working out examples to illustrate the 
properties of analytic functions; but it will not be used in proving any of the 
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basic theorems which follow, so its tentative nature will not interfere with our 
analysis of how analytic functions behave. 

Example 3.8 A polynomial/(z) = a n z n + a n _ x z n ~ x + • • • + a x z + a 0 is 
analytic at every point p in the plane, because it can always be written as 

a n(( Z ~ p) + P) n + * • • + a l((z — P) + P) + a 0 , 
a finite sum that is easily rearranged into a (finite) series about the base point p 

f( z ) = C n( Z ~ PY + * * * + C l( Z — P) + *0' 

The reciprocal of this polynomial, g(z) = l//(z), is differentiable except at 
points where f(z) = 0, and hence is analytic (by Theorem *). Similarly, any 
rational function fjg = /• (1/g) (/and g polynomials; g not identically equal 
to zero) is analytic, except where the denominator is zero and the quotient is 
undefined. 

Another important fact is that the sum of a power series is analytic at every 
point q in its disc of convergence. As it is, the representation of a function f as 
the sum of a power series only exhibits a power series expansion of f about the 
base point p of the power series; we want to show that f actually has a local power 
series expansion about any other point q in the disc of convergence. 

Let q be in the disc of convergence \z — p\ < r, and write (z — p) = 
(z — q) + (<7 — p) in the series 


(45) 

Then 


/(z) = Za n (z - p) n . 


n=0 


(z - PY = [(z -?) + (?- P)Y = 2 0 (”j (z - q)\q - P)”- k 




for z in the disc |z — p\ < r. Here / \ are the usual “binomial coefficients’ 


CH 


n\ 


k) ( n-k)\k\ 


if k > n 
if 0 < k < n y 


and we are writing (a + b) n = ( | a k b n ~ k (a series with only finitely many 

fc=o \kj 
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non-zero terms). Clearly, 

/(z) = 2 a n {z - p) n = 2 a n\ i (”) (2 - ?)*(? - />)" - *] 
n=0 n =0 Lfc=0 w J 

7i=0Lfc=0 W j 

00 

If we could legitimately interchange the order of the summations (• • •) and 

00 fc =0 

2 (• • *), we would get the desired result, a representation of f(z) as the sum of a 

n=0 

series in powers of (z — q) for z near q\ indeed, we would have 

(46) f(z) - 


r z«.i 

(”) 

\(z-q) k (q -P) n ~ k ] 


W 

J 

ri«.i 


(z - q)\q - /,)"-*] 

>|_n=0 

\kj 

J 

(z - q) 

& . 



= 1 b k(z ~ q) k . 

k= 0 

The legitimacy of such an interchange requires careful examination; we 
must stress the fact that limit operations are not always interchangable, and that 
naive manipulation of them can lead to the most ridiculous conclusions. We 
will not go into these details, since they would require a discussion of “double 
series”; there is a nice, self-contained account of this subject, and its applica¬ 
tion to prove (46), in Hille [9], Sections 5.3 and 5.6. We will not refer to these 
details in the rest of this book; after all, once Theorem * has been proved, the 
analyticity of the sum f(z) in (45) is obvious, because we know that f(z) is 
complex differentiable. On the other hand, the proof based on manipulating 
series yields additional information, not obtained by invoking Theorem *, and 
the “double series” techniques introduced in the discussion are very useful in 
their own right. The facts we shall use are summarized as follows. 


Theorem 3.16 A power series ^ a n {z — p) n converges to a function f(z) that is 

72=0 

analytic on its open disc of convergence E = (z:\z — p\ < r}. If q is any point in this 
disc , the Taylor series of f about this new base point 

00 00 f {k) (n\ 

2b k (z-q) k = I f —f(z-<l) k 

k =0 k =0 k\ 

converges , and agrees with /(z), near q. The radius r of the new series is bounded be¬ 
tween the limits r x <r < r 2 , where 


(47) 


r i = r — \q — P\ and r 2 = r + \q - P\• 
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Figure 3.6 The radius of 
convergence r' of the Taylor series 
about a new base point z — q lies 
between the limits r x = r — \p — 
q\ and r 2 = r + \p — q\. The 
original disc of convergence E = 
{z: |z — p\ < r} is shaded. 


In Figure 3.6 we show open discs about q which have radii r x and r 2 . These are, 
respectively, the largest disc about q lying entirely within £, and the smallest disc 
about q which entirely contains E. The actual disc of convergence \z — q\ < 
r must be located more or less as shown in Figure 3.6 (we show the case 
r 1 < r < r 2 ). There are series for which r = r x and others for which r = r 2 
(see Exercise 12). If r > r v this means that the new disc of convergence, 
about extends outside of the original disc of convergence |z — fi\ < r. When¬ 
ever the Taylor series for f about a new base point q converges at points which 
lie outside of the disc E on which f was originally defined, the sum of this series 
provides us with a means of defining/ at points where it was not originally 
defined. This “continuation” or “extension” process will be discussed in 
Section 3.7. 


EXERCISES 

1. Use L’Hospitars rule to prove that dfjdx exists at x = 0 and is 
equal to zero, in Example 3.7. Calculate dfjdx for x ^ 0 by direct 
methods. Verify that dfjdx is continuous at x = 0. 

2. If p 0 and if log p is one of the values of the logarithm of p , 
show that the series 


oo f _ ] \ n+1 

n=1 7lp n 

converges on the disc D = {z:\z — p\ <\p\). Show that its sum 
/(z) is a determination of log z (recall the definition in Section 2.6) 
on D such that f(p) = log p. Sketch Z), showing its relationship to z = p 
and z = 0. 
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Hint: Differentiate the series; display a holomorphic determina¬ 
tion of log z on D which has the same derivative; use Theorem 2.18. 

3. Use Exercise 2 and the essential uniqueness of log z (Exercise 6, 
Section 2.10) to show that any continuous determination of log z, defined 
on an open set E that excludes z = 0, is analytic on E. 

Note: This proves the analyticity of determinations of log z directly, 
without appealing to Theorem *. 

4. If a ^ 0, show that /(z) = l/(a + z) has a series expansion 


00 (— l) n 

/(*)- 


n= o a 


n+1 


valid in the disc |z| < \a\ about the origin. What can be said for g(z) = 

i/(« — *)? 

Hint: Use facts about geometric series to sum this series. Could you 
have determined the form of the series on your own, by noting the re¬ 
semblance between/(z) and 1/(1 — z) ? 


5. Let/be analytic, with/(z) = a n( z ~ P) n ne ar p, and assume 

71=0 

that f(p) = a 0 ^ 0. Then, by Theorem *, the reciprocal g(z) = l//(z) 

is also analytic near p. Show that the coefficients in the series expansion 

00 

g(z) = ^ c n( z — p) n are obtained by recursively solving the simple system 

n=0 

of equations 

Wo = ^ 

a^Q + a 0 c 1 = 0 

a 2 c 0 + a x c x + a 0 c 2 = 0 


2 a k c x = 0 n > 1 

Jc+l=n 


Hint: Use the Cauchy formula for products of series and the iden¬ 
tity /(z) • g(z) = 1, valid for all z near p . 

6 . Use the ideas in Exercise 5 to calculate the first four non-zero 
coefficients in the series expansions. 

(i) sech z = 1/cosh z about p = 0 

(ii) 1/(1 + z 2 ) about p = 0 

(iii) 1/(1 + z + z 2 ) about p = 1 + zO. 
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Note: In Section 3.5 we will show that cosh z = 1 + z 2 /2 \ + 
z 4 /4! + • • • for all z. 

7. Extend the ideas in Exercise 5 to calculate the first three non¬ 
zero terms of tan z about p = 0. (Use the identity cos z • tan z = sin z, 
and the Cauchy product formula; set up a system of equations whose 
solution yields the coefficients of the series for tan z.) 

Note: In Section 3.5 we will show that sin z = z — z 3 /3! + z 5 /5! — 
• • • and cos z = 1 — z 2 /2! + z 4 /4 — • • • for all z. 

Answer: tan z = z + (—| z 3 + ) z 5 + • • • . 

\2!/ \2! 2! 4!/ 

8. Calculate the Taylor series about p = 1 for /(z) = z + (1/z). 
Can you show, by direction calculations, that f agrees with its Taylor 
series near p? What is the radius of convergence? Does^ exhibit any 
exceptional behavior on the boundary circle |z — p\ = r? 

9. Use the series representation cos z = 1 — z 2 /2! + z 4 /4 — • • • 
for all z (proved in Section 3.5) to calculate the following limits. 


(i) lim 

z-* 0 

(ii) lim 

z-*0 

(iii) lim 

Z-* 0 


1 — COS z 


1 — cos z 


1 — cos z 


" 2 ! 

does not exist 


= 0 . 


Note: In Chapter 6 we will work out a detailed L’Hospital rule 
using similar calculations with series expansions. 

10. For the following differential equations, determine series repre¬ 
sentations for all solutions that are defined and analytic near the origin, 
and satisfy the boundary conditions shown. 

W t5+/=o; /(o) = i,/'(o) = o 

dz 

(ii) z +/= 0; /(0) = 0,/'(0) = 1 

dz c 


Calculate the radius of convergence of each solution series. 


oo 

Hint: Write f(z) = c n z n and determine the c n by matching 

n=0 


coefficients in the series for /, f", and zf 
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Answers: (i) /(z) = 1 — z 2 /2! + 2 4 /4! — • • • = cos z; radius r = 
+ oo; (ii) c 0 = 0, c x = 1, c n = (— 1) n+1 /n ! (n — 1)! if n > 1; radius r = 
+ oo. 

11. Show that the function /(z) = 1/(1 — z), defined on E = 
{z:z + 1}, has the Taylor series about a point p : 


| / (n> (/>) 

n=0 n\ 


(z-p) n = 



Verify that 

(i) Its radius of convergence is r = |1 — p\ y the distance 
from the base point p to the “singular point” z = 1. 

(ii) The sum of the Taylor series is equal to/(z) on the whole 
disc of convergence |z — p\ < ii — p\- 

Thus, we have a direct proof that f is analytic on E. 


Hint: For (ii), substitute w = (& — p)/(\ — p) in the geometric 

00 

series ^ w n . 

71=0 

00 

12. Consider the series expansions of ^ z n = \/(\ — z) about 

71=0 

various new base points q in the disc of convergence D = (z: | z\ < 1}. 
For which choices of q does the new radius of convergence r satisfy 
(i) r = r l9 (ii) < r < r 2 , (iii) r = r 2 (radii r l9 r 2 defined in (47)) ? 
Use Exercise 11. 


13. Take Log z defined.on the cut plane P obtained by deleting the 
negative real axis (— oo, 0] from C. For p in P, calculate the Taylor 
series about />, and sketch the disc of convergence D v , noting particularly 
the location of the origin with respect to D v . For which choices of p does 
D v extend across the cut? How is the sum of the Taylor series related 
to Log z? Is Log z analytic on P? 


3.5 POWER SERIES EXPANSIONS OF THE EXPONENTIAL 
AND OTHER ELEMENTARY FUNCTIONS 

Starting with the well known Taylor series expansions (in real variable) 
for the functions 


(48) 

and 


e* = 1 + * + - + 

2 ! 


/ / 

sin y = y — — H- 

3! 5! 

2 4 

i y 

cos y = 1 —-b — 

2! 4! 


(all real x) 


(49) 


(all real y), 
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we will show that the complex exponential e z is given by the sum of the ab¬ 
solutely convergent power series 

7^ 00 7 W 

(50) s =l + z + L + ... = 2- 

2! n=o n\ 

at all points in the complex plane. The fact that this series is everywhere 
absolutely convergent, so that its sum is analytic, is clear from the ratio test; 
what is not at all clear is that the sum of this series agrees with the function e z 
which, as far as we know, is only holomorphic. The reader might want to 
recall the difficulties involved in proving formulas (48) and (49) for a real 
variable. 

If we multiply each term of the series for sinj; by i, we get an absolutely 
convergent series of complex numbers 

v 3 (iv) 3 (iv) 5 

i sin y = (i» - i- + * • • = (f» + — + — + ‘ • • ; 

3 * 31 51 


combining this with the series for cosy 

2 4 

y y 

COS V = 1-1-— • • • 

2! 4! 


. (*»* (*» 4 
1 + + 

2! 4! 


gives us the formula 

( iy")^ (i iA® 

e' v =cosy + tuny = 1 + (*» + ^ + • • •, 

valid and absolutely convergent for all real y. Now we may apply the Cauchy 
formula for the product of two series to express e x + iv = e x • e iv as an absolutely 
convergent series in z; 


1 +* + 


«■=«’«'=(1+*++•••)• (1+<>»+ m +• • ■) 

_, + (i+w + ... + (^ + ^ii!! + ... + ia.*) + .... 

\n\ (n — 1)! 1! n\ ) 


But the w th term here is the finite sum 


n „n—k /• ,\fc i n *,1 

2 —— ^ = - 2 —-— ,-»(,»* = 

*=o(n —A;)! k\ n\ k=o (n — k)\ k\ 


n\ k=o\k/ 


where is the usual binomial coefficient; obviously, then, this sum is just 

the binomial formula for the product —- (x + iy) n , and the series takes the 
desired form n ' 

2 00 71 

“ 1 + * + +- 1,—.- 
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From the formulas in Theorem 2.6 for combining convergent series, it 
follows immediately that the functions sin z, cos z, and sinh z, cosh z agree 
with the series obtained by substituting the complex variable z in the familiar 
Taylor series, valid for the real variable x: 


and 


sin z — z — — 4- — — 

3! 5! 


i _L 2 * 

cos z = 1 — — 4- — — 

2! 4! 


z 3 z 5 

sinh z = z 4- — 4- — = • • • 

3! 5! 

z 3 z^ 

cosh z = 1 + - + “ + •••. 

2! 4! 


Functions like tan z = -are analytic throughout their natural domains of 

cos z 

definition, but their Taylor series, like the Taylor series of their real variable 
counterparts, are more difficult to calculate. 


EXERCISES 

1. Show that the polynomials s n (z) = 1 + z + • • • -f z n /n\ do 
not converge uniformly to their limit f(z) = e z on E = C. 

Hint: What is the maximum of \s n (z) — e z \ on E = C, for fixed n? 

oo 

2. Exhibit a power series a n z n such that 


for all 0. Prove that 

... r sin z 

(i) lim- = 

z-* 0 Z 

(ii) If we define h{z) to be -—— for z 0 and h(0) = 1, then 

z 

h is analytic throughout C. 

Note: This is the prototype of a vast family of examples. 

3. Show that lim ctn z does not exist, by writing ctn z in the form 

z—►O 

9 o(z)/z for z ^ 0 , where (p is continuous at the origin with g?( 0 ) = lim cp = 


71=0 


sin z ® 

= I v n 


z 71=0 


sin (z) 



150 POWER SERIES AND ANALYTIC FUNCTIONS 


Hint: Use series expansion of the denominator sin z. If we remove 
the common factor z from the series for sin z, what can be said about the 
convergence of the series which remains ? 

4. Use series expansions of numerator and denominator to calculate 
the following limits. (Carry common factors of the form (z — p) k outside 
the series.) 

(i) lim z ctn z = 1 

z->0 

.... .. 1 — cosh z 

(ll) lim-;- = 1 

z-* o sinh z 

(iii) lim —-= e'fei 

z-+i (1 + Z 2 ) 

(iv) lim ■ = 1 

o sin z 


(v) lim-does not exist. 

2-0 sin z 

3.6 ANALYTIC CONTINUATION (I) 

The “analytic continuation” phenomenon for analytic functions of a com¬ 
plex variable arises from the following seemingly innocent fact. 

Theorem 3.17 Let f be analytic on the open set E and assume that there is a sequence 
{ p n } of points in E such that 

(i) The sequence converges to some point p in E. 

(ii) The points p n are all distinct from p. 

(iii) Each point is a zero of f so that f(pf) = 0 for n = 0, 1, 2, ... . 

Then there is some disc of positive radius about p on which f is identically equal to zero . 

This result says that if an analytic function f is zero on an infinite set of points 
having a limit in the domain of definition of f then f is identically zero near the 
limit point. 

Proof: Since E is an open set and p is in E , there is some disc of positive 
radius about p which lies entirely within E. Because/is analytic at p , there is a 
smaller disc D about p which lies within E, and on which f coincides with the 
sum of its Taylor series: 

(51) f(z) =/(/>) +/'(/») (z - p) + f ff (z - pY + • • • for all 2 in D. 

The geometry of the situation is shown in Figure 3.7. Now/is continuous at 
p , and f(p n ) = 0 for all n , so we get f(p) = lim f(p n ) = 0. This means that the 
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Figure 3.7 The point p is the 
limit of a sequence of points { p n } 
where f(z) = 0. The disc D lies 
within the set E where/is defined and 
analytic. 



first coefficient in the series (51) is zero, and we may extract a common factor of 
(z — p) from the remaining terms. This removal of a common factor cannot 
affect the convergence properties of the series, so the right-hand series below 
must converge on D to some function F x (z): 


00 f (n) (6\ 00 f {n) (6\ 

(52) f(z) = 2 (z -p) n = (z - p) (z - p) n - 1 = ( z -p) F t (z). 

n=l nl n=l n\ 

But the fact that/(/>„) = 0, and p n =£ p, tells us that F^pJ =f(p n )/(p n — p) = 
0/(Ai — p) = 0 for all n. Now F l9 being the sum of a power series 

(53) F x {z) =f'(p ) + ^ (z- p) - 

is continuous at /, so we see that F ± (p) = limFj^) = 0. Thus, the lead 

n-*-ao 

coefficient in (53) is zero: f'(p) = 0, and the Taylor series (51) must have its 
first two coefficients equal to zero. Thus we may remove the common factor 
(z — p) 2 from the remaining terms, and write 


(54) 


/ m = <,z-pr=(z-p)‘ (z - P )-‘ 


n= 2 n\ 


n—2 71: 

2 ) 


= (z - pYF\{z), 


where the right hand series converges on D to some function F 2 such that 


(55) 


F&) 


f"(P) f'"(P) 

2! 3! 


(z - P) H-• 


Just as with F^z), we see that F 2 (p n ) = f(p n )/(p n — p ) 2 = 0 for all n, so 
that F 2 (p ) = 0; this implies that the lead coefficient in (55) is zero, and that 
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f"(p)l 2! = 0. Thus, the first three terms are zero in the Taylor series (51). 
Continuing these arguments, we find that 

1 —^ = 0 for n = 0 , 1 , 2 ,..., 
n\ 

so that the Taylor series (51) takes the form /(z) = 0 + 0 • (z — p) + • • • = 0 
for all z in the disc D . | 

Corollary 3.18 Iff and g are analytic functions on an open set E , and iff(p n ) = 
g(p n ) for n = 1,2,... ,/or some sequence {p n } of distinct points in E which converge 
to a limit p which is also in E , then f = g throughout some disc of positive radius about p. 

Proof: The function h =f — g is analytic on E , with h(p^) = 0 for all n. 
Since the p n are distinct, we may apply Theorem 3.17. | 

If we now consider analytic functions defined on connected sets (domains), we 
arrive at a truly remarkable result. If/is zero at an infinite sequence of points 
which have their limit in the domain, the function is zero everywhere. Naturally, 
the proof makes heavy use of the connectedness of the set on which/is defined. 

Theorem 3.19 (Fundamental theorem on analytic continuation ) Let E be a 

domain (connected open set). Let f and g be analytic functions defined on E that agree 
at some sequence of distinct points { p n } which converge to a point p that is also in E. 
Then f = g throughout all of E. 

Proof: Since f(p n ) = g(p n ) and the points p n are distinct, we know that 
/ = g on some disc of positive radius about p. In the rest of the proof we will 
show how the connectedness of E implies that/ = g on all of E. The remaining 
arguments are almost entirely geometric, and are not essential in understanding 
our applications of this theorem. 

Consider the set F x of all points z in E such that/ = g near z (that is, on 
some disc about z). Let F 2 be the complementary set F 2 = E ~ F v Obviously, 
F x and F 2 are disjoint sets whose union is E. The set F x is non-empty, since it 
includes p. It is also an open set: if z 0 is inF 1? then f = g on some disc about z 0 , 
which means that / = g near each point in this disc. Therefore, the disc lies 
within F x (since each of its points belongs to Fj), and F x is open. 

The setF 2 may be empty; if it is non-empty, it is open , as we will now prove. 
Consider a typical point z 0 in F 2 . There must be a disc of positive radius about 
z 0 which does not meet F v 

If this is not so, points from F x will appear in every such disc about z 0 . By 
considering the radii r n = 1 jn, we can then select points z n from F 1 such that 
0 < \z n — z 0 \ < 1/rt for n = 1, 2, . . . ; these points are distinct from z, 
since they lie in F 1 while z 0 belongs to F 2 . Now z n -► z 0 as n -► oo and 
/( 2 n) = S( z n) f° r a H n: > in view of Corollary 3.18, we are led to conclude 
that f — g near z 0 , so that z 0 is in F v This is impossible; z 0 is in F 2 , which 
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is disjoint from F v We arrived at this impasse by assuming that no disc 
about Zq is disjoint from F x ; thus, there must be some disc of positive 
radius which does not meet F v 


By taking a slightly smaller disc, if necessary, we can insure that this disc about 
z 0 also lies within E , since E is open. This smaller disc must lie within F 2 since it 
is contained in E and does not meet F v Thus, if z 0 is any point in there is a 
disc of positive radius about z 0 that lies within ^ 2 , and F 2 is an open set if it is 
non-empty. 

IfF 2 is non-empty, then F x and F 2 are open sets such that 
F 1 H F 2 = 0 (disjoint sets) 

F 1 KJF 2 = E. 

Such a partitioning of E into F x and F 2 is inconsistent with its connectedness. 
Therefore, F 2 must be empty. This implies that F x = E , so that f = g through¬ 
out E , and the theorem is proved. | 

Example 3.9 On a disconnected open set this theorem can fail. For example, 
E = (z:Im(z) ^ 0} consists of two disjoint open sets, and upper half plane and 
a lower half plane, and is not connected. In E consider the functions f and g 
such that/(z) = 0 for all z, and 

g(z) = 0 on the lower half plane (Im(z) < 0 ) 
g(z) = 1 on the upper half plane (Im(z) > 0 ). 

Here,/ ^ g on the upper half plane, while f = g on the lower half plane. 

A crucial aspect of the hypotheses in these theorems is that the points p n 
where f(p n ) = 0 (or f(p n ) = g(p n )) must have a limit which lies within the 
domain we are considering. It is not enough to have infinitely many distinct 
points p n such that f(p n ) = 0 (or f(p n ) = g(p n )) ; these points may tend toward 
the boundary of our domain, or toward infinity, and not have any limit within 
E , as in the next example. 


Example 3.10 Let E = C and let/(z) = e z — 1. Then/(z) = 0 at the 
points z n = 27 mi (n any integer), but f certainly is not zero throughout the 
plane. Here the sequence {z n } tends toward infinity, along the imaginary axis, 
and has no limit in E. For a different kind of example, let E be the unit disc 
{z: | z| < 1} and let 

/(z) = exp ^ — 1 for all z in E. 


This function is certainly not identically zero on E and is analytic, being a 

277 i 

composite of analytic functions w = - -and s = e w — 1. Furthermore, it is 

1 — z 
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zero at an infinite sequence of points p n = 1 — (1/n) (n = 1,2 ,...) which 
approach the boundary point p = 1 + *0 as n -> oo. However, this point p is 
not in E , so this situation does not conflict with Theorem 3.19. 

The last theorem above has the very striking cqnsequence that something 
happening on a tiny piece of a connected open set E completely determines what 
is happening throughout E , even at great distances. For example, if f and g are 
analytic, and if f = g on some small disc about a point />, this coincidence 
“propagates” to be true throughout E. Also, an analytic function f on E 
cannot be zero on a small piece of E without being identically zero throughout 
E (compare f with the analytic function g(z) = 0 on E). This “propagation” 
or “continuation” of identities is special to analytic functions of a real or a com¬ 
plex variable. Once Theorem * is proved, we will see that all holomorphic 
functions of a complex variable exhibit this phenomenon. For real variables, 
even infinitely differentiable (but non-analytic) functions don’t do this; we 
refer to the example given earlier of an infinitely differentiable function of a 
real variable which was identically zero on the left half of R and non-zero 
throughout the right half. The set E = R is connected, but the function is not 
(real) analytic, in spite of its differentiability. Here are a few interesting 
applications of the analytic continuation principle embodied in Theorem 3.19. 

Application 1 (The change of base point theorem) If we start with the sum of a 

GO 

power series/(z) =2 a n ( z ~ P) n on hs disc ofconvergenceii = {z: |z — p\ < r} 

n~ 0 

and consider the Taylor series about some new base point q within E , the new 
series converges to its sum g(z) in a disc D about q whose radius r has been 
discussed in Section 3.4. The two discs of convergence E and D meet in a 
lens-shaped open set, like the one shown in Figure 3.6; we know that f and g 
agree near the base point z = q by Theorem 3.16, but the discussion in that proof 
does not tell us whether they will agree throughout the larger set D n E where 
the discs meet. By using the analytic continuation principle it is easy to see that: 

The series /(z) about p and g(z) about q must agree throughout the set 
' ' D O E where the two discs of convergence meet. 

In fact, the set D n E is connected (for two points in the set, the line segment 
between them lies within the set), and the functions/(z) and g(z ), which are 
both defined on D n E, are analytic since they are sums of power series. 
Since they agree near z = q, they must agree throughout D O E. 

Application 2 ( Permanence of algebraic identities) Suppose that the functions 
f g, . . . are analytic functions defined on the complex plane. 

Theorem 3.20 If f = g on the real axis , f(x + iO) = g(x + iO) for all real x , 
then f = g throughout C. Also , if f = 0 on the real axis , thenf = 0 throughout C. 

Proof: Take any distinct sequence of points z n = x n + iO —> p = a: + zO 
in R; then f = g at these points. Since C is a connected open set, it follows 
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that f = g throughout C. For the second statement, take g(z) = 0 every¬ 
where. | 


One very interesting consequence of this idea is that any trigonometric 
identity, valid on R for the trigonometric functions of a real variable, is valid 
throughout C when we use equations (21) and (22) of Chapter 2 to define 
the complex variable versions of trigonometric functions. For example, 
the formula sin 2 * + cos 2 * = 1 is actually valid throughout C; sin 2 z + 
cos 2 z = 1 for all z (the right side is^the constant function g(z) = 1, which is 
certainly analytic). Even formulas such as 

cos 2 z — sin 2 z = cos(2z) 


are valid: they are valid for z = * + iO on the real axis, and both sides are 
analytic functions—the left side, because sums and products of analytic func¬ 
tions are analytic; the right side, because we may exhibit a power series 
expansion for cos(2z) by substituting w = 2z in the series for cos w. As another 
example, suppose that f is analytic on C and satisfies a certain differential 
equation, such as 


z 


dy 

dz 2 


—f= 0 , 


at all points z = * + z’0 on the real axis. Since f and its derivatives are analytic, 
the left hand expression is analytic on C; therefore, the identity must be satisfied 
throughout the plane. 

Going one step further, these arguments work equally well for analytic 
functions f and g defined on any domain which meets the real axis in an interval 
of positive length, with f = g on this interval. We conclude that f = g through¬ 
out E. For example, to prove the identity 


tan 2 -f 1 = sec 2 z 


we must work with the domain E = {z: z ^ mr + (tt/ 2) for n = 0, ± 1 > ±2,...} 
on which these functions are well defined. Since tan z and sec z are quotients 
of analytic functions, they are analytic on E, and we know that the identity is 
true on an interval such as (— tt/2, +77/ 2) in the real axis. Therefore, the 
identity must be true on E because E is a domain. 

Extending these ideas in another direction, we may take an algebraic 
combination of analytic functions f y g, . . . , and the variable z (which is given 
by the analytic function h(z) = z) on some domain E. Then this combination 
is also an analytic function on E. If the combination vanishes on a suitable 
small subset of £, it must vanish throughout E. For example, suppose the 
combination 

f(z) 2 -g{z) + - 
z 


is considered on a domain which excludes z = 0 (so that 1/z is well defined), 
and suppose that this combination is zero on an arc or a small disc in E. Then 
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this identity is true throughout the domain E. (The arc need not lie on the real 
axis.) 

Application 3 (Comparing analytic functions with their Taylor series.) 

Theorem 3.21 Let f be analytic on an open set E (connected or not), and let p be a 
point in E. Assume that the domain of convergence of the Taylor series 


(57) 


| / <n) (/>) 

72=0 n\ 


(z - p) n 


of f about p includes some disc D which lies within E. Then f agrees with its Taylor 
series not only near p (which is all that is guaranteed by the definition of “analytic at />”), but 
actually agrees with its Taylor series throughout the disc D. 

Proof: Write g(z) for the sum of the series (57). Then f and g are both 
defined and analytic on D, and they agree near p since f is assumed to be 
analytic. Since D is a connected open set, they must actually agree throughout 
this disc. | 

In particular, if the whole disc of convergence of (57) lies within E, f agrees 
everywhere with its Taylor series about p. While this is still fresh in mind, we 
hasten to present an example in which the sum of the Taylor series differs from 
the original function at points far removed from the base point. It is crucial to 
notice that, in this example, the disc of convergence does not lie entirely within 
the domain E on which /is defined (Theorem 3.21 forbids it). Instead, it 
crosses the boundary of E and then re-enters E. The open set D O E where 
the disc of convergence D meets E is not a connected set; thus, Theorem 3.19 
is not violated. 


Example 3.11 (The square root function vs. its Taylor series) 

Let E be the cut plane obtained by deleting the negative real axis J = 
( — oo, 0] from the plane, and take/(z) = z 1/2 . We have already seen that /is 
holomorphic (even infinitely differentiable) on E, and if we could invoke 
Theorem * we would see that/is analytic on E. 

We can show that / is analytic by directly examining the Taylor series 
about a typical point p. Since 

~~ ( z m ) = (*)(* - 1 ) •...•(*-» + 
dz 

for n ^ 1, this is just the series 


(58) 


<(*)= I ( V ,,! ’->(2 -P)\ 

n=o \n/ 
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Figure 3.8 Discs of convergence for the Taylor series of z 1 / 2 about various points p\ p" 
in the cut plane E. The intersection D C\ E consists of isolated open sets D x and D 2 when z = p'. 


where 



are the “fractional binomial coefficients 



m _(»«-').«-■+■) if „ = I>2 . 

W n\ 


The ratio test quickly shows that (58) has radius of convergence r = |/?|, so the 
point z = 0 lies on the boundary circle, as shown in Figure 3.8. For complete¬ 
ness, we indicate how one can prove directly that the series (58) coincides with 
/(z) = z 1/2 near/>; this amounts to a direct proof that z 1/2 is analytic, and might 
give some useful insight into the management of Taylor series. However, we 
will not refer to these calculations, and they may be omitted if one is willing to 
invoke Theorem *. 


Consider the series sum g(z) on a disc about p small enough to be con¬ 
tained entirely within the cut plane. Term-by-term differentiation of the 
series gives z • g'(z ) = (J)^(z) on D , since 


z • g'[z) = (z - p)g(z) + p • g{z) 




1 £ A 


Hence, 


J ^ z ~ 112 '£(z)J = {~h) z ~ 3 l 2 g{z) + z _ 1 / Y(z) 


= z _3/2 [( ~\)g{z) + z- g\z )] = 0 
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vanishes on D. Since D is a domain, our results on the essential uniqueness 
of antiderivatives insure that z~ 1 ^ 2 g(z) = a (a a complex constant) on D; 
thus, g(z) = a z l l 2 . To determine a, take z = p; clearly, g(p) = p 1 ^ 2 , so 
that a = 1 and g(z) = z 1 ^ throughout D . This reasoning works for any p 
in the domain E . 


Once analyticity of z 1/2 is clear, we consider a base point of the form 
p" = re 10 , where — 7 t/ 2 < 0" < -f- tt/ 2. Then the disc of convergence of (58) 
lies within the cut plane, as shown in Figure 3.8, so the sum g(z) of the Taylor 
series agrees with /(z) = z 1/2 throughout this disc, by Theorem 3.21. But if we 
consider p' = re 10 ' with tt > 6' > tt/ 2 (or — 7 t /2 > 6' > — 77 ), the disc of 
convergence of (58) crosses over the boundary of the cut plane E (bdry (E) is just 
the negative real axis J), and E meets the disc of convergence in two disjoint 
connected pieces D 1 and Z) 2 , as shown in Figure 3.8. The point p' is in D v and 
g(z) = z 112 near p\ so that g(z) = z 1/2 throughout D v by Theorem 3.19. 
But f(z) = z 1/2 suffers a discontinuity (a change of sign) when z crosses the 
negative real axis J> while the series (58) sums to a function g(z) which has no 
discontinuities in the disc D. Thusg(z) cannot coincide with /(z) = z 1/2 in the 
domain D 2 where the disc of convergence extends below the axis J. It is not 
very hard to see that g coincides with — f(z) = — z 1/2 throughout Z) 2 , since 
the square root of z is unique up to a factor of ± 1. 


What has happened in the last example is a basic phenomenon. If an analytic 
function/is given on an open set E and if we expand/about a point p in E , the 
disc of convergence of the Taylor series about p may cross over the boundary 
of E and its sum 


00 

g(z) = 2 (z - p) n 


7i = 0 


n\ 


may differ from the original function/if the disc re-enters E after having crossed 
over the boundary. In the last example, the boundary was the negative real 
axis. In the next section we collect a few more observations on this phenomenon 
by which analytic functions may be extended (or “continued”) beyond their 
original domains of definition. 


EXERCISES 


1. Suppose/(z) is analytic on a domain E that is symmetric (if z is 
in E , so is — z) and includes a small interval ( — <5, +<5) in the real axis. If 
f(x) = f(x + iO) is an even function , so that f(—x) = f(x) for — d < x < 
(5, show that/(z) is an even function on E\ that is,/( —z) =/(z) on E. 
Prove a similar result for odd functions , those for which/( —z) = —/(z). 

2. Suppose th^t f(z) is analytic on a domain E that includes the 
interval ( — 1, +1) on the real axis. Assume that f(x + iO) =V\ - -V 2 
for —1 < a* < +1. Prove that/(z) is an analytic determination of the 
multiple valued function V 1 — z 2 on E. 
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Hint: Show /satisfies a certain algebraic identity on ( — 1, +1). 

Note: In Chapter 4 we will take up the problem of explicitly con¬ 
structing such determinations of Vl — z 2 . 

3. If £ is a domain that includes either of the points +1 or — 1, 
show that it is impossible to define an analytic determination f(z ) of 
V 1 — z 2 on E. 

Hint: If such an /(z) existed, then f(z ) 2 = 1 — z 2 on E. Differenti¬ 
ate both sides to calculate df/dz. What goes wrong at z = +1 ? 

4. The functions V z and /(z) = (sin V z)/Vz are well defined and 
holomorphic on the cut plane P = C ~ (— oo, 0], Show that 


3! 


/(Z) = \-i-z + i-z 2 


5! 


S (~l) n+1 
rio (2 n + 1)! Z 


for all z in P. Explain why it is then possible to define f(z) on the cut so / 
is analytic on C. What values f(x + *0) should be assigned on the cut? 
Can this analysis be repeated for g(z) = sin Vz ? 

Hint: Set w = \/ z [ n the series for sin w; then divide by Vz. 


3.7 ANALYTIC CONTINUATIONS (II) 

If/(z) is analytic on some domain £, there may be different ways to con¬ 
tinue /so that it is analytic on larger domains. We can systematically handle 
the questions which surround this phenomenon by introducing the following 
definition. 

Definition 3.3 Let f be analytic on a domain £, and f* analytic on another domain 
E*. We say that f* is an analytic continuation of f from E to E* if 

(i) E* is larger than E, so E* => E 

(ii) /* = / throughout the smaller domain E. 

By Theorem 3.19 it follows that the analytic function that extends /(z) is 
uniquely determined once the larger domain £* is given (if it is possible to 
define any continuation at all on E*) ; in fact, £* is connected and every con¬ 
tinuation to £* must agree with/on the subdomain D. 

For example, we might think of the analytic function f(z) = Log(z), the 
principal determination of the logarithm, defined on a small disc E about the 
point p — 1 -f z’0. It is possible to piece together various determinations of log z 
in different parts of the domains shown in Figure 3.9 to get well defined complex 
differentiable (hence analytic) continuations of / to analytic functions /* 
defined on the larger domains E*. When these continuations are compared 
at a point q which is some distance from p , such as q = 0 + i\ which appears in 
each of the domains in Figure 3.9, we may find that they do not agree. Every 
continuation (/*,£*) of f(z) = Log z must give a determination of the 
logarithm because the identity 

exp(/(z)) = z (valid near p) 
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f*(z) = Log (z) f*(z) = Log (z) + 2 th KW\N3 /*(*) = L °g (*) “ 27r; 


Figure 3.9 Three domains E* in which we can define analytic continuations of Log z 
defined in the disc E about p = 1 + tO. 


“propagates” to be valid throughout the connected domain £ , *.f But we 
produce different determinations of log z near q by continuing Log z through 
different domains which include q\ the particular determination we get for 
each domain is indicated in Figure 3.9. Of course, we must have f*(z) = 
Log z + 2nki for z near q , but the particular integer k = 0, ±1, ±2, . . . , 
which appears depends on the shape of the domain E* (essentially, k is the 
number of times E* makes a complete counterclockwise loop around the origin). 

We might expect analytic continuations of f(z) = Log z to give different 
determinations of the multiple valued function log z, but each continuation is 
required to be a well defined (single valued) function, and different continua¬ 
tions are needed to produce all possible determinations of log z. Similar 
comments apply to other functions which are multiple valued—in fact, the 
appearance of different analytic continuations might be taken as an intrinsic 
definition of what it means for a function to be “multiple valued.” Thus, these 
remarks apply to functions like f(z) = z a (a not an integer; otherwise the 
function is single valued), or Log z, or yjz 2 — 1. See Example 3.13 below for 
additional comment. 

There are certain functions which, when continued from one place to 
another, always produce the same function regardless of the shape of the domains 
used to carry out the continuation. Such functions can be thought of as 
“intrinsically single valued.” For example, if we consider f(z) = tan z, or 
rational functions such as f(z) = 1 /(z 2 + 1), defined near some point p , and 
make analytic continuations through domains which include another point 
these continuations all produce the same function near q (see Example 3.12 
below). 

The process of sorting out the various functions produced by analytic 


t If f* is holomorphic on E*> so is w = exp(/*(z)), by the chain rule for derivatives. 
Comment (ii) associated with Theorem * insures that this function is analytic, so Theorem 3.19 
may be applied. 
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continuations of a given function f(z) requires a deeper discussion of continua¬ 
tions, and the introduction of “Riemann surfaces” as a device for cataloging the 
different continuations which can turn up. A detailed account is too involved 
to include in this introduction to complex analysis. An extensive discussion of 
analytic continuations (and Riemann surfaces) can be found in more advanced 
texts, such as De Pree and Oehring [5], Nevanlinna and Paatero [18], or 
Levinson and Redheffer [15]. 

Example 3.12 Let points p and q be given (not equal to -f -i or —i), and 
consider /(z) = 1/(1 -f z 2 ) on some small disc about p. We will show that 
every analytic continuation of/to a domain E * which includes this disc and the 
point q merely reproduces the function 1/(1 + z 2 ) near q (and in fact through¬ 
out £*). 

No continuation (/*, E*) can have either of the points -\-i or — i within 
its domain E*. In fact, the product (1 + z 2 )/*(z) is analytic on £*, and 
(1 + z 2 )/*(z) = (1 + z 2 )/(z) = 1 near p . This identity must be valid 
throughout E* by the analytic continuation theorem. This would be impos¬ 
sible if -\-i or —i appeared in E *; the product would be zero at these points, no 
matter what value is assumed by/*. By the same reasoning we also see that 
(1 + z 2 )/*(z) = 1 on E*, so that 

/*( z ) = —~—; for 2 m £*• 

J W 1 + z 2 

A similar analysis can be made for other single valued analytic functions. 

Example 3.13 Consider/(z) = z a = e a Logz , taking the exponent a = i; 
f is defined and analytic on the small disc D = {z:|z — 1| < J} about p = 

1 + iO. The function has other determinations on the cut plane P obtained by 
deleting the negative real axis from the plane; these are obtained by taking 
other determinations of log z in the defining formula, to get 

r f z \ _ £?(Log z+2-nki) __ e i Log (z) e ~2nk _ ± 

Jk ' ' e 2 irk 

for k = 0, ±1, ±2, ... . We can easily calculate the limit values of the 
principal determination/)(z) = z f as z approaches a typical point z 0 = — R + 
z’O on the (deleted) negative real axis, from the upper or lower half plane. 

lim ( -R + lb) 1 = e MoeR+il,) = (-t) j logR 

lim ( -R - idY = e*' 10 *«-•'*> = (eV l08R . 

d-*0+ 

The values are altered by a multiplied factor l/e 2 " as z moves upwards across 
the negative real axis; similar calculations show this to be true for each of the 
other determinations f k (z ), too. 
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If we line up different determinations f k on opposite sides of the negative 
real axis we can make their limit values match up, so they give functions which 
are defined and differentiable at points on this axis (the pasted-together 
functions will now disagree along the positive real axis). The pairings which 
match along the cut are indicated in the following cjiagram. 

_ , , 

fl fl fo f -1 

By piecing together compatible determinations of z* we can make analytic 
continuations of z 1 from the disc D across the cut to obtain, eventually, the 
infinite number of distinct determinations of this function. 

Notice how the other determinations would be forced to our attention, even 
if we only started with the principal determination z\ once we begin to examine 
its analytic continuations. Once again the intimate connection between ana¬ 
lytic continuations and multiple valued functions of complex variable makes its 
appearance. 

EXERCISES 

1. If/is a determination of log z defined on a domain E , show that 
every analytic continuation (/*, E*) to a larger domain is also a deter¬ 
mination of log z. Same for determinations of z 1/2 . 

Hint: Use the permanence of identities. 

2. Let f(z) be a determination of log z defined on a small disc E 
about p 0. Show that no continuation (/*, E*) can be defined in 
which the enlarged domain E* =2 E includes the origin . If p = +1 and 
q = —1, display two continuations (/*, E*) and (/**,£**) of (f,E) 
such that (i) E* and E ** both include q\ (ii)/* and /** give different 
determinations of log z near z = q. 

3. Show that f(z) = tan z, defined near the origin, cannot be con¬ 
tinued analytically so that the new domain E* includes one of the 
“singular points” z n = (tt/2) + tin (ti = 0, ±1, ±2, . . .). Prove that 
/*(z) = tan z throughout E* (so tan z is intrinsically single valued). 

Hint: Use the identity tan z • cos z = sin z. 


3.8 THE MAXIMUM MODULUS THEOREM FOR ANALYTIC 
FUNCTIONS 

As we go along we will see various ways in which the behavior of an 
analytic function in one place determines behavior elsewhere. We have al¬ 
ready discussed the “permanence” of algebraic identities; now we turn to a 
family of results which show that if an analytic function has small absolute 
value (modulus) on a certain set, this forces the values to be small on other, 
related, sets. The basic result deals with the behavior of an analytic function 
near a single point. 
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Theorem 3.22 (Local maximum modulus theorem) Consider a function f(z) 
which is defined and analytic on some disc D about a point p, and assume that f is not 
identically constant on D. Then we can find points z' as close to p as we wish, such that 


i/(*')i > i/m- 

If f(p) 0, we can also find points z as close to p as we wish , such that 

1/(01 < I/M- 


We will prove this result at the end of the section; present commentary 
is directed toward its implications. As immediate consequences of Theorem 
3.22 we see that an analytic function f defined on a domain E must have the 
following properties if it is not constant on E. 

(i) If \f(p)\ 7^0, the absolute values |/(z)| cannot assume a relative 
maximum or relative minimum value at p. 

(ii) The only places where \f(z)\ is an absolute minimum are those points 
where f(z) =0, the zeros off. 

(iii) The absolute value |/(z)| can never achieve a relative maximum at any 
point within E. 

Just consider |/(z)| on a small disc about a typical point p in E. (Since E is a 
domain,/cannot be constant on such a disc without being constant throughout 
E.) Observation (iii) tells us that a maximum for |/(z)| can only occur at a 
boundary point ofi?, and not within E. A very interesting interpretation of (i) 
and (ii) can be made by considering the surface s = \f(x + iy)\ over the set E 
in the plane. At each point z = x + / where |/(z)| > 0, there are directions in 
which |/(z)| increases and others in which |/(z)| decreases. Rain falling onto 
such a surface would always run off “downhill” in the direction of steepest 
descent, when it strikes a point on the surface where |/(z)| Since the 

zeros of f are the only relative minima, water would collect at these zeros, or 
else would run off the edge of the surface (when z reaches the boundary of E). 
Furthermore, the surface cannot have any “humps,” which would correspond 
to relative maxima and are forbidden by (iii). 

In Figure 2.6 we have sketched the level curves s = |/(z)| for the poly¬ 
nomial /(z) = 1 + z 2 ; the reader should try to visualize the surface s — |/(z)| 
which corresponds to these curves. The only zeros are located at + i and —i. 
Note the presence of a “saddle point” over the origin; the existence of saddle 
points on the surface s = \f(z)\ is not forbidden by (i), (ii), and (iii). At great 
distances from the origin the functions \f(z)\ = |1 + z 2 | and |z 2 | = |z| 2 are 
practically indistinguishable. In Figure 2.8, we have shown the surface s = 
|/(z)| for the exponential function/(z) = e z ; this surface has no zeros. It is of 
constant height along each line parallel to the imaginary axis, since | f(x + 
iy)\ = \e x+iy \ = e x • \e iy \ = e x for all real * and^. The reader should examine 
this surface with remarks (i), (ii), and (iii) in mind. 

One of the most striking results based on Theorem 3.22 is the following. 
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Theorem 3.23 (Maximum modulus theorem) Let Ebe a domain that is bounded , 
and let E be its closure .f Letf(z) be a function that is defined and continuous on £, and 
is analytic on E. Then the absolute values |/(z)| have a finite maximum value on 
the boundary 

M = max{|/(z)|:z in bdry{£ )}, 

and this maximum value dominates the modulus \f(z)\for all points z within E: 

|/(z) | < M for all z in E . 

If f{z) is not a constant function on E , we actually have |/(z)| < M for all z in E . 

Proof: (from Theorem 3.22): If f(z) is not constant on E , it can’t be 
constant on any small disc about a point p in E either, because this constancy 
would “propagate” throughout the connected set E. The absolute value 
|/(z) | is a continuous function on E , since fis continuous, and any continuous 
real valued function on a closed bounded set in the plane, like E , achieves its 
maximum value somewhere on E. (The boundedness of E is needed to draw 
this conclusion.) If the maximum is achieved at some point z* which lies 
within E,f is analytic and non-constant near z*, and Theorem 3.22 assures us 
that we can and other points z** near z* at which |/(z**)| > |/(z*)|. This is 
impossible, since |/(z)| is never larger than the maximum value |/(z*)|; 
therefore, the points z* where |/(z)| is maximum must all be located on the 
boundary of E , and 

|/(z)| < |/(z*)| = M for all z in is. | 

Here it is essential that E be bounded and connected. The behavior of f on the 
boundary of E imposes restrictions on the behavior of f within E: |/(z)| can 
never be larger within E than it is on the boundary. If/(z) is actually analytic 
on a larger open set F which includes E and bdry(E), the size of |/(z)| on the 
boundary of E only influences the size of |/(z)| inside this boundary, and |/(z)| 
can be quite large outside of E. For example, Theorem 3.23 restricts the 
behavior of f(z) = 1 + z 2 within the circle T = {z:|z| = 1} (consider E = 
{z:|z| < 1}), but |/(z) | behaves much like |z| 2 and is unbounded as z is moved 
far away from the origin. J 

This behavior of the absolute value \f(x + if) | for analytic functions 
contrasts strikingly with that of other smooth real valued functions of two real 
variables. For example, the non-negative function 

/(*> ^ = T ~,—— 2 defined for all (x, y) 

1 + x + y 

has continuous partial derivatives of all orders. Its values on the unit circle 
r = {z: | z| = 1} are all smaller than the value achieved at the origin. Obviously, 

t In the terminology of Section 2.3, the closure E of a set E is obtained by adjoining to E 
the boundary set bdry(E). 

J By the triangle inequality, |z| 2 + 1 >\f(z)\ > |z| 2 — 1 for all z outside of the unit disc. 
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this function cannot be the absolute value of any analytic function defined on 
E = {z\\z\ < 1}, when we regard it as a function of complex variable 

/(* + *>) =f( x >y)- 

We conclude this section by taking up the proof of Theorem 3.22. This 
proof illustrates a very basic idea in the use of power series representations of 
analytic functions. We will examine the leading non-zero terms in the power 
series expansion about a typical point p\ the sum of the remaining terms be¬ 
comes negligible compared to the leading terms for z near p , so we may safely 
consider the polynomial made up of the lead terms in place of the actual analytic 
function. 

Proof of Theorem 3.22: Consider a non-constant analytic function 
defined near p . If f(p) = 0, then f cannot be identically zero near p } so we 
must be able to find points z', as close to p as we wish, such that |/(z')| > 0 = 
\f(p) |. This takes care of the case: f(p) = 0. 

If f(p) ^ 0, there is a power series representation 

(59) f(z) = a 0 + a n (z — />)”+ J a k {z - p) k for z near p; 

k=n +1 

here a 0 =f(p ) and a n is the next non-zero coefficient (corresponding to the 
first of the derivatives of f which is not zero at p). Write 

(60) R(z) = | a k (z - p) k 

k=n +1 

for the sum of the remaining terms; this series has the same radius of conver¬ 
gence as the original Taylor series (59), and since each term in (60) has a 
common factor (z — />) n+1 , we can bri n g this factor outside of the series without 
affecting convergence, to get 

R{z) = (z -p) n+1 g(z), 

where the series g(z) = a n+1 + tf n+2 ( z ~~ P) + * * * has the same radius of 
convergence as (59) and gives an analytic function g(z) defined near p. Let us 
fix our attention on a small disc D = {z: |z — p\ < r 0 } about p on which all of 
these series converge, and on which |g(z)| is bounded (say |^(z)| < K for all z 
such that |z — p\ <r 0 ). Equation (59) takes the form 

(61) /(z) =f{p) + a n {z - p) n + {z- p) n+1 g(z) all z in D. 

With these preliminary notation exercises out of the way we can take up 
the main idea of the proof: since the last term in (61) involves (z — p) n+1 , 
which decreases in size much faster than (z — p) n as z approaches />, the last 
term is negligible in comparison with the first two, and f(z) is very closely 
approximated by the polynomial 


( 62 ) 


F (z) =/{P) + a n (z -p) n , 
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for z near p. It is an easy algebraic exercise to find points z ^ p as close as we 
wish to p , such that the modulus \F(z)\ is greater than, or less than, the value 
\f(p)\- These two ideas can be put together to make the proof. The less 
theoretically oriented reader can skip over these details, now that we have given 
the general idea. (Note: A careful examination of tjiese details actually tells us 
how to locate the directions of steepest ascent (or descent) for |/(z)|, starting 
from z = p. Following directions of steepest descent leads us directly to the 
zeros of f, and this process is sometimes of great interest in practical applica¬ 
tions.) 

Write a n in polar form a n = \a n \ e l< and examine points z = p + re 1 for 
small r > 0 (holding 0 fixed). Notice that 

a n (z - p) n = K| e *+r n e in0 = r n \a n \ e i{ ++ n0) 

and 

K(z -p ) n | = r n \a n \ 


for all r > 0. First take 0 so that <f> + n0 = Ar g(f(p)) ; this insures that the 
vector in the plane corresponding to a n (z — p) n is collinear with the vector 
which describes f(p). Because of this collinearity, we get 


(63A) 


I f(P) + a n (z -p ) n | = \f(p)\ + \a n (z - p) n \ 

= !/(/>)I + * n Kl 


for all r >0; note that this modulus is greater than \f{p)\. If, instead, we 
fix 0 so that (f> + nO = n 4- Arg {f(p)), we get 

_ e iir e i Arp(/(/>)) _ J _]j^'Arg(/(p))^ 


Thus, a n (z — p) n points in a direction opposite that of f{p)\ consequently, 

(63B) 


I HP) + e»{z -P) n I = \f(P)\ - K(z -P) n I 
= !/(/»)! - Kl 


for all r > 0. This modulus is less than \f{p)\. 

If K is the bound on |g(z)|, and if we restrict r to be small enough, we 
get 




1 K 

2 K 


since lim r n+1 /r n = lim r =0. This gives us the inequality |/?(z)| = 

r-*0 r-*0 

|g(z)| |z — p\ n+1 < A> n+1 < ir n \a n \ for all small r > 0, regardless of how 0 
chosen in z = p + re lQ . 

For the particular choices of 0 discussed in (63A) and (63B), we obtain 
the estimates 


l/WI > \f(P) + a n (z - pr I - |*(z)| = \AP)\ + T n \a n \ - |«(z)| 

(64A) 

> \/(P)\ + r n K| - \r n l«»l = \m\ + |«„| > |/(/>)| 
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and 

l/(*)l < \f{p) + -/')"! + l*(*)l = \f{p)\ - r” Kl + |*(z)| 

(64B) < \f(P)\ ~ r n K| + jr» K| 

= 1/(01 - (4)r» |a,| < |/(0|, 

valid for all small r > 0. These give the points z and z r we seek, and the 
proof is complete. | 


We will return to the maximum modulus theorem when we discuss integration 
methods (Chapter 5), and in applications concerning harmonic functions 
(Chapter 7). 

EXERCISES 

1. Show that the maximum modulus theorem is not necessarily 
true for analytic functions on unbounded domains, by examining the 
behavior of f(z) = 1 + z 2 on E = {z : \z\ > 1}. Give an upper bound 
for the absolute values |/(z)| on bdry(£) = {z:|z| = 1} and exhibit at 
least one point z* in E where \f(z*)\ exceeds this value. 

2. The function f(z) = 1/z 2 has modulus |/(z)| = 1 on the circle 
|z| = 1. Is |/(z)| bounded by 1 for \z\ < 1 ? Explain why Theorem 3.23 
is not violated. 

3. Prove that the constant function/(z) = 0 is the only analytic 
function defined throughout the plane which “vanishes at infinity” in the 
sense that: 

Given any number e > 0, there is a corresponding radius R = R(e) 
such that: 


\f(z)\<e if |z| > R. 

4. Suppose f and g are continuous on E and analytic on E , where 
E is a bounded domain. If/(z) = g(z) on bdry(£), prove that f = g 
throughout E. 

Hint: Examine/ — g. 

5. Let p x be fixed points in a bounded domain E. If z is a 

variable point in E , define 


d{z) = \z — />j| • |z - p 2 \ • . . . • \z - p x \ 

(the product of distances). Show that d is maximum at some boundary 
point, and not at any point in E. Where are the minimum values achieved ? 
Hint: Is d(z) = \f(z)\ for some analytic function f(z)? 
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6 . Suppose/(z) is defined and analytic on the unit disc |z| < 1 . 
For 0 < r < 1 define M(r) to be the maximum value of |/(z)| on the 
circle |z| = r. Prove that M(r) is a strictly increasing function of r, unless 
/(z) = const . on the disc. 

7. If/(z) is analytic on a domain E (bounded or not) show that 
<f>(z) = Re(/(z)) attains neither a maximum nor a minimum value at 
points in E unless <f> is constant. 

Hint: Consider e f{z) in the local maximum modulus theorem. 

8. Let E be a bounded domain. Assume that/(z) is defined and 
continuous on the closure E , and is analytic at each point in is. If 
f(z) 0 throughout E , prove that 

(i) The minimum value of |/(z)| on E is attained at some 
point in bdry(is). 

(ii) If the minimum value is also attained at a point z* in E f 
then/(z) = const . 

Hint: Examine \/f and use Theorem 3.23. 

9. With Exercise 8 in mind, formulate a version of Theorem 3.22 
that deals with minimum values of |/(z)|. If/(z) = 0 somewhere in is, 
show that the minimum value for |/(z)| need not be achieved on bdry(is); 
give a simple example. 

10. Suppose that f and g are analytic on a bounded domain E , and 
suppose that the real parts Re(/) and Re(g) may be defined on bdry(is) 
to give a continuous function on the closure E. (We make no assumptions 
about behavior of Im(/) and Im(g) at the boundary of E.) IfRe(/(z)) = 
Re(g(z)) on bdry(is), prove thatg(z) = /(z) + ic throughout is, where c 
is some real constant. 

Note: If Re(/) is not too irregular at the boundary of E , its be¬ 
havior (that is, its limit values) on bdry(is) determines/throughout is, up 
to an added imaginary constant. 

11. Suppose w =f(z) is an open mapping defined on an open set 
E in the z-plane; that is,/maps any open subset of is to an open set in the 
w-plane. Prove that/satisfies a local maximum modulus property at each 
point p in is. Formulate and prove an analog of Theorem 3.23 valid if/ 
is continuous on £, and an open mapping on is. 

Note: We are not assuming/is analytic (there are open mappings 
of the plane that are not even complex differentiable). Regular holo- 
morphic mappings (those with /' non-vanishing on E) are known to be 
open mappings, so the results of this section could be proved for these 
mappings without involving Theorem *. 

3.9 SERIES IN NEGATIVE POWERS OF Z 

So far we have only considered series of the form aQ-\-a x (z—p)-\- 
a 2 ( z /0 2 + ’ ’ * which involve positive powers of the variable. Later on we 
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will need to understand what happens if we take instead the negative powers of 
(z — p) as in 


(65) 


1 a n(z - p) * = a 0 + 

71=0 




(z — p) 


+ 


(z-p ) 2 


+ ■■■ 


The functions f n (z) = a n (z — p)~ n which enter into this series are well de¬ 
fined except at the base point z = p. To understand these series we must 
answer the same sort of questions we examined in studying ordinary power 
series: (i) What sort of domain of convergence may we expect? (ii) On which 
sets in the plane is the series uniformly convergent? (iii) Are the sums analytic 
functions on the domain of convergence? The series (65) is so closely related to 
the series of positive powers with the same coefficients, 


(66) 2 a n wn = *0 + a \ w + a 2 w2 H-> 

72=0 

that we will not have to do much work to answer all of these questions. For 
example, the ordinary series (66) has a definite radius of convergence 0 < 
r < + oo. It is absolutely convergent at points in the open disc bounded by the 
circle |w| = r, and it diverges at all points outside of this circle. Moreover, it is 

uniformly convergent on any closed disc whose radius is smaller than r, and 

00 

the sum g(w) = a n w n is analytic on the open disc \w\ < r. 

72=0 

Now let us substitute w = - in the ordinary series (66). Obviously, 

z ~ P 

\w\ < r if and only if \z — p\ > - 

r 

\w\ = r if and only if \z — p\ = - 

r 

\w\ > r if and only if |z — p\ < - . 

r 

Therefore, the series (65) diverges if \z — p\ < 1/r; it converges absolutely if 
\z — p\ > 1/r, and its behavior is undecided on the circle \z — p\ = 1/r. The 
mapping w = <f>(z) = l/(z — p) transforms the circle \z — p\ = 1/r onto 
the circle \w\ = r, and maps the exterior domain {z:\z — p\ > 1/r} onto the 
domain {hj: 0 < |w| < r}, as indicated in Figure 3.10. Obviously, the circle 
of radius R = 1 /r divides the z-plane into separate domains on which the series 
(65) converges or diverges, but now it is the set of points lying outside of this 
circle which is the domain of convergence. If we write/(z) for the sum of the 
series of negative powers (65), it is well defined on E = {z: |z — p\ > 1/r = J?} 
and it is clear that 

f(z) - b(J ] =^(—^—) =g(<f>(z)) 

L \w=H(z-v)j \z - pi 
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iy 



z — plane 

Figure 3.10 The mapping w = /(z) 


1 

z-p 


w — plane 

maps the shaded domain in the z-plane 


(inner radius R') to the closed disc ^radius r' = —^ in the w-plane. The series are uniformly 
convergent on the sets E' and D' shown. Dashed circles correspond to the radii of convergence. 


for all z in E. But <f> is holomorphic, and maps E into the domain D = 
{w:\w\ < r} on which g(w) is analytic; therefore, the composite function 
f(z) = ( g°<f>){z )> the sum of the series of negative powers, is holomorphic 
throughout the domain of convergence E. Once Theorem * is proved, we will 
see that this sum is actually analytic on E. 

The series of negative powers (65) converges uniformly to its limit on any 
set of the form E' = {z: \z — p\ ^ R'}, as long as R' is greater than the radius 
of convergence R = l/r associated with (65). It is interesting to notice that 
sets like E' are unbounded; nevertheless, the series is uniformly convergent to 
its limit on any set of this form. To demonstrate this uniform convergence we 
start with the known fact that cf> maps E' into the closed disc D' = {w:\w\ < 
r = 1 //?'}; since R' > R = l/r, we get r < r, so the series (66) converges 
uniformly on D\ Now use Theorem 3.1 (applied to the sequences of partial 
sums of the two series here) to see that (65) converges uniformly on E'. 

Here is an example which illustrates the contrasting convergence 
properties of a series of negative powers like (65), and its associated series (66). 

Example 3.14 Consider the series 


(67) 



z 



(the base point is p = 0). The ordinary series, in variable w , with the same set 
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of coefficients is just the exponential series 

exp(w) = 1 + w + ^7 +-> 

which has radius of convergence r = + oo. The series of negative powers (67) 
then converges absolutely for all z such that \z\ > 0, since R = 1/r = 0; i.e., it 
converges to an analytic function throughout the punctured plane E = 
{z:z^ 0}. It diverges, because the functions appearing in the series are 
undefined, at the’ point z = 0. We can evaluate the sum in (67), since we get 

1 + \ +(i) 0+- •= cxp 6) for au z # °- 

when we substitute w = 1/z into the exponential series. 


Example 3.15 
geometric series: 


Consider the series of negative powers analogous to the 


£z- B = 1 +- + - + 


n —0 


oo 

The associated series of positive powers is the usual geometric series 2 M;n > 

n=0 

which converges to-with radius of convergence r = 1. Since R = \\r — 1, 

" 1 — U) 

the series we are interested in converges absolutely for all points lying outside of 
the circle |z| = 1; by substituting w = 1/z in the geometric series, we can evalu¬ 
ate the sum 


2 2 n = —'— = —-— for all z such that |z| > 1. 

n =o i z — 1 

z 

If we drop the constant term in the original series, it is obvious that 


00 111 

2 z ~ n = - + \ + - 3 + 
n=l Z Z* Z 


for all z such that |z| > 1. 



(-i) 



z 


EXERCISES 


1. Express the following functions as series involving negative (and 
possibly positive) powers of (z — p). 


(i) — at p = 0 
z 

.... 1 — cos z . ^ 

(n) -at p = 0 


(iii) exp(-^) 


... '1 
(iv) sin I - | at p = 0 


(v) 


- 1 at p = 1 

z(z-l) 2 


at p = 0 (vi) 


z 2 - z + 1 


at p = 0. 
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2. Prove directly, using the Weierstrass test, that the series 




—2 n 


converges uniformly on the unbounded set E r = {z:r < \z\ < + oo}, if 
r > 0. 

00 

3. If series of negative powers /(z) = ][a n (z — p)~ n and g(z) = 

oo n=0 

2 b n (z — p)~ n have radii > 0 and R 2 > 0 respectively, at which 

n=0 

points z does the Cauchy product of these series converge to/(z) • g(z) ? 


00 

4. If /(z) = 2 fl n( z “ P)~ n has radius of convergence R < +oo, 

n —0 

give a direct proof that 

(i) f is holomorphic on E = {z:\z\ > R} 

(ii) the derivative is given by term-by-term differentiation of 
the series: 


d i = I«. y {(2 - />)-} - I -na,(z - 

uZ n=0 uZ n=0 

for z in E. 

What goes wrong with the procedure for calculating antiderivatives if the 
coefficient on (z — p ) _1 is non-zero? 

00 

Hint: Use the Chain Rule on (g ° <f>)(z)> where g(w) = 2 a n wn an< i 
w = <f>(z) = l/(z-p). n=0 



4 MAPPING 

PROPERTIES OF 
HOLOMORPHIC 
FUNCTIONS 


In this chapter we will view a function of a complex variable w =f(z) as a 
mapping from one subset of the complex plane to another. In order to clearly 
distinguish between the variable z and the values w =f(z ) of the function, we 
shall think of two copies of the complex plane whose points are labeled z = 
x + iy and w = u + iv , respectively, and we will regard f as a mapping from 
the z-plane into the w-plane. 

We will explore the remarkable geometric properties of holomorphic 
mappings in two ways. First we will study the behavior “in the small” of a 
mapping w = /(z), by examining the displacements Aw = f(p + Az) — f(p) 
corresponding to small displacements Az from some base point p in the domain 
of definition of/. Behavior “in the large” will be studied by examining how f 
transforms various families of lines, circles, and other curves from the z-plane 
into the w-plane. These extreme points of view, taken together, provide a 
reliable intuitive understanding of holomorphic mappings. 

There are some passing comments about non-holomorphic mappings of the 
plane. However, we must emphatically warn the reader that most of the ideas 
we are going to present fail drastically once we leave the realm of holomorphic 
mappings. Mere smoothness of the mapping/ = U + iV, in the sense that the 
first partial derivatives dU/dx , . . . , dVjdy all exist and are continuous, is not 
enough. The behavior of non-holomorphic mappings, even smooth ones, in 
the small is much more complicated than the behavior of holomorphic map¬ 
pings. Restructuring our discussion to include non-holomorphic mappings of 
the plane would require a lengthy excursion into advanced calculus that would 

173 
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be out of place here. A curious situation arises: in a certain sense most smooth 
mappings of the plane are non-holomorphic, but the mappings that turn up 
most often in mathematical and physical problems are holomorphic. It is this 
tendency which makes our study of holomorphic mappings so useful in practice. 


4.1 BEHAVIOR OF HOLOMORPHIC FUNCTIONS IN THE 
SMALL 


Let w = f(z) be holomorphic on some open set E and consider the be¬ 
havior of f near a point p in E. Our investigation rests on the simple results 
proved in Section 2.8. Since f is complex differentiable at/?, it is closely approxi¬ 
mated near p by the linear function of z: 

M =f(p) +f\p)(z-p). 


That is, if we write f in the form 

(1) f(z) =/(*) + E(z) = U(p) +f'(p)(z -P)] + E(z), 

then the error term E(z) = f(z) —f(z) vanishes rapidly as z approaches p: 


( 2 ) 


\E(z)\ 

\z-p\ 


0 as z 


P- 


Since we are interested in the limit behavior of f near the base point p, it is 
convenient to examine the displacements 


A/=/(;) -f(p) 

A/=/(*) -M =f'(P)(z -p) =f\p) Az 


from the image point q =f(p) in the w-plane, corresponding to a displacement 
A z = z — p away from the base point p in the z-plane. Equations (1) and (2) 
then take the form 


(3) 


A/= A/+ E(z) =f(p) ■ Az + E(z) 


E(z) 
z- P 


0 as z —► p. 


If f'(p) ^ 0, the linear term Af = f'(p) • Az in equation (3) is directly pro¬ 
portional to the displacement Az, while the magnitude \E(z) \ of the error term 
approaches zero much faster than | Az| as z approaches /?, and becomes negli¬ 
gible in comparison with the linear term Af == f'{p) * Az. 

It will be easier to read geometric information out of equation (3) if we use the 
polar form 

np) = \f\p)\ 
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Figure 4.1 The images of points z near the base point p> under f and f. Image points 
w = f(z) are shown as solid dots, and images under the linear map w = /(z) as open dots, 
in the w-plane. 


(a real, any determination of ar gf'(p))- Then 
(4) A/= \f{p)\e ia Az + E(z). 

The geometric effect of multiplying Az by the complex number f'(p) to get 
A/ = f'(p) • Az is to scale Az by the positive factor \f'(p)\ and then rotate it 
counterclockwise from its original orientation by an angle of a radians. For 
any small displacement Az from />, A f and A/ = f'{p) Az are attached to the 
point q =f(p) in the w-plane, while Az is attached to the base point p in the 
z-plane, as shown in Figure 4.1. It is very important to notice that each 
displacement Az from p is acted upon in the same way to get A/; we scale it 
by the factor \f'(p)\ and then rotate it by an angle a = ar g/ r (/0> regardless of 
the orientation of Az. For non-holomorphic mappings, the length and direction 
of A f can depend in a very complicated way on the length and orientation of 
Az; it is not even approximately described by simple scaling and rotation 
operations on Az. Here is an example that illustrates the geometric interpreta¬ 
tion of equation (4). 

Example 4.1 The exponential function is a smooth holomorphic mapping 
of the plane: w = /(z) = e z = (e x cosy) = i(e x siny) = U(x,y) + iV(x,y). 
Its derivative f'(z ) = e z = f(z) is never zero. If p = x 0 + iy 0 , the polar form 
oif{p) is \ f{p) | e u , where 

l/'(*o + *>o)l = *** > 0 

a - arg f(x 0 + iy 0 ) =y Q (mod 2ir). 

The linear mapping_/(z) that best approximates f(z) for z near p is 

f(z) = e v + e p (z — p) = e v + « p Az 
A J = e v A z = e x °e iv °Az. 
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ii- 




Figure 4.2 The approximate displacements A/=/'(/>) • Az for displacements A z away 
from various base points in the z-plane. The mapping is w = e z ; the data are listed in Table 4.1. 


Figure 4.2 shows how Az and A/ are related for various base points p k , taking 
Az so that |Az| = 1 and Q = arg Az = 7 t/ 4. The reader might find it inter¬ 
esting to calculate the positions of the actual displacements Af = f(p + Az) — 
f(p) and compare them with the approximate displacements Af listed in 
Table 4.1. (Also, repeat these calculations taking |Az| = 1/10.) 


Table 4.1 Calculation of A/ for Base Points Shown in Figure 4.2. 



Pi = w/2 

II 

o 

Pz = 1 

Pi = -w/2 

' — ^ 

II 

+ 

II 

*V» 

1 

e 1 = e 

e-in/2 = _j 

1 

1 

1 

e 

1 

a = arg /'(/>,) 

+ 77/2 

0 

0 

— 77/2 

IVI 

|Az| 

|Az| 

|Az| • e 

|Az| 


Example 4.2 Consider w =f(z) = az + b (a and b fixed complex con¬ 
stants; assume a ^ 0). Then consider a base point p and write out the linear 
mapping/that best approximates f for z near p. Clearly, f(p) = ap + b and 
f'(p) = a , so formula (1) becomes 

/(z) = (ap + b) + a • (z — p) = az + b =f(z) 

for all z. Thus, the approximating linear map/(z) coincides with /(z). Since f 
was a linear function of z to begin with, it should be no great surprise that/ =/. 

EXERCISES 

1. Explain how a holomorphic function w =/(z) behaves (approxi¬ 
mately) in the small at a base point p in each situation listed below. 

(i) a = arg f'(p) = 0 and \ f(p)\ = 1 

(ii) \f'(p) | is arbitrary, but a = arg f'(p) = 0 

(iii) a = arg/'(/>) is arbitrary, but \f'(p)\ = 1. 
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2. Consider w =f(z) = exp z near the base points shown in 
Figure 4.2. Taking Az so that |Az| = 1 and 6 = arg Az = 7r/4, calculate 
the actual displacements A f = f(p + Az) — /(/>) for each base point. 
Compare these with the approximate displacements A/ shown in the 
figure. 

3. Prove that the transformation w = (z + l)/(z — 1) has dwjdz ^ 
0 on E = {z: z ^ 1}. For the base points 

Pi = 0, p 2 = -1, p 3 = +2, p 4 = —100/, 

calculate: (i) the scale factor \f'{p)\ and the rotation angle a (p) = arg 
/'(/>), and (ii) the new base point q =f(p) in the w-plane. Display the 
behavior of f in the small near these base points (use Figure 4.2 as a 
model). 

4. For 

z 2 -f- 1 , 2 I i 

w = e, w = -, and w = z-j- 1, 

z — 1 

determine the points p in the z-plane at which the approximate displace¬ 
ment A/is obtained from Az by the following special kinds of operations. 

(i) A pure rotation 

(ii) A pure dilation by a factor 0 < a < 1 

(iii) The identity mapping (so that A/= Az). 

What conditions on the derivative f{p) correspond to these different types 
of behavior in the small ? 

5. Set up a diagram like Figure 4.2 for w = sin z. Show how A/is 

related to the displacement Az = (0.1)^ t7r/4 for the base points p = 0, 
7 t/2 , —Zj 10/, and -J -tt. 


4.2 SMOOTH CURVES AND THEIR TRANSFORMATION BY 
MAPPINGS w = f (z) 

A curve in the complex plane will always be taken to mean a parame¬ 
trized curve. Thus it is determined by specifying a point 

(5) y(t) = x(t) + iy(t) 

in the plane for each t within some interval [ a , b ] of real numbers. The real 
valued functions x(t) and y{t) specify the coordinates of y{t) for each t. A para¬ 
metrized curve y is therefore a mapping defined on an interval / = [ a , b ]; each 
number t corresponds to a well defined point y{t) in the complex plane. 
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The point set T = T(y) traced out by y(t) as t varies will always be 
referred to as the trajectory of the parametrized curve y. It might seem natural 
to regard this point set T as “the curve,” but for many purposes the trajectory, 
together with its parametrization , is what we must study. For example, if we regard 
t as a time variable and let y(t) stand for the location of some moving particle 
(or planet) in a two dimensional astronomical problem, it is not enough to 
know the orbit (trajectory) of the particle; we really want to know how the 
particle moved along its orbit (the parametrization) in most problems. If we 
only know the set T, we have lost all information about where the moving point 
y{t) started or finished its motion, the direction (or velocity) with which it 
moved, and so on; the mapping y incorporates all of this extra information. 

We will always assume that the coordinate functions x(t) and y{t) in (5) 
are continuous on [a, b]. This is the same as saying that the mapping y:/-> C 
is continuous, and has the effect of preventing y(t) from making abrupt jumps 
in position as t increases. We also adopt the convention that a < b whenever 
we write the symbol [a, b ] for the set of all real numbers between t = a and 
t = b. The following terminology for parametrized curves is standard: 

(1) The point y(a) is called the initial point of y. 

(2) The point y(b) is called the final point of y. 

(3) If y(a) = y(b ), so that y{t) returns to its starting point, we say that y 

is a closed curve. 

(4) If y(t") ^ y(t') when t" ^ t' y so y never crosses over itself, we say that 

y is a simple curve. 

Evidently a closed curve cannot be simple, according to these definitions; 
nevertheless, by time-honored abuse of terminology, we say that y is a simple 
closed curve if it is closed and satisfies condition (4), except when t" = a 
and t' = b (or t" = b and t' = a). Some examples are indicated in Figure 4.3 
and in the exercises; others are discussed at the beginning of Chapter 5. 

Example 4.3 Consider the curve y(t) = x(t) + iy{ t) y whose coordinate 
functions are 

x(t) = 2 cos t and y(t) = 2 sin t y 

defined for 0 < t < 77. The x and y coordinates of z = y(t) satisfy the equation 
x 2 -f y 2 = 4(cos 2 1 + sin 2 1) = 4 for 0 < t < tt (eliminate t between the above 



simple closed 

Figure 4.3 



not simple closed but 

not closed not simple 

Various types of curves which may occur. 
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equalities), so that y(t) lies on the circle of radius r — 2 about the origin. 
Furthermore, the y coordinate is always positive, since y(t) = 2 sin t > 0 if 
0 < t < 7r, so that y(t) lies on the circular arc in the upper half plane shown in 
Figure 4.4. By tracing the motion of y(t) as t increases, one can see that y(t) 
starts at the point 2 + iO = y(0) and ends at y(n) = —2 + *0, and moves 
smoothly counterclockwise along the arc T. Thus T is the trajectory of our 
parametrized curve. 


A parametrized curve y[t) = x(t) + (?(0 is a function, with complex 
values and a real variable t; thus, we can define the derivative y'(t 0 ) at a 
point t 0 in the interval [a, b ] by forming difference quotients (each one a com¬ 
plex number) 


Ay = zi 0 ~ rfa) 

a t t — t Q 


for t ^ t 0 in [a, b], 


and inquiring whether these approach a limit as t approaches t 0 . These quo¬ 
tients may be written in the form 


Ay = r *(Q - *(/ 0 ) -| + . p(0-^o) l 

A t L t - t 0 J L t - t 0 J ’ 

clearly, differentiability of the component functions x(t) and^(J) at t 0 insures 
that the derivative exists, and that 


(6) y W _ lim ^ _ „ m ^ + Him % = f (,„) + i J («.). 

t-*t 0 tit t->t 0 lit t->toHt at at 


We will use the symbols 


o) and ^(< 0 ) 
at 


interchangeably to indicate this derivative. 

The derivative of y at t 0 is a complex number. Most of the curves we shall 
discuss will be differentiable (or continuously differentiable, twice differentiable, 
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etc.) throughout the interval [a, b], so that the derivatives 


dy d 2 y 


are functions of the same kind as y. 

Definition 4.1 A parametrized curve y(t) = x(t) + iy(t ) defined on an interval 
[a, ft ] is said to be smooth if it is continuously differentiable. This is the same as 
insisting that the functions x(t) andy(t) be continuously differentiable on [a, ft], with well 
defined one-sided derivatives at the end points a and ft. f 

The curve in Example 4.3 has continuous derivatives of all orders: 


y(t) = (2 cos t) + i (2 sin t) 

— (*) = (—2 sin t) + i( 2 cos t) = i • y(t) 
dt 

77 (0 = (-2 cos t) - i{ 2 sin t) = (- 1 ) • y(t) 
dr 


If we think of / as a time parameter, then the derivative y'(t) has an 
important interpretation: the vector corresponding to the complex number 
y'(t 0 ) is associated with the point p = y(/ 0 ) on the trajectory, and tells us 
the velocity (speed and direction) of the moving point y(t) when t = t 0 . The 
Euclidean length of this “velocity vector” or “tangent vector” is just the 
absolute value of the corresponding complex number: 



and is interpreted as the speed (a scalar quantity) of the moving point when 
t = t 0 . The speed gives us no information about the direction in which y{t) 
is moving. 

The derivative y'(t 0 ) may be zero, as in Example 4.4 below. Physically, 
this means that the moving point has momentarily come to rest when t = t 0i an 
occurrence that is not at all unusual in physical problems. If y is a smooth 
curve, then the velocity y'(t) is a continuously varying complex number, and 
the speed \y'(t)\ is also a continuous function of t. However, the direction of 
motion, which we might identify as arg y'( 0 , is undefined if y'(t 0 ) = 0 ; 


t In defining the limit of difference quotients, t must remain within the interval [a, A] 
on which y(t) is defined. Thus, at / = a or t = b we obtain the “right hand” and “left hand” 
one-sided derivatives. 
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in this case, its values for t < t 0 can be quite unrelated to its values for t > t 0 
(assuming that y'(t) ^ 0 for t ^ t 0 ). Some of the possibilities are illustrated 
below. 

Example 4.4 The parametrized curve y(t) = / 3 + z’O, defined for —1 < 
t < +1, traces out the segment T = [—1, +1] on the real axis as t increases. 
The component functions x(t) = t z and y(t) = 0 are continuously differentiable 
and the derivative y'(t) = 3 1 2 + z'O is zero at t 0 = 0. For values of / 0, the 
velocity y'{t) is non-zero, and is directed parallel to the segment T. In this 
situation there is no discrepancy between the, direction of motion before and 
after the momentary halt at the origin. 

Next consider rj(t) defined for —1 < t < +1: 

, . (0 + it 2 if <t <0 

v(f) = 

l« 2 +i0 if 0 < < < +1. 

It is easily verified that rj is differentiable, even at / = 0, and that 

. (0 + 2 it if —1 < / < 0 

(0 = 

12/ —l - iO if 0 <C / -)-1. 

Clearly r]'(t) is a continuous function of /, and so is the speed \rj'(t)\ = 2 |/| of 
the moving point. But ^'(0) = 0, and the direction of motion changes abruptly 
as t passes through zero. The point rj(t) moves downwards from -\-i to 0, slows 
to a momentary halt at the origin, and then moves to the right from 0 to +1, 
as indicated in Figure 4.5. There is no reasonable tangent line to the curve at 
the critical point p = rj( 0) =0, where the derivative vanishes. Yet, in spite of 
the kink in its trajectory, rj is a smooth curve and rj'(t) varies continuously. 

Why do we refer to r\ as a “smooth curve” in the last example, when its tra¬ 
jectory is so obviously angular and “non-smooth” ? In defense of this terminol¬ 
ogy, we point out that the smoothness in the phrase “smooth curve” refers to 
the nature of the parametrization, and not necessarily the shape of the tra¬ 
jectory. That is, a smooth curve is one that is smoothly parametrized, so that 
r\(t) is continuously differentiable. Since we shall deal almost exclusively with 
parametrized curves in calculating contour integrals and other quantities, it is 
reasonable to emphasize the nature of the parametrization. 


+i = T)(~ 1) 


Figure 4.5 The “smooth curve” of Example 4.4. 
The derivative t]'(t) vanishes at the origin. 


7,(0) =0 T,(+l)=l 
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Figure 4.6 A smooth curve y(t) in the complex plane with the velocity vector y'(f 0 ) 
shown attached to the corresponding point p = y{t 0 ) on the trajectory. Since y' (t 0 ) ^ 0, 
there is a well defined tangent line. 

If V'(l o) 0, this derivative determines a well defined direction at p = 
y(t 0 ). There is a definite tangent line to y at/?, the line through/? that is parallel 
to y'(t 0 ), as shown in Figure 4.6. If y'(t) is continuous and non-vanishing 
throughout [ a , 6], the orientation of the tangent line at y(t) varies continuously 
as t increases. Furthermore, one can demonstrate that the trajectory cannot 
have kinks of the sort exhibited in Figure 4.5. 


In a few special circumstances we will be interested in the tangent directions 
at points on the parametrized curves we are examining. Then the curves 
must not only be smooth, but must also have non-zero derivatives. 

This requirement will be mentioned explicitly whenever it arises. 
In most of our applications, smooth curves will do nicely, whether their 
derivatives vanish occasionally or not; the main requirement is that y 
should exist and be continuous. 


A smooth curve y(t) in the z-plane is transformed to a smooth curve r\{t) 
in the w-plane by any mapping w =/(z) whose domain of definition includes 
the trajectory of y . The new curve, given by the formula 

v(t) = [m k«>] =/(y( o) 

is defined on the same interval [ a , b ] as y. Since curves are regarded as map¬ 
pings, the transformed curve t) is just the composite map r\ =foy. Figure 4.7 
shows how the mapping w = z 2 transforms a typical curve y in the z-plane. 

Now suppose that/(z) = U(x,y) + iV(x,y) is a smooth mapping of the 
plane. The components of rj(t) = u(t) + iv(t) are given by 

u(t) = U(x(t),y(t)) and v(t) = V(x(t),y(t)); 
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Figure 4.7 Positions of the curves are shown relative to the unit circles |z| = 1 and 
|u>| = 1 (dashed circles). Transformation of a curve y by the mapping w =/(z) = z 2 . 


a simple application of the chain rule for partial derivatives shows that these 
functions of t are continuously differentiable on [a, b ], and that 


( 7 ) 


, du dU c dU dy 

»'(«) = j «) = y (r(‘» j + j- MO) j , 

dt ox dt ov dt 


so we have calculated drj/dt = u'(t) + iv'(t). 

If f is actually a smooth holomorphic function, we may use the Cauchy- 
Riemann equations to reduce (7) to a simpler form, 


( 8 ) 

in fact, 


drj 

dt 




-J- — u'(t) + iv'(t) = 
dt 


l d JL , ,• , /at/ arw 

\ 3a; 3a; / dt 13j» 3_y / dt 


(du + tdvyji + Jdu + Mi? 

\dx dx / dt \ dx dx / dt 

dz \dt dt) dz dt 


EXERCISES 

1. If p and q are complex numbers, show that the contour y(t) = 
(1 — t)p -\- tq = p + t(q — p) y defined for 0 < t < 1, traces out the line 
segment that connects/? to q . Show that y(t) moves from p to q along this 
segment. Sketch the orientation of the tangent vector y'(t) at the point 
y{t) on the segment. 
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2. Plot the trajectory and indicate the direction of motion for the 
following parametrized curves. Indicate the initial and final points. 
Which are simple, closed, or simple closed curves? Write out the co¬ 
ordinate functions x(t) and y(t), if these are not given explicitly. 

(i) y(t) =p + Re 2irit for 0 < t < 1 (R > 0 real) 

(ii) y(/) = * t( *+ a) for 0 < t < 2tt (a fixed, real) 

(iii) y(t) = (2 1 2 + 1) + it for — 1 < / < 1 

(iv) y{t) = e il for 0 < t < 47t 

(v) y(t) = \ + it for — 1 < t < 1. 

Answer: (i) Circle |z — p\ = R, simple closed; (ii) circle |z| = 1, 
initial = final = e i<x ; (iii) arc of the parabola x = 2 [y 2 + 1; (iv) circle 
\z\ = 1, traversed twice; (v) the line segment from (J) — i to (J) + i. 

3. Calculate derivatives dy/dt for the curves in Exercise 2. (Are 
they differentiable at the end points?) Locate all t such that y'(t) = 0. 
Calculate the speed \y'(t)\ at typical points on the trajectory. 

4. In Example 4.4, prove that drj/dt exists at t = 0, and that its 
value is zero. Determine the direction 6(t) = arg rj'(t) of the tangent 
vector rj'(t) for —1 < t < 0 and for 0 < t < +1; how do the values 
compare when t is near zero ? 

5. Plot the trajectory of the parametrized curve 

y(/) = t 2 + i |/| 3 for — 1 < t < +1. 

Verify that y is a smooth curve. What happens (geometrically) at 
t = 0? 


6. Use w — z 2 to transform the following curves y{t) to curves 
r}(t) in the w-plane. Calculate the derivatives dr\\dt. Sketch the trajector¬ 
ies of y and r], in the respective planes, indicating the direction of motion. 

(i) y(t) = e u for 0 < t < rr 

(ii) y(t) = \ + it for — 1 < t < 1 

(iii) y(t) = (£ + 0 + *0 for — 1 < t < +1 

(iv) y(t) = t • e ia for 0 < t < 10 (a fixed, real). 

7. Carry out the program of Exercise 6 for the following transforma¬ 
tions w = f(z). 

(i) w = Z + 1 
(ii) w = z 2 + 1 

(iii) w = (z + l) 2 = z 2 + 2z + 1. 
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8 . Apply the non-holomorphic transformation w =f(x + iy) = 
y 2 — ix to each of the radial line segments 

y a (t) = t • e ia = (cos a )t + i( sin a)/ for 0 <; t <L 10 

(each real value 0 < oc < 277 gives a different curve y a ). Write the 
transformed curves rj a (t) = f(y a (t)) in the form u(t) + iv(t) and sketch 
the trajectories. Calculate the derivatives drjjdt , using formula (7). 

Answer: If cos a = 0, rj a traces out the segment [0, 100] on the 
real axis; otherwise rj a traces out an arc'on the parabola u = X a v 2 , where 
X a = tan 2 a. 


4.3 CONTOURS 

We will frequently work with curves that are only piecewise smooth. 
This means that the interval / = [a, b ] on which y(t) is defined can be broken 
up into a finite number of consecutive subintervals I l9 . . . , I N such that y(t) is 
smooth in each subinterval. We still require y(t) to be continuous throughout 
the whole interval [a, b], so the curve will not have any breaks in it, but the 
derivative y'(t) is allowed to have simple jump discontinuities at the boundary 
points between intervals. These discontinuities correspond to the presence of 
“kinks” in the curve, at which the velocity (and direction of the tangent line) 
may change abruptly. This sort of behavior is illustrated in Figure 4.8. 
Questions involving piecewise smooth curves can always be reduced to ques¬ 
tions about the individual smooth curves we get by restricting t to the various 
subintervals I l9 . . . , I N . Throughout this book we will use the word contour 
to refer to a smooth or piecewise smooth parametrized curve in the complex 
plane. 


iy 



Figure 4.8 A piecewise smooth curve. The tangent changes direction abruptly at p = y(t 0 ) 
dy 

due to a jump discontinuity of — when t = t 0 . Here L + and L~ indicate the right- and left- 
handed derivatives of y(t) at t = t 0 . 
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EXERCISES 

1. Suppose / = [a, b ] and J = [b, c\ are adjacent intervals in the 
real line, and that y and rj are continuous curves parametrized on / and J 
respectively, such that y(b) = t](b). Let us “piece together” y and rj to 
get a single curve <f>(t) parametrized on [a, c], by taking 


m = 


y(t) for a < t <b 
r\{t) for b < t < c. 


Prove that cf>(t) is continuous on [a, c\, particularly at t = b. If y and rj 
are smooth curves, is <f> a contour ? 


2. Take y and rj as follows in Exercise 1: 


y(t) = e lnt for — 1 < t < +1 
rj(t) = t for 1 < t < 3. 

Sketch the trajectory of the contour (f >, defined for — 1 < t < 3, with 
particular attention to the behavior when t = 1. 


4.4 CONFORMALITY OF HOLOMORPHIC FUNCTIONS 


Let w =f(z) be a smooth holomorphic mapping of the plane and assume 
that df/dz ^ 0 at p. If y is a smooth curve that passes through p (say when 
/ = t 0 ) and has non-zero derivative y'(t 0 ), then y'(t 0 ) determines a well defined 
tangent vector at p. The derivative of the transformed curve rj =f o y is 
also non-zero when t = t 0 : 


( 9 ) 


J (<o) = 7 (y(* o)) 7 M = 7 (P) 7 (<o), 

dt dz dt dz dt 


since f'(p ) 7 ^ 0 ; it determines a new tangent vector at the point q = 

/(/?) = 7 y(/ 0 ) on the transformed curve, as indicated in Figure 4.9. This 



iv 



Figure 4.9 The transformation of tangent vectors by w = f{z). Here r}(t) =f(y(t)) 
and p = y(t 0 ), so q =f{p) = Angles are measured from the positive real axis to the 

derivatives, as indicated by d and <f>, and a = arg f'(p). 
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transformation of tangent vectors is effected in the same way for all curves 
passing through />, regardless of their orientation, by multiplying the original 
derivative y'(t 0 ) by the fixed complex number dfldz(p) and shifting the base 
point from p in the z-plane to q = / (p) in the w-plane. 

If 6 is the angle measured from the positive real axis to the tangent vector 
y'(/ 0 ), and if <f> is the corresponding angle for the transformed tangent vector 
rj'(t 0 ), then 

(10) <f>' = 6 + a where a = arg — ( p ) (mod 2tt), 

dz 

as indicated in Figure 4.9. The lengths of tangent vectors are proportional, t 

( 11 ) IV('o)l= 7-C P) • 1/(01 • 

dz 

Now consider what happens if we take two smooth curves that pass through p 
when t = t 0 and have non-zero tangent vectors there. Let A 6 be the angle 
between tangent vectors at />, measured from y x to y 2 , as shown in Figure 4.10. 
The transformed curves rj 1 = f o y 1 and rj 2 =f ° y 2 pass through q =f(p) 
in the w-plane when t = t 0 , and have non-zero tangent vectors there since 
f(p) ^0; let A (f> be the angle measured from rj 1 to y) 2 . Using (10), we may 
calculate A <f> in terms of A0: 

A <f) = {d 2 -j - a ) — (®i + a) = (0 2 — ®i) — A0. 

Here a = argf'(p) ; this proves the following basic result. 

Theorem 4.1 Let w=f(z) be a smooth holomorphic function whose derivative 
dfjdz is non-zero at p. If two smooth curves pass through p and have non-zero tangent 
vectors which make an angle A6 (measured from y l to y 2 ), then the transformed curves 
rj 1 =foy 1 and rj 2 = f o y 2 have non-zero tangent vectors at q =f(p). The angle A <j> 
between these tangent vectors has the same magnitude and sense as the original angle; 
that is , A <f> = A0. 



Figure 4.10 A holomorphic mapping preserves the angle between two curves which meet 
at/>, if/'(/>) ^ 0, so that A <f> = Ad. Here A 0 is measured from y x to y 2 , and A</> from T] l = 
Jo y Y to rj 2 = f o y 2f as shown. 

f Formulas (9) and (11) would be valid even if dfjdz = 0 at p, but formula (10) would be 
meaningless. (Why?) This is why we assumed that f'(p) ^ 0 at the beginning of this dis¬ 
cussion. 
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In other words, a smooth holomorphic mapping preserves the size and 
sense of angles between curves, at any point p where f'(p) 0. In general, if 
we consider a smooth but non-holomorphic mapping w =/(z), the angle A <f> 
will depend in a very complicated way on both A0 and the orientation of the 
original tangent vectors at p (see Example 4.5 below). For holomorphic 
mappings, the angle-preserving property fails to hold at points where f'(p) = 0 
(see Exercise 4). This remarkable angle preserving property distinguishes 
regular holomorphic mappings from other smooth mappings of the plane, and 
leads us to make an important definition. 

Definition 4.2 Let w = f(z) = U(z) + iV(z) be a smooth mapping of the plane. 
We say that f is conformal at p if: 

(i) The Jacobian determinant J f (p ) is non-zero (this determinant is defined below), 

(ii) The angle between tangents to any pair of smooth curves passing through p is 
preserved , so that A (f> = A0 regardless of how the tangent vectors are oriented. 

Iff does this at each point in some open set E, we say that f is conformal on E. Some¬ 
times we shall enlarge this category of mappings of the plane to include maps that preserve 
the size of the angle but reverse its sense , so that A <f> = — A 6. Such mappings are 
anti-conformal, and these two kinds of mappings , taken together , are referred to as 
isogonal mappings. 


Whether/is holomorphic or not, formula (7) tells us how tangent vectors 


are transformed. In this definition we 

Jacobian determinant 


~dU 

djf 



dx 

dy 

( 12 ) JAP) 

= det 

dV 

dV 



dx 

d y. 


dudv 

dx dy 


dUdV 
dy dx 


is non-zero; otherwise, non-zero tangent vectors oriented in certain directions 
would be transformed to tangent vectors of length zero attached to the image 
point q = /(/>), and measurement of the angle A</> would be meaningless. If f 
is a smooth holomorphic function of a complex variable, its components 
U(x,y) and V(x,y) satisfy the Cauchy-Riemann equations and the Jacobian 
determinant is just 



For this special class of functions, the Jacobian determinant vanishes if and only 
if dfjdz = 0. We leave it as Exercise 2 for the reader to deduce the following 
result from the Cauchy-Riemann equations and the definitions given above. 

Theorem 4.2 Let w = f(z) be any smooth mapping defined on an open set E in the 
plane. Then f is a conformal mapping on E if and only if it is holomorphic with non¬ 
vanishing derivative on E (that is,f is a regular holomorphic mapping on E). 
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Notice that conformality is defined without reference to complex deriva¬ 
tives—it is a purely geometric property of smooth mappings. Theorem 4.2 
establishes the fact that conformality is equivalent to complex differentiability 
(with non-vanishing derivative). 

If a mapping w = /(z) is conformal (or isogonal) on a domain E , this 
means that curves which are orthogonal where they intersect remain orthogonal 
after the transformation into the rf-plane has been performed. This observation 
will be very useful in studying the global mapping properties of holomorphic 
functions. Here are a few examples of conformal and non-conformal mappings 
of the plane. 


Example 4.5 
since 


The mapping w = f(x + iy) = {—y 2 ) + i(xy) is smooth 
U(x,y) — —y 2 and V(x,y) = xy 


have continuous partial derivatives, but the Cauchy-Riemann equations are 
not satisfied and f is not holomorphic anywhere in the plane. The Jacobian 
determinant is 

J f (P) = detj^ ~Y\=2y\ 

and is non-zero at points off the locus y = 0 (the x-axis); let us see if f is con¬ 
formal at any of the points where J f (p) ^ 0. If p = x 0 + iy Q , equation (7) 
shows that a non-zero tangent vector to a curve y through />, 


is transformed to the tangent vector 



at q = f(p). The slope of the tangent to the transformed curve r\ is 


tan ,i= (-)/ ) = -yo+*otanfl = _1 /_j_\ _^> 

\dtj / \dt) —2^ 0 tan 6 2 \tan 6/ 2 y 0 

From this formula it is easy to see that we do not have | A<f>\ = | A0|; in fact, A (f> 
depends in a very complicated way on tan d x and tan 0 2 as well as A0, when we 
transform two curves that pass through p and make an angle A 6. The mapping 
f is certainly not conformal or isogonal. Nor is there any simple analog of 
formula (3) which tells us how holomorphic functions of z behave for z near p. 


Example 4.6 The conjugation mapping w = /(z) = z has the form 


f(x + iy) = x + iy = x — iy , 
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with component functions U(x,y) = x and V(x,y) = —y. It is certainty a 
smooth mapping of the plane, but it is not holomorphic since the Cauchy- 
Riemann equations are not satisfied: 

3C' =1# _ 1= 9T J 

dx By By Bx 


This non-holomorphic function is much better behaved than the one in the last 
example. The Jacobian determinant is —1 everywhere and the transformation 
law (7) for tangent vectors to curves through a point p = y(t 0 ) = a 0 + iy Q 
has a particularly simple form: 


du dv 

v'( l o) = J t (<o) + * J t (<•) 


where 


du 

Jt 


dx 

Jt 


and 


dv 

dt 


dy_ 
dt ' 


Thus, a tangent vector y'(t 0 ) attached to p which makes an angle 6 with the 
positive real axis (measured from the axis to the vector, as usual) is transformed 
to a tangent vector at q =f (p) which makes an angle </> = —6 with the positive 
real axis in the w-plane. In particular, if we transform two curves, y x and y 2 , 
whose tangents make an angle A 0 (measured from y x to y 2 )> the transformed 
curves rj 1 , rj 2 make an angle A</> = — A 0 (measured from rj l to rj 2 ). Thus f is 
an isogonal mapping, although it is not conformal or holomorphic. 

These properties o if can also be seen from its geometric interpretation: 
z = x — iy is the image of z = a + iy when we reflect points in the complex 
plane through the real axis. 

Example 4.7 (LinearMappings) Consider the mappings = f(z) = az + b, 
where a and b are complex constants and a ^ 0. To understand the action 
of such mappings it is sufficient to examine three special cases. 

1. Translations If we take a = 1 and b arbitrary, the position of every 
point z is shifted by adding on b. Obviously we get a conformal mapping of 

v 

the plane which is invertible, the inverse map being given by z = f(w) = 
w — b. 

2. Rotations Taking b = 0 and a such that \a\ = 1, we may write a in 
polar form a = e ict (a real). Thus, w = e i<x • z, and every point z is rotated 
counterclockwise about the origin by an angle of a radians. This mapping is 

V 

conformal and invertible, and its inverse is z = / (w) = e~ ia w. 

3. Dilations Taking b = 0 and a any positive real number, a = \a\ > 0, 
the mapping w =f(z) = a • z acts by scaling each complex number by the 
factor a } leaving directions unaltered. If a = 1 we get the identity mapping 
/(z) = z for all points in the plane; we often refer to f as an expanding map if 

1 < a < +oo and a contracting map if 0 < a < 1, but the term “dilation” is 
meant to allow for either possibility. These mappings are all conformal and 

V 

invertible, with inverse z = f (w) = (1/a) • w. 
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A general linear map/is obtained by composing these elementary map¬ 
pings: if a = \a\ e ia , we obtain w = az + b by performing the operations 

w = e* • z, w = \a\ • z, w = z + b 

in succession. Since the elementary mappings are conformal and invertible 
on the plane, so is their composite w = /(z). 

Linear mappings preserve the shape of sets. Dilations scale the size of a 
figure up or down without changing its orientation. Translations and rotations 
(and composite mappings obtained from them) actually preserve the size of a 
figure as well as its general shape, although they can change its position and 
orientation; these special mappings are distance preserving in the sense that 
|/(z') —f(z") | = |z' — z"| for any pair of points z' and z" in the plane. The 
effect of a typical linear transformation 

w =f( z ) = (* — !) 2 + (* + 1) 

on a rectangular set is shown in Figure 4.11 ; here a = (i — \) = \J2 e i3n/4 
and b = (i + 1) = \]2 e iir/4 . 

Example 4.8 The reciprocal mapping w = f(z) = 1/z is defined and 
holomorphic on the punctured plane £ = {z:z^0}. Since the derivative 
f'(z) = —1/z 2 is never zero, the mapping is conformal everywhere on E. If a 
base point p ^ 0 is fixed,/(z) is closely approximated for z near p by the linear 
mapping 

/M-/W+/•«<«-»- (D - 

so that A/ = — A z/p 2 if A z = z — p. The displacement A/ = /(z) —f(p) 
is closely approximated by A/if Az is small; the size | A/| of this displacement 


W 


y = l 

A 

B 

t 



O 


C 


X = 

1 

' 2 



z — plane 

Figure 4.11 Action of w 
ar g/(0) = +3 tt/4. 


w — plane 

(i — \)z + (i + 1) on a rectangular block. Here a = 
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in the w-plane is therefore approximately given by 

|A/| |A/| = ^ = — 9 ■ |Az|. 

1/1 \P \ 2 

In particular, if the base point p lies near the origin, lengths are dilated by a 
large factor and, conversely, the scale factor for lengths is quite small if the base 
point is far from the origin. The direction arg A/ can be written as 6 + 
where 6 = arg Az and a is some fixed angle associated with the transformation 
f and the base point p. In fact, a = arg f'(p ); this angle may be calculated 
explicitly by noting that 


so that 


fib) = —— = —— • (r iargp ) 2 = +— e i 'e~ 2iaTBP , 

'* \P\* l/’l 2 


a = it — 2 arg(/?) (mod 2tt). 


For example, \{p = 1, then A z is scaled by the factor +1 and rotated by 
+ 7 t radians to obtain A/, so displacements from p are (approximately) trans¬ 
formed by a pure rotation counterclockwise by tt radians. On the other hand, 
if p = +2 i, then Az is scaled by \/\p\ 2 = 1/4 and rotated by a = 0 radians; 
thus, displacements from p = +2 i are (approximately) transformed by a 
pure dilation, without rotation. The reader can examine other base points and 
set up a diagram like the one presented in Figure 4.2 (for the exp function); 
it is also interesting to determine the base points p where f acts on small dis¬ 
placements from p like a pure rotation or like a pure dilation. 

If we measure the angle between two curves that have non-zero tangent 
vectors at p before and after applying the transformation f> the angle a drops 
out and we get the relation A <f> = A0 expected of a conformal mapping. 


EXERCISES 


1. Consider an arbitrary linear transformation (w, v) =<l>(x i y) 
of two real variables x and y : 

u = u 0 + Ax + By 

(A, B , C, D and w 0 , v 0 real) 

v = z/ 0 + Cx + Dy 

Show that the mapping w = u + iv =f(x + \y) is holomorphic if and 
only if D = A and C = — B ; show that f is a complex linear mapping 
(w = az + b , where a and b are complex constants) if f is holomorphic. 

2. The fact that “holomorphic” implies “conformal,” for smooth 
mappings of the plane, has been established in this section. Prove that 
“conformal” implies “holomorphic” by demonstrating that the partial 
derivatives du/dx , . . . , dV/dy must satisfy the Cauchy-Riemann equa¬ 
tions if f = U iV is conformal. This proves Theorem 4.2. 



4.4 CONFORMALITY OF HOLOMORPHIC FUNCTIONS 193 


3. If/ is a smooth holomorphic function on an open set E, show 

that 

(i) g( z ) =/(*) on E 

(ii) A(z) =/(z) on E* = {z: z is in E) 

are anti-conformal mappings. 

4. Consider the action of w =f(z) = z 2 on parametrized lines 
through the origin y{t) = t • e m (a real; 0 < a < 27r). The transformed 
curves rj a (t) = /(y a (0) have zefo derivative at w = 0 (why?), so there 
are no well defined tangent directions' to be discussed. However, the 
“limit tangent directions” 


6 a = lim arg 
t-> o 

are well defined (prove this) and may be compared for various choices 
of a. Show that the angle A 6 between two of these curves through 
z = 0 is doubled by the transformation w = z 2 . Thus w = z 2 is not 
“conformal,” even if we interpret A <f> using the limit tangent directions 
above. Sketch the transformed curves rj a for a few values of a. 

5. Repeat Exercise 4 for w = z • sin z. 

6. Show that w = z 2 maps radial lines that make an angle A0 at 
z = 0 to radial lines that make an angle A <f> = 2 • A0 at w = 0. Then, 
sketch the image in the tt’-plane of the annular sector E whose polar 
coordinates satisfy r x < r < r 2 and 0 X < 0 < 0 2 (assume — 0 2 < 7t, to 
keep the image from overlapping itself). Do the same, taking r x = 0 
and r 2 = +oo. 

7. Sketch the transformed image of the rectangular block E = 
{z: 1 < Re(z) <2 and 0 < Im(z) <2} under the following linear 
transformations. (Using Figure 4.11 as a model.) 


(i) w= -z 

(ii) w = iz — 3 


(iii) w 


= (B-‘ 


(iv) «; = (4 - z) 


8 . At which points do the following mappings fail to be con¬ 
formal ? 

z — 1 


(i) w = z + z 3 

(ii) w = sinh z 

(iii) w = cos z 


( iv ) w , . 

Z + 1 

(v) w = e z — z 


(for z ^ — 1) 


(vi) w = exp ^) (for z ^ 


0 ) 
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9. For w = exp z determine all points p at which the approximate 
displacement A/is obtained from A z by 

(i) a pure rotation 

(ii) a pure dilation by a factor a > 1 

(iii) a pure dilation by a factor a < 1 

(iv) the identity transformation A/ = Az. 

Sketch these loci in the z-plane. How are tangent vectors transformed 
for base points p on these loci ? 

10. Repeat Exercise 9 for w = z 2 . 


4.5 MAPPING PROPERTIES OF HOLOMORPHIC FUNCTIONS 
IN THE LARGE 

There are a few really general principles we can use to examine the 
global mapping properties (the properties “in the large”) of holomorphic 
functions. For example, if we want to study the behavior of a mapping by 
seeing how it transforms a family of curves (lines, circles, etc.) from the z-plane 
into the w-plane, it is obvious that the curve family should be chosen so it is 
related to the intrinsic properties of the mapping we are considering. There is 
no single family of curves that is appropriate in every situation. We also have 
at our disposal the following conformality principle, which follows directly 
from the conformality of holomorphic functions, and needs no further comment. 

Theorem 4.3 Let w = f(z) be a holomorphic function defined on an open set E in the 
complex plane. If p is a point in E where f'(p) ^ 0, then any pair of smooth curves that 
meet at p, and have non-zero orthogonal tangents at p , are mapped by f to curves in 
the w-plane whose tangents are orthogonal at the image point q = f(p) where the image 
curves meet. 

The condition f'(p) ^ 0 is vital to the result. 

We illustrate these principles by examining the global mapping properties 
of a few very familiar holomorphic functions. The first example is selected to 
avoid the difficulties that would arise if there were points at which f’(p) = 0. 

Example 4.9 The map w =f(z) = e z is holomorphic on the whole z- 
plane, and its derivative f'(z) = e z is never zero. Consider the curve families 
in the z-plane: s/ consisting of all vertical lines (x = constant) and 88 con¬ 
sisting of all horizontal lines (y = constant). These are orthogonal families; 
curves from s/ and 88 are orthogonal where they intersect. The conformality 
principle assures us that the transformed families f(s/) and f{88) are orthog¬ 
onal families in the w-plane. In particular, a vertical line z = c + y; (— oo< 
y < + oo) gets mapped to the set of points 

w = e c+iy = e c e tv = e c (cosy -f i sin j>); 
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y = 3irl2 
w — plane 


Figure 4.12 Transformations of horizontal and vertical lines x = constant and^> = 
constant to corresponding curves in the w-plane under w = e 2 . The case y = d = 37t/ 4 is shown 
at left; images of horizontal lines y = H7t/ 4 are the radial lines shown in w-plane. 

as 7 increases, these points trace out the circle \w | = e c (note that e c > 0 for any 
choice of the real number c), covering the circle once each timej; moves through 
an interval of length 2tt. A horizontal line z = x + id ( — oo < * < + oo) 
gets mapped to the set of points 


w 


e x+id = e x e id 


Thus ar g(w) = d, a constant value, while the absolute value is |w| = e x . 
Clearly, w = e x+td traces out the ray from 0 to infinity (with w = 0 excluded) 
that makes an angle of d radians with the positive real axis. A few of these 
transformed curves are shown in Figure 4.12. Obviously, the original families 
srf and 3ft are mapped to the families: f (srf) = all circles about the origin, and 
f{33) = all radial lines originating at w = 0 (with the end point w = 0 
excluded). The curves in the transformed families are obviously mutually 
orthogonal. 

It is interesting to combine these observations to see how the exponential 
mapping transforms certain sets, notably rectangular blocks of the form 

c x < x < c 2 and d x <y < d % . 

As in Figure 4.13, this set is transformed to an annular sector with interior 
angle <f) = d 2 — d 1 and radii r x = e Cl < r 2 = e c2 . The sector overlaps itself, 
possibly several times, if the length of the original block in thejy direction exceeds 
27 t: d 2 — d x >277. From the way the exponential map transforms lines and 
rectangular domains, it is clear that the range is Range(^) = {w: w 0}, the 
punctured plane. 

Example 4.10 (The reciprocal map w = 1/z) This conformal transforma¬ 
tion, defined on the punctured plane £ = {z:z^ 0 }, is in the unusual 
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w — plane 

Figure 4.13 Transformation of rectangular blocks to circular sectors by the mapping 
w = e z . 

position of being its own inverse: 

z = f(w) = \/w for all w ^ 0. 

That is, applying the map f twice in succession to a point z brings us back to 
where we started: 

/(/(*)) =/(!/*) = 777“ = ^ for all z ^ 0. 

( 1 /*) 

One way of examining the global properties of f is to write z in polar 
form z = re 10 ; the transformed point 



can be obtained by performing two simpler operations in succession. Thus, 
f = C o J, where J is the mapping that reflects points through the unit circle 
in the following manner (it is defined for z ^0): 

(14) J(re 10 ) = - e 10 for all r > 0 and all real 0, 

r 

and C is the familiar complex conjugation map C(z) = z, which has the 
polar form 

(15) C(re t9 ) = re~ t0 for all r > 0 and all real 0. 

Now/is the composite mapping/(z) = (CoJ)(z) = C(J{z)) for all z ^0; the 
action of the individual mappings J and C is very simple, and is illustrated in 
Figure 4.14. Notice that z and J(z) have the same argument 0, but their 
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Figure 4.14 The inversion 
w = 1/z realized as a composition 
of J = reflection through the unit 
circle and C = complex conjuga¬ 
tion. 



absolute values are reciprocal to one another; points on the unit circle |z| = 1 
are left wheVe they stand, and this is why we refer to J as a “reflection through 
the unit circle.” 


Note: We have already pointed out that the function C(z) = z is not 
complex differentiable, and the reader can easily check that J(z) is not 
differentiable either, by referring to the Cauchy-Riemann equations. It 
is interesting that these mappings, neither of which is differentiable , combine to 
give us a holomorphic function J(C(z)) =/{z) = 1/z. It may be helpful 
to point out that the mappings J and C are anticonformal; at any point 
in their respective domains of definition they preserve the size of the angle 
A 6 between two curves but reverse the sense of this angle so that the image 
curves make an angle A <f> = — A0. Obviously, two sense reversing maps 
performed in succession give a sense preserving (conformal) mapping. 

Other global mapping properties are revealed by examining the way 
w = 1/z transforms horizontal and vertical lines in the z-plane. Points on the 
horizontal line 


z = x + id (d ^ 0 a constant; — oo < x < +oo) 


are transformed to points 


w = u + iv =- 7 

x + id 


x 

x 2 +d 2 


+ i 


-d 

x 2 + d 2 


(—00 < * < + 00 ) 


and we can eliminate x between the expressions for u and v to see that u and v 
satisfy the equation: 


a 2 + 



This equation describes a circle centered at u = 0, v = — \f2d on the y-axis; 
this circle is tangent to the w-axis and passes through the origin (see Figure 4.15). 
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W 



Figure 4.15 Transformation of the horizontal and vertical lines through a point p — 
c -f id by the mapping w = 1/z. The image points trace out the circles shown, avoiding the 
exceptional point w = 0. 


The points w = f(x + id) trace out all points on this circle except w = 0; 
they approach the origin as \x\ —► + oo, as indicated by the arrows in Figure 
4.15. Similarly, the vertical line z = c + iy (c ^ 0a constant; — oo <y < 
+ oo) is mapped one-to-one into the circle centered at the point u = l/2c, 
v = 0 on the w-axis, which passes through the origin: 

(-a+'-GJ 

We leave it to the reader to account for the transformation of the exceptional 
lines 

z = x + z’O and z = 0 + iy 

(with the origin z = 0 deleted, since it is not in the domain of definition E) ; 
these sets are mapped into the real and imaginary axes in the w-plane, avoiding 
the point w = 0. 

The two families of circles we get by transforming the families of horizontal 
lines and vertical lines in the z-plane to circles in the w-plane are orthogonal 
where they intersect, as we expect from the conformality of w = 1/z. This is 
perhaps more clearly illustrated in Figure 4.16, where we display the action of 
this mapping on a checkerboard pattern of rectangles bounded by horizontal 
and vertical lines in the z-plane. Remember that w = 1/z maps the circle 
|z| = 1 one-to-one onto the circle \w\ = 1, and interchanges the set of points 
inside the unit circle with the set of points outside of this circle, as the numbering 
of squares in our diagram indicates. Consequently, the square labelled with 
numeral 1 in Figure 4.16 is mapped to a domain which extends out to infinity. 
The nature of the pattern in the other three quadrants is easily determined 



4.5 HOLOMORPHIC FUNCTIONS IN THE LARGE 199 




Figure 4.16 Mapping of a pattern of horizontal and vertical lines under the reciprocal 
mapping w = 1/z. 


using the symmetry properties 

/(-*) = -/(*) m = JV) (all z * 0 ) 

of the reciprocal mapping. 

The mappings studied above are all relatively simple; here is a familiar 
holomorphic transformation of the plane whose global mapping properties 
present a more substantial challenge. 

*Example 4.11 (The Complex Trigonometric Function w = sin z) This 
function is analytic throughout the plane, and has the following symmetry 
properties: 


sin(z + 27772) = sin z (sin z is periodic) 

sin( —z) = —sin z (sin z is an odd function of z) 

sin(z + 7r) = —sin z 

Therefore, to fully comprehend its mapping properties, it is enough that we 

understand how it behaves in a vertical strip of width 77 , such as the one shown 

in Figure 4.17. t We will show that w = sin z maps the open strip D = 

{z: —7 t/ 2 < Re(z) < 7 t/ 2} to the doubly cut plane E obtained by deleting 

the rays (— 00 , —1] and [+1? + 00 ) from the real axis in the w-plane. Since 

djdz {sin z) = cos z 0 for z in D, f is a conformal mapping /:D —> E. We 

will see that it is invertible (maps D one-to-one onto the domain E ), so there is a 

v 

well defined inverse z —f{w) defined on the doubly cut plane E , which will be 

f The periods are of length 2 n, but the extra symmetry relations tell us how sin z behaves 
in a strip of width 2n if we know it for strips of width n. 
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X = 


II 


z — plant* 


tv — plane 


Figure 4.17 The mapping w = sin z from the strip —tt/2 < Re(z) < +77-/2 one-to-one 
onto the doubly cut 10 -plane with rays (— 00 , —1] and [+ 1 , + 00 ) deleted. 


regarded as the principal determination of z = arcsin w for the complex 

V 

variable w. We will denote it by f(w) = Arcsin w hereafter. 

The global nature of w — sin z is conveniently studied by examining the 
transformation of horizontal and vertical line segments in the strip D. First 
write out the real and imaginary parts of the transformation: 

sin(* -f- iy) = U(x,y) + iV(x,y) = (sin x cosh y) + /(cos x sinh^). 

The vertical lines 



z — c iy 


iy ( 


c fixed with — — oo<y<+°o 

2 2 ) 


get mapped to branches of hyperbolas, except in the special case when c = 0; 
then w = sin(0 + iy) = i sinh+ sweeps out the imaginary axis, in the direction 
shown in Figure 4.17, as increases. For c ^ 0 we may eliminate y between 
the formulas for u and v to get 

2 2 

( 16 ) - U — — V = cosh 2 y — sinh 2 ^ = 1 for all y, 

sin 2 c cos 2 c 

for the points u + iv swept out by w = sin (c + iy )• Equation (16) describes a 
hyperbola centered at the origin with focal points ±1 + z’0 and asymptotic 
lines whose slope is il/tan c. It is not hard to see that w = sin (c + iy) traces 
out the right-hand branch of the hyperbola if c > 0 and left-hand branch if 
c < 0, as indicated in the figure. 
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The horizontal lines 


z = x + id |d fixed; — ^ < x < + ^) 

in our strip transform to complementary halves of an ellipse, except in the 
special case when d = 0; then w = sin (a: + iO) = sin x sweeps out the segment 
( —1, +1) on the real axis, moving from left to right as x increases. Otherwise, 
d ^ 0 and 


(17) 


+ 


cosh 2 d sinh 2 d 


= sin 2 x + cos 2 x — l for all — — < x < + — , 


This is the equation of an ellipse with focal points ±1 + i0 and axis intercepts 
u = zb cosh d y v = zb sinh d. A little thought reveals that w = sin(x + id) 
traces out only the upper half of this ellipse, in the direction shown in Figure 
4.17, as x increases when d > 0; it traces out the lower half, as shown, when 
d < 0. Notice that no point in the open strip D gets mapped into the deleted 
segments ( — oo, —1] or [+1, + oo), and every other point w in the cut plane 
is the image of exactly one point z in the strip, so f:D->E is an invertible 
mapping. 


The boundary lines for the strip D, consisting of points 

7T 7r 

z = - - -f iy or z = + - + iy (-00 <y < oo), 

are mapped onto the rays ( — oo, — 1] and [ + 1, + oo) in the w-plane in a 
two-to-one manner. But we are not considering these boundary lines as 
part of our domain D. 


The nature of the mapping is better understood if one considers how the 
checkerboard pattern shown in the right half of the strip in Figure 4.17 is 
transformed by our mapping. It should be clear that the transformation w = 
sin z becomes somewhat badly behaved as z approaches the boundary points 
z = zb (7r/2) + iO; vertical lines in the strip D come closer and closer to being 
doubled over upon themselves when they pass near these points on the boundary. 
This is related to the fact that d/dz( sin z) = 0 at the points z n = ( 77 / 2 ) + nTr > 
so the mapping w = sin z is not conformal at these points. 

From the way w = sin z transforms vertical and horizontal lines in D, 

V 

we have seen that there is an inverse mapping z = f(w) = Arcsin w defined 
for w in E. By Theorem 2.23, the inverse map is differentiable throughout E. 

The values x = Re (Arcsin w) for the inverse map are constant on the 
hyperbolic arcs, which are images of the lines x = constant under the map in 
the opposite direction, w = sin z; and y = Im(Arcsin w) is constant on the 
elliptical arcs corresponding to y = constant shown in Figure 4.17. This 
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observation can be useful in understanding the properties of the inverse 
mapping z = Arcsin w. For example, it is clear that x = Re(Arcsin w) 
approaches the limit value +7t/2 as w approaches any point w 0 = u 0 + z’0 
on the cut [+1? + oo), while y = Im(Arcsin w) approaches values with oppo¬ 
site sign as w approaches this point from the upper or lower half plane. Similar 
reasoning applies to the left-hand cut. We leave it as Exercise 6 for the reader 
to determine the precise limit values when a typical point w 0 is approached 
from the upper side of the cut: 


(18) lim (Im (Arcsin (u 0 + z<5))} = arccosh(w 0 ) = log(zz 0 + yjuo — 1) 

<5-0+ 


if i/ 0 > -f-1. We will have more to say about arcsin z and its various determina¬ 
tions in Section 4.10. 

In Chapter 7 we will show that a holomorphic mapping between domains 
in the complex plane carries solutions of Laplace’s equation V 2 H = 0 on one 
domain to solutions of this equation on the other domain, if we make the 
obvious change of variable. The mapping properties we have just exhibited 
for the exponential function show how we may reduce the problem of solving 
Laplace’s equation in an annular sector to the much simpler problem of solving 
this equation on a rectangular domain. The mapping properties of the other 
functions studied in this chapter can be employed in a similar way for other 
types of curvilinear domains. We will examine this application in some detail 
later on. 


EXERCISES 


1. Divide the strip E = {z:—tt < Im(z) < into a grid of 

rectangular blocks, numbering a few of the blocks near the origin in the 
upper half plane. Determine how w = e z transforms this checkerboard 
pattern; indicate which curvilinear blocks in the w-plane correspond to 
the numbered blocks in the z-plane. (Use Figures 4.16 and 4.17 as 
general models.) 

2. Carry out a similar analysis for w = Log(z), defined on the cut 
plane P obtained by deleting the segment ( — oo, 0] from the real axis. 

3. Determine the images of the circle |z — i\ = 1 and the line 
y = 1 under the following transformations. 


(iv) w = z 2 + 1 

(v) w = z 3 


(i) w = 2 iz 

(ii) w=\jz 

(iii) w = z — i + 4 
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4. Verify that the transformations below are one-to-one and 
conformal throughout the domains indicated. Identify the image domains 
in the w-plane. 


(i) w = z 2 + 1 

(ii) w = (z + l) 2 

(iii) w = Log z 

(iv) w = Log z 

(v) w = sin z 

(vi) w = sin z 

(vii) w = sin z 


on Re(z) > 1 
on Re(z) > 1 
on Im(z) > 0 
on Im(z) > 1 
on the half strip 

—7t/ 2 < Re(z) < 7 t/ 2; Im(z) > 0 
on the square — 1 < x < +1; 

— 1 < y <+1 
on the rectangle 

—tt/2 < * < tt/2 ; 1 <y < 2 


Hint: How is the boundary of the domain transformed? 

Answers: (iii) strip 0 < Im(z^) < n; (iv) region bounded by curve 
u = log (esc ii) for 0 < v < 7r; (v) upper half plane; (vi) and (vii) 

see Figure 4.17. 


5. How does w = sin z transform the boundary lines x = — n/2 
and x = +7t/2 of the strip E in Figure 4.17? Explain how the lack of 
conformality at z = +7t/2 and z = —7r/2 makes itself felt in the trans¬ 
formation properties of these lines. How do these observations fit into the 
facts displayed in Figure 4.17? 


6 . Verify formula (18) of Example 4.11. 

Hint: The function of real variable cosh u = v maps [0, +00) 
one-to-one onto [l,+oo); demonstrate that the inverse mapping is 
arccosh v = log(p + — 1). 


7. Consider a point p = x 0 + iy 0 that does not lie on the real or 
imaginary axis. Prove that w =f(z) = z 2 transforms the horizontal and 
vertical lines y =y 0 and * = x 0 to parabolas that meet and are perpen¬ 
dicular at q = f(p ), as shown in Figure 4.18. How is this perpendicularity 
related to conformality of f? Determine how f transforms the exceptional 
lines x = 0 and y = 0 that pass through z = 0. 


8 . For d ^ 0 consider the vertical lines y d (t) = d + it, defined for 
— 00 < t < +°o. Show that w =f{z) = z 2 transforms these to para¬ 
bolic curves rj 5 (t) = f(y d (t)) and determine the equation (in terms of 
u, v, and 8) of the trajectory. Explain why rj+ d and r\_ b trace out the same 
parabola, moving in opposite directions. Sketch the trajectory of r\ b as 8 
approaches zero through positive and negative values. How is the excep¬ 
tional line y 0 (t) = it (imaginary axis) transformed, and how does rj 0 
fit into the family rj b (8 7^ 0) ? 
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iv 



Figure 4.18 Transformation of horizontal lines y = constant and vertical lines x = con¬ 
stant to parabolic curves under w = z 2 (provided p ^ 0). 


9. Repeat Exercise 8 , considering the transformation of horizontal 
lines in the z-plane under w = z 2 . Again, refer to Figure 4.18. 

10 . Divide the right half plane E = {z:Re(z) > 0 } into a checker¬ 
board pattern using vertical lines x = c (c > 0) and horizontal lines y = d 
(— oo < d < + oo) . Sketch the transformed pattern of curvilinear 
blocks we obtain by applying the mapping w = /(z) = z 2 . Pay special 
attention to the blocks adjacent to z = 0; are they transformed in an 
exceptional way ? 

11. Divide the right half plane E — {z:Re(z) > 0} into a pattern 
of curvilinear blocks determined by semi-circles \z\ = r > 0 and radial 
lines arg z = a (—7 t/2 < a < tt/2). How does w = f(z) = z 2 transform 
this pattern into the w-plane? Identify the image domain F =f(E). 

4.6 THE COMPLEX SPHERE AND STEREOGRAPHIC 
PROJECTION 

We will examine other special functions as we proceed, but first we want 
to discuss the behavior of a function “at infinity.” There is no complex number 
that plays the role of this hypothetical point “infinity;” nevertheless, in various 
situations it can be very helpful, and enlightening, to think of this number as if 
it really existed. We shall do this by taking the complex plane C and adjoining 
to it a new point, labeled oo, to form the extended complex plane C* = 
C U {oo}. The new point oo will be referred to as the point at infinity. 
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We might entertain the idea of defining the usual algebraic operations, 
sum, product, and quotient, in this enlarged system C*, and this can be done 
to a certain extent. Naturally, we take the usual operations for pairs of numbers 
in the subset C <= C*, the ordinary complex numbers in C*. Our intuition 
also tells us how we should define some of the operations between ordinary 
complex numbers and the exceptional point oo; the following rules are almost 
self-evident: 


00 • Z = 00 = Z * 00 

00±2=00 = zd = 00 
z /0 = oo 
z/oo = 0 
00 * 00 = 00 . 


for z ^ 0 in C 
for all z in C 
for z ^ 0 in C 
for all z in C 


Unfortunately, there is no reasonable way to define all the familiar operations 
in the extended number system C*, due to the fact that oo does not really 
behave like an ordinary complex number. In particular, there is no reasonable 
value we can assign to the combinations 

oo ± oo oo/oo 0/0 oo • 0 0 • oo. 

Even in Calculus these are indeterminate forms, and must be left undefined, t 
In this book our real desire is to use the extended number system to 
understand geometric problems. For this purpose we will now set up a simple 
geometric model of the extended complex number system C* in which the 
exceptional point oo appears as an actual point. A natural model is provided 
by the stereographic projection of the complex plane onto a sphere. Let us 
start with three dimensional Euclidean space R 3 with coordinates (f, ?y, £). 
The plane determined by setting £ = 0 is identified with the complex plane by 
letting z = x + iy correspond to the point (x>y, 0), so that f = x, rj =y, 
£ = 0. Let N stand for the point (0, 0, 1), which can be regarded as the 
north pole of the sphere S given by the equation 

f* + v 2 + a - w = m 

This sphere S has radius r — 1/2, and its south pole 0 = (0, 0, 0) rests on the 
origin of the complex plane. The stereographic projection maps a point Z = 
(*, y, 0) in the complex plane to a point on S along the straight line segment that 
connects Z to the polar point N, as shown in Figure 4.19. We write 0(Z) 
for the projected point, and when we identify the point Z = (*, y, 0) with the 
corresponding complex number z = x -j- iy in C, we may regard 0 as a map¬ 
ping from C into the sphere S, : C —► S. 


t Notice that O/oo = 0 and oo/O = oo are not indeterminate forms according to the rules 
we have set up. The combination oo + oo is indeterminate (and not = oo) since our notion of 
infinity cannot distinguish between + oo and — oo ; thus oo + oo is no better than the obviously 
indeterminate expression oo — oo. 
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Figure 4.19 Stereographic projec¬ 
tion of the plane £ = 0 onto the sphere S. 


Each point z = x + iy in the complex plane maps to a unique point on S, 
and by direct calculations with similar triangles (which we leave to the reader) 
we see that the projected point has coordinates O(z) = (£, rj, £) given by 

y Im(z) 

1 + r 2 = 1 + |z| 2 


where r 2 = x 2 + y 2 . Conversely, a point (f, rj, £) on the sphere, other than the 
exceptional point N=( 0,0,1), corresponds to the point z = xiy in the 
complex plane such that 


(19) 


f = 
£ = 


Mf) 

i + M 2 

■ _ l*l 2 

1 +r 2 1 + |z| 2 


1 + r 2 
„2 


( 20 ) 


X = 


£ 

i-C 


y = 


n 


i 



£ 

i -C' 


It is important to notice that no point in the complex plane projects to the 
polar point N y while every point in the “punctured sphere” S ~ {iV} corre¬ 
sponds to a unique complex number. The exceptional role of the polar point N 
allows us to use the sphere S as a model for the extended complex plane C* = 
C U {oo}, in which the exceptional point oo in C* is identified with Nand an 
ordinary complex number z with its projection O(z). Because we have chosen 
to represent C* as a sphere, the extended complex number system C* is often 
referred to as the complex sphere (or Riemann sphere). 

Obviously, any line L in the complex plane determines a unique plane in 
R 3 passing through L and the polar point N. This plane intersects S in a 
circle which passes through N, and stereographic projection maps L to the 
circular arc in S obtained by deleting TV from this circle. As particular examples 
of the way in which lines are transformed, we note that radial lines through the 
origin in the complex plane are mapped to meridians on the sphere, with N 
deleted (a meridian is any great circle that passes through the polar points 
0 and N ). As we will show below, circles on the complex plane get mapped to 
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circles on the sphere that avoid the exceptional point N. Elementary manipula¬ 
tions with similar triangles show that the unit circle K = {z: |z| = 1} is 
mapped to the equatorial circle on the sphere; the closed disc D = {z: \z\ < 1} 
is mapped one-to-one onto the lower hemisphere of S. Other circles centered 
at the origin get mapped to latitude circles on the spere, and circles of large 
radius are mapped to very small circles on S that are centered at the excep¬ 
tional point N. These observations are summed up as follows. 


Theorem 4A Stereographic projection 0:C—>S maps the complex plane one-to-one 
onto the punctured sphere S ~ { N) obtained by deleting the point Nfrom S. Furthermore , 

(i) Every straight line in the plane is mapped to a circular arc in S which consists 
of some circle in S passing through N , with N deleted . 

(ii) Every circle in the plane gets mapped to a circle in S which avoids the exceptional 
point N. 

Conversely , every circle in the complex sphere corresponds to a unique line or circle in the 
complex plane under stereographic projection (circles in S that pass through N correspond 
to lines in the plane). 


Proof: Statement (i) requires no further comment, 
is determined by an equation of the form 


A circle in the plane 


( 21 ) 


x 2 + y 2 + Ax -f- By + C = 




+ 



= 0 ; 


we must take A 2 + B 2 — 4 C > 0 to get a non-degenerate locus (radius r >0). 
If we substitute the expressions in (20) for x and y, we see that the projected 
points on the sphere satisfy 


( 22 ) 


+ 


+ 




+ 


Brj 


(l - Q* (i - 0 2 l - C l - { 


+ c = o. 


But these points must also satisfy the equation that defines S: 


f 2 + v 2 + £ 2 - C = 0; 


thus, | 2 -f- rj 2 = £(1 — £). If we substitute this into (22), we see that the 
projected point (f, rj> £) = O(z) satisfies the equation 

(23) £ + A e + Bfi+C(l - 0 =0, 

which is the equation of a plane in R 3 . This plane meets the sphere non-trivially 
since it includes all point <E>(z) with z in the circle defined by equation (21). 
Furthermore, this plane must meet the sphere in a circle, so this circle is the 
projected image of the circle (21) in the complex plane. The point N = 
(0, 0, 1) does not lie in the plane determined by (23); this equation can’t be 
satisfied by N> so the point N cannot lie on the circle we get by intersecting this 
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plane with the sphere. It is not very difficult to reverse this argument to see that 
every circle on the sphere that misses the point N is actually the projected image 
of some circle in the complex plane. | 

Further efforts with analytic geometry reveal that the stereographic pro¬ 
jection preserves the angle between circular arcs (or lines) where they meet. 
For arcs in the sphere this angle is measured as the angle between tangent 
lines; these tangent lines lie in the plane (in space) that just touches the sphere 
at the point where the arcs meet, and the angle between tangent lines is meas¬ 
ured within this plane. We leave the proof as Exercise 5. 

Theorem 4.5 Let C x and C 2 be circular arcs {or line segments) in the complex plane 
that meet in an angle Ad at some point p , measured from Q to C 2 . Stereographic pro¬ 
jection maps these to circular arcs K x and K 2 in the complex sphere that meet at P — 
0(/>) in an angle A(f> = Ad , measured from K x to K 2 . 


In order to determine the sense (sign) of angles in the tangent plane to a 
point P on the complex sphere, we must specify whether we are to view the 
tangent plane from inside the sphere or outside the sphere; once a definite 
convention is set, counterclockwise angles are counted positively, as usual. 
We shall measure angles looking at the tangent plane from within the sphere. 
This convention insures that stereographic projection preserves the sense 
as well as the magnitude |A0| of angles between two lines. If angles were 
measured from outside the sphere, we would get A <f> = — AO (sense of 
angles reversed). 

EXERCISES 

1. Prove that stereographic projection maps the unit circle {z: \z\ = 
1} to the equatorial circle on the complex sphere. 

2. Describe the relative positions of z, —z, z, —z, 1/z, 1/z in the 
plane and on the Riemann sphere. 

3. Verify formulas (19) and (20). 

4. A sector 0 < |z| < 5, a < arg z < is projected onto C*. 
What is the area of the projected set? 

5. Prove Theorem 4.5 using the following geometric ideas (refer to 
Figure 4.20). If A and B are rays that make an angle Ad at p in the plane, 
these project to circular arcs 0(^4) and 0(5) that meet at O (p) in an 
angle Acf>. To show A <f> = A0, notice that the angle A0' (measured in 
the plane tangent to oo) is clearly equal to — Ad, since the complex plane 
is parallel to the tangent plane at oo. Next, prove that A0' = — A<f>, by 
noting how 0(^4) and 0(5) are the intersection with S of planes through 
A, 5, and oo. 
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Figure 4.20 The rays A and B project to arcs on S determined by the planes through A 
and oo, and through B and oo. Remember: the sign of an angle is determined by viewing it 
from within S. 


6 . Prove that z and w correspond to diametrically opposite points 
on the Riemann sphere if and only if zw = — 1. 

7. If a circle T = {z : |z — p\ = i?} in the complex plane is pro¬ 
jected onto a circle K in the complex sphere, calculated the radius of K . 
Does the center of T project to the center of K? 


4.7 BEHAVIOR OF FUNCTIONS AT INFINITY: IMPROPER 
LIMITS 

It is frequently useful to say that a sequence { z n } of complex numbers 
“approaches infinity” or “converges to infinity” if its terms are eventually 
outside of any closed disc D r — {z: \z\ < r} of finite radius. If this happens 
we say that { z n } has the improper limit oo: 

lim z n = oo. 

n~* oo 

A sequence of complex numbers can diverge (fail to have a limit in the ordinary 
sense) without converging to the improper limit oo; the sequence 

1 0 if n is even 
2 n if n is odd 

diverges, but the absolute value \z n \ frequently have the value zero, so we do 
not get lim z n = oo. Convergence to oo refers to a very special kind of 

n—*oo 

divergence. 
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Notice that we do not attempt to distinguish between +oo and — oo in 
defining lim z n = oo, as we would if we were dealing with sequences of real 

n—*• oo 

numbers. Since the complex plane does not possess convenient order properties, 
any attempt to do this would be plagued with technical difficulties. If a 
sequence of real numbers {x n } is regarded as a sequence of complex numbers, 
the limits lim x n = + oo and lim x n = — oo, defined in Calculus, reduce to 

n-+ oo n—>-oo 

the single statement lim x n = oo. 

71—>-00 

Once we have defined what it means for a sequence of complex numbers to 
converge to oo, we may then consider limits of a function f(z) of a complex 
variable at any point p on C*, including p = oo, and we may also allow the 
improper value oo as the value of such a limit. Thus, we will be able to make 
sense of improper limit formulas such as 

lim |-j = oo lim | —-—j = 1 lim {z 2 -f z) = oo. 

z-> 0 Izj z~* oo ll -f- zj z-*co 

Consider a function w =/(z) defined on an open set E in the plane. If p 
is a point in C* {p = oo is allowed) that can be approached by sequences of 
points in E , we say that 

lim/= a (a in C*) 

z-*v 

if lim /(z n ) = a for every sequence of points in E , distinct from p , such that 

n— >-oo 

z n -+p as n -> oo. 

Example 4.12 Let w = f(z) = 1/z for z in the domain E = {z:z =£ 0}. 
To prove that /has a well defined improper limit at the origin, let us consider 
any sequence of points z„ —>■ 0 as n -> oo. If R > 0 is given, we know that 

\z n — 0| = |z„| < l/R for all large n 

(take e = l/R in the definition of the limit lim z n = 0). This means that 
l/( z «)l = !/l z nl > 1/(1 /.R) = for all large n; thus 

li m /( z J = °° 

n-> oo 

for every sequence {z n } that converges to zero (z n / 0, all n). This proves 

lim f = lim {1/z} = oo. 

z-+0 z~* 0 

It is also easy to show that /has a limit at infinity: lim {1/z} = 0. Conse- 

2—*-00 

quently,/ may be regarded as a continuous mapping of C* into C* if we assign 
the values/(0) = oo and/(oo) = 0; for any p in C* we get 

lim f exists and is equal to the value f(p). 
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Example 4.13 Linear mappings such as w = f(z) = az + b (a ^ 0) 
become continuous mapping of C* into C* if we assign the value/(oo) = oo; 
that is, this choice of value at p = oo insures that lim / = oo =/(oo). We 

z —►oo 

already know that lim f =f(p) for an ordinary point p. 

z — 

Special types of linear transformations have interesting interpretations as 
mappings/:C* —► C*. Rotations w = e lot • z rotate the complex sphere by an 
angle a radians about the axis passing through 0 and oo; dilations w = a • z 
act by shifting points along meridians on the sphere, moving them toward oo 
if a > 1 and toward 0 if 0 < a < 1. Translations w = z + b have a slightly 
more complicated interpretation: in the plane points are moved along lines 
parallel to the line through the points {0, b}. In the complex sphere these lines 
correspond to the family of circles through oo shown in Figure 4.21, and 
translation shifts points along these circles in the same direction as b , as shown. 

Example 4.14 To show that lim {z 2 + z} = oo, consider a typical 

z—+CQ 

sequence that converges to infinity in the plane. Then 

14 + Zn\ > |z.|* - |Z.| = \z n \ * (Kl - 1), 

by the triangle inequality, and for all large n we get \z n \ — 1 >2. Thus, 
|/(z n )| > 2 • |z n | for all large n. Now it is clear that the absolute value |/(zj| 
becomes arbitrarily large as n increases, so that lim /(z n ) = oo. 


In closing this discussion we must warn the reader that not every holo- 
morphic function is sufficiently well behaved at infinity, or near its singular 
points (such as z = 0 in Example 4.12), that we can assign a definite value at 
these points. 


Example 4.15 Clearly w = e z is defined near infinity. If {z n } is a se¬ 
quence that approaches oo along the positive real axis, say z n = x n + *0, then 
we obviously get lim exp(z n ) = lim e Xfl = oo; on the other hand, if z n 

n —*>oo 7i—► oo 


Figure 4.21 The translation w = z + b moves points 
along the family of circles passing through oo, in the same 
direction as b. 
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approaches oo along the negative real axis, we get lim exp(z n ) = 0. Further- 

n-+co 

more, if z n = 0 + iy n approaches oo moving in either direction along the 
imaginary axis, we cannot expect the sequence of values 

f(z n ) = expO> n ) = cos_>> n + i sin_>> n 

to have any limit at all. This should convince the reader that f(z) = e z is 
badly behaved as z —> oo, and no definite limit value can be assigned; not 
even the value w = oo is acceptable! 


EXERCISES 


1. Determine the limits lim f for 

Z-+V 


f(z) 



at p = 0 and p = oo. Can values/(0) and f(o o) be assigned so that/ 
gives a continuous mapping/ :C* — ► C* ? 


2. Prove the following statements about improper limits. 

(i) lim sin z does not exist (not even the value oo is accept- 

z-* 00 

able) 

,... .. sin z 
(n) lim = oo 

2-0 Z 


(iii) lim —- = oo 

2-0 sin z 

(iv) lim tan z = oo 

2 — ff /2 


(v; 


) lim [z - 

*\ 2 / 


tan z = — 1 


(vi) limsin(-) does not exist. 
2-0 \zj 


3. Determine whether lim f exists, for 

2 —*-<30 

(i) /(*) = exp(«*) 

(ii) /(z) = tan z 

(iii) /(z) = sin(l/z) 

Calculate \f(x + iy) \ explicitly for these functions. 
Answer: (i) no limit; (ii) no limit; (iii) 0. 
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4. The limit lim e z does not exist if we consider e z as a function 

2—*-00 

defined on the whole complex plane. However, if we define f(z) = e z 

on a smaller domain E c C, the limit lim f(z) might exist (then one 

2—*-00 

considers only sequences in E such that z n -> oo). Prove the following 
statements, taking E as indicated. Sketch E in each case. 

,(i) lim/ = 0; f{z) = e z for 37 t/ 4 < arg z < 57 t/ 4 . 

Z-* oo 

(ii) lim/ = oo; f(z) = e z fop —n/4 < arg z < it/ 4. 

z~* oo 

(iii) lim/does not exist; /(z) = e z for Re(z) < 0. 

z-* oo 

(iv) lim/does not exist; /(z) = e z for —it < Im(z) < -\-n. 

2 —♦ 00 

5. If lim z n = oo and lim w n = oo, show by way of an example 

n—>oo ?i—►oo 

that the sequence £ n = z n + nee d ndt have any limit at all (not even 
oo). Prove that lim z n • w n = oo. 

n—>oo 


6 . Consider a sequence of points z n = r n e ta , situated on the ray 
arg z = a (real a) such that r n —► + oo as n —► oo. For which directions 
a does 

(i) lim |sin(z w )| = oo? 

n-> oo 

(ii) lim |sinh(z n )| = oo? 

n~* co 

(iii) lim |exp(z w )| = oo? 


4.8 FRACTIONAL LINEAR TRANSFORMATIONS 

There is a simple family of holomorphic mappings, the fractional 
linear transformations of the complex plane, which enter into a truly 
amazing variety of mathematical and physical problems. They play an 
important role in mathematical fields as diverse as number theory and non- 
Euclidean geometry, and we find them turning up in a natural way at the heart 
of things in relativity and in quantum field theory. Indeed, the theory of the 
famed Lorentz transformations of special relativity coincides almost exactly 
with the theory surrounding the fractional linear transformations, if we take the 
right point of view. We will, unfortunately, not be able to go into these diverse 
applications, since any discussion of this sort would presume detailed knowledge 
of the physical or mathematical problems involved, as well as the theory we will 
develop in this section. 

Here we will study the mapping properties and some of the theory of this 
family of mappings. The discussion should help the reader develop his own 
techniques for using the tools we have assembled for studying the mapping 
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properties of holomorphic functions. The mapping properties of fractional 
linear transformations will be very useful in solving conformal mapping 
problems, especially for domains bounded by lines and circular arcs. In some 
books these transformations are referred to as bilinear transformations, 
Mobius transformations, or linear transformations, but we will not use 
this terminology, t 

Definition 4.4 A fractional linear transformation is any mapping T of the 
complex plane that has the form 


(24) 


T(z) = 


az -b 
cz -f d 


where the complex coefficients a , b, c , and d satisfy the condition ad — be 0. 

Of course, T is determined once we specify the matrix of coefficients 


(25) 


a b 

y 

_c d_ 


and ad — be is just the determinant of this matrix. If this determinant were 
equal to zero, the mapping T either would be constant (all values the same), 
or would be undefined everywhere due to the presence of a zero in the denomina¬ 
tor; in either case we would want to exclude this degenerate situation. 

The correspondence between T and the matrix of coefficients is not one- 
to-one. If every term in the matrix (25) is multiplied by the same non-zero 
complex scalar // ^ 0, this constant cancels out of (24) and we get the same 
transformation. This is actually the only way two different matrices can give 
the same mapping of the plane; i.e., two matrices (with non-zero determinant) 


a b 


'a' b’~ 


and 


_c d_ 


y d '. 


give the same transformation, in the sense that 


az -\- b 
cz 4~ d 


a'z + b' 
c'z + d f 


for all z, 


if and only if there is a non-zero scalar fx such that a = [xa , . . . , d' = /id. We 
leave the verification as Exercise 2. 

If c = 0 in the set of coefficients, we must then have a ^ 0 and d 0, and 
the transformation simplifies to a first degree polynomial in z, a linear function 
of z, T{z) = ( a\d)z + ( b/d ) = a'z + b' for all z. These transformations have 

t Although some authors use the phrase “linear transformation” to refer to the fractional 
linear transformations defined here, we will always reserve this term to indicate functions of the 
form w = az -f b. 
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been described in Example 4.7. If such a mapping is regarded as a transforma¬ 
tion of the complex sphere T: C* —► C*, it is well behaved at infinity and we 
get a continuous mapping of C* onto itself by assigning the value T'(oo) = oo 
at infinity. The linear mappings together with the reciprocal mapping w = 1/z, 
which corresponds to the matrix of coefficients 

"0 1" 

.1 ’ 

form an easily studied class of “elementary” fractional linear transformations. 
It turns out that these transformations determine all other fractional linear 
transformations; however, before we demonstrate this, let us collect a few 
observations about the reciprocal mapping. 

The map w = T(z) = 1 /z is a regular invertible mapping on E = {z : z ^ 
0}; its derivative dT/dz = — 1 /z 2 is everywhere non-vanishing. If we assign the 
values T'(O) = oo and T(o o) = 0, we get a continuous invertible mapping of 
C* (recall Section 4.7). We have already indicated that T can be written as the 
composite T = C © J of two extremely simple anti-conformal mappings: 

J(re l6 ) = - e l ° (reflection through the unit circle) 
r 

C(re t$ ) = re~ ld (ordinary complex conjugation). 

It is enlightening to notice how J and C appear when regarded as transforma¬ 
tions of the complex sphere. They are identified with simple reflections of C* 
through certain planes passing through the center of the sphere, as shown in 
Figure 4.22: 

(i) J reflects points in C* through the equatorial plane (the equator 
corresponds to the unit circle |z| = 1 under stereographic projection). 
This is why we refer to J as a “reflection through the unit circle.” 

(ii) C reflects points through the plane determined by the real axis, which 
appears as a meridian on C*. 

Notice that we get the same result on performing the operations J and C in 
either order (the operations commute ); T = CoJ = JoC. 

This representation of T as successive reflections in C* reveals certain 
geometric properties which are not so obvious if we regard w = 1/z as a trans¬ 
formation of the plane. Clearly, the reflections J and C act on the sphere to 
map circles to circles; so does the composite T = J o C. Interpreting this as a 
statement about the transformation of lines and circles in the plane under 
w = 1/z, it is not difficult to see that w = 1/z transforms families of lines and 
circles in the following ways: 

(i) Radial lines through the origin map to radial lines through the 
origin. 

(ii) Lines that avoid the origin map to circles that pass through the 
origin. 

(iii) Circles through the origin map to lines that avoid the origin. 

(iv) Circles that avoid the origin map to circles that avoid the origin. 
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plane for C 

Figure 4.22 The actions of the anti-conformal mappings w = J(z) and w = C(z) in 
the complex sphere combine to give the inversion map T = J°C = C°J. 


Of course, these mapping properties could also be determined by direct 
algebraic calculations. We have already done such calculations, in Example 
4.10, to decide how horizontal and vertical lines are transformed. Sometimes 
we are obliged to perform detailed algebraic calculations. For example, we 
might ask which circle or line is the image of (or maps to) a specified circle in 
the plane under T ; or, we might want to know the fine details of how in¬ 
dividual points on one circle K are mapped to points on the image curve T(K). 

We now turn to general fractional linear transformations. Whatever 
discussion is necessary will be made for the case when c ^ 0 in the coefficient 
matrix (25); what we have to say is usually obvious for the linear transformations 
that arise if c = 0, and we will not bother with the separate treatment they 
require. If c 0, the typical transformation 


( 26 ) 


T(z) = 


az + b 
cz + d 


is undefined at z = — (d/c) due to the appearance of a zero in the denominator, 
so T(z) has the natural domain of definition E = {z:cz + d ^ 0} = {z:z ^ 
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—d/c}. It is obviously holomorphic throughout E and 

dT ad — be 
dz (cz + d) 2 

is never zero on E , since ad — be ^ 0. Thus T is conformal at every point 
in its natural domain of definition. The behavior of T(z) as z —> oo or 
z —> —(d/c) is quite orderly; there are well defined improper limits at these 
points, and T becomes a continuous mapping of C* if we assign the values 

T{-(dlc)) = oo and T( oo) = (a/c) 

at the exceptional points. 


These assignments agree with formula (26) if we apply the algebraic rules 
for handling oo that were introduced in Section 4.6. In the degenerate case 
when c = 0, formula (26) reduces to T(oo) = oo which, as we have seen 
in Section 4.7, is the correct assignment of values for a linear transformation. 


Every fractional linear transformation has an inverse which is a trans¬ 
formation of the same kind. 

Theorem 4.6 Each fractional linear transformation w = T{z) maps the complex 

V 

sphere C* one-to-one onto itself so that there is a well defined inverse mapping z = T(w) 

V 

which reverses T. The inverse mapping T is again a fractional linear transformation , 
given by 

z*\-r\ X —dw + b 

(27) z = T(w) = -. 

cw — a 

Proof: If c = 0 these statements are clear from previous examples, so we 
pass to the case when c^O. Then T maps the singular points z = — d/c and 
z = oo to w = oo and w = a/c, respectively. If w is not one of the latter, it is 
obvious that w = T(z) = (az + b)j(cz + d) has the unique solution 

— dw + b 

z = -. 

cw — a 

Therefore, T maps C* ~ {— d/c> oo} one-to-one onto C* ~ {oo, a/c}. Accord¬ 
ing to our conventions for defining T at the exceptional points, it follows that 

V 

T actually maps C* one-to-one onto C*, and that T is given by 

z = T{w) = — — - for all w in C*, 

cw — a 

even if w = oo or w — a/c. This inverse mapping is obviously fractional 
linear. | 
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Besides the inverse T of a fractional linear transformation T, we can also 
define the product of two such transformations S and T, which is the composite 

(28) (.S o T)(z) = S( T(z)) for all z in C*. 

Note carefully that S o T need not be the same mapping as the product T o S, 
taken in the opposite order. (See Exercise 1.) The identity transformation 
/(z) = z (a linear transformation) acts as a unit for this multiplication opera¬ 
tion: 

(29) IoT=T=ToI 

for any fractional linear transformation T y and the characteristic equations 

V 

satisfied by the inverse T of a given transformation T may be summarized in 
the form: 

(30) Tof=I=T°T. 

We must emphasize that the product S o T (a composition of mappings) is 
again a fractional linear transformation. In fact, if the coefficient matrices of 
S and T are 



a b 


V b'~ 

5 = 

c d 

and T = 

c' d' 


then direct computations show that S o T is the fractional linear transformation 
whose coefficient matrix is the “matrix product’’ of the above matrices: 


ao! -f- be' cib' *T bd' 


a b 


'a' V 


= 


X 


ca + dc cb' + dd' _ 


_c d_ 


y d'_ 


We will not use this formula, so further comments on matrix multiplication are 
unnecessary. 


We have displayed the fractional linear transformations as a family of 
mappings on C* in which we can form (composition) products and inverses 
freely, without stepping outside of this family. We have remarked that 
multiplication is not commutative; i.e., we can find S and T such that 
S o T ^ T o S. It is not hard to see that composition of mappings is 
associative: R o (S o T) = (R o S) o T. In algebraic terminology this is 
summed up by saying that the fractional linear transformations form a 
group of transformations of the complex sphere. Many computational 
arguments can be reduced to trivialities if we make careful use of the group 
properties of this family of transformations. Extensive discussion of the 
group theory viewpoint is beyond the scope of this book; yet we must note 
that the group properties of the fractional linear transformations are the 
basis for some of their most important applications in physics and mathe¬ 
matics. 
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Obviously, any product of successive elementary operations, including 
dilations, rotations, translations, and reciprocals, is a fractional linear trans¬ 
formation; conversely, the elementary transformations “generate” the whole 
set of fractional linear transformations. 

Theorem 4.7 Every fractional linear transformation T can be written as a product of 
four elementary fractional linear transformations. 

Proof: If ^ = 0, the result is obvious. If c 0, we can write 


T(z) = 


az + b 
cz -j- d 


( be - ad \ / 1 

\ r 2 ) \z+ {die) 



which expresses T in the form T = o r 3 o T 2 ° T x , where 


r x (z) = z + - ; T 2 (z) = - ; T 3 (z) = z; T t (z) = z + - . I 

c z \ c f c 

Important global mapping properties of fractional linear transformations 
are revealed when we notice how they transform circles and lines. By taking 
extended lines (adjoining the point at infinity) we may regard lines as a 
special class of circles in the complex sphere, the ones which pass through 
infinity. 

Theorem 4.8 Let Jf' be the family of all circles in the complex sphere and let T be any 
fractional linear transformation. Then 

(i) The image curve T(T) is in Ctf for every circle T in CtiT. 

(ii) Distinct circles I\ ^ To in the family are mapped to distinct image 
circles: T{T X ) ^ r(r 2 ).| 

(iii) Every circle T in CriT is the image of a uniquely determined circle T in Jf, so 
that T{T) = T. 

Proof: We have already indicated that the elementary transformations 
have property (i). Any composite of elementary mappings must also have this 
property; now invoke Theorem 4.7. Property (ii) holds because T is a one-to- 
one onto (invertible) mapping of C* onto itself; thus, two sets coincide (or 
differ) after being mapped by T if and only if they coincide (or differ) to begin 

V ~ V 

with. For (iii), let T be the inverse of T and take F = T'(F). Obviously, by 
(i), r is a circle and by definition of inverse mappings we get T^P) = 

V 

T o T{T) = V. By (ii), no other circle in CfT can possibly be mapped to T 
under the action of T. | 


f Two point sets in C* are said to be equal , A = B, if and only if they contain exactly the 
same points. The sets A and B can intersect non-trivially without being equal as sets. 
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These results are usually summarized by saying that fractional linear 
transformations map circles to circles in C*. Some applications will be pre¬ 
sented later in this section; then, in Chapter 7, we will apply these ideas to 
an extensive collection of mapping problems. 

Also important in understanding the mapping properties of general 
fractional linear transformations are the fixed points of 7", those points z in 
C* that satisfy the equation T(z) = z, so that z is left unmoved by T. The 
identity transformation I(z) = z is exceptional as far as fixed points are con¬ 
cerned, because every z in C* is a fixed point. Other fractional linear trans¬ 
formations are severely restricted in the number of fixed points they can have. 

Theorem 4.9 A fractional linear transformation with three or more fixed points must 
be the identity transformation. 

Proof: If c = 0 the transformation is linear, w = T(z) = Az + B, and 
the fixed points in C* are 

(i) z = oo and z = ——— C\{ A 1) 

1 - A 

(ii) z = oo (if A = 1 and B =£ 0) 

(iii) all z (if A = 1 and B = 0; then T is the identity). 

Clearly, there are at most two fixed points if T is not the identity. 

If c =£ 0, the point oo is definitely not a fixed point. An ordinary point z 

in the plane is left fixed if and only if z = T’(z) = ( az + b)/(cz + d ), which is 

the same as saying that 

cz 2 + (d — a)z — b = 0. 

This quadratic equation has at most two complex roots. Evidently, the only 
situation that leads to three or more fixed points is the one in which T is the 
identity. | 

From this simple result many remarkable consequences follow. 

Theorem 4.10 If S and T are fractional linear transformations that agree at three or 
more distinct points in the complex sphere , say 

S(z k ) = T(z k ) for A =1,2, 3 

for distinct points {z 1( z 2 , z 3 }, then S and T are identical throughout C*. 

Proof: We are assuming that 


s i z k) = w k= T(z k ) for k = 1,2, 3. 

Let $ be the inverse of S, so that S(w k ) = z k (k — 1, 2, 3). The product $ o T 
is a fractional linear transformation such that 

T(z k ) = S(T(z k )) = 5(w k ) = z k 


(*=1,2, 3). 
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Thus, So T has three distinct fixed points, and must be the identity map: 
S o T = I. Multiplying both sides of this equality by the transformation S , 
we get 

S = SoI=SoSoT = IoT= T, 
since S o S = /, and this proves the theorem. | 

Theorem 4.11 If we are given two sets {z l5 z 2 , z 3 } and { w l9 w 2 , w 3 } each consisting 
of three distinct points in C*, there is a uniquely determined fractional linear transforma¬ 
tion T that maps the first set of points to the second: 

T(z x ) = w x T(z z ) = w 2 T(z z ) = w 3 . 

Note: Although the points in each triple must be distinct, we do not 
exclude the possibility that there are some points in common between {z l5 z 2 , z 3 } 
and {w ly w 2 , w 3 ). For example, the sets {—1,0, +1} and {0, oo, +1} are quite 
acceptable. This result says that a fractional linear transformation has so few 
degrees of freedom that its behavior throughout C* is completely determined 
once we know what it does to three distinct points. If we only specify the 
values w = T(z ) at two points, there are infinitely many fractional linear 
transformations that satisfy these requirements (Exercise 14). 

Proof: It is an easy matter to devise a fractional linear transformation R 
that maps the triple {z v z 2 , z 3 } to the “standard triple” {0, oo, 1}. In fact, we 
may take 

(31) R(z) = - » ■— * 2 • 

z 3 — z 1 \z — zj 

Any transformation of the form w = a(z — z 1 )/(z — z 2 ) maps z x to 0 and z 2 
to oo, and we have chosen a to give R(z z ) = +1. 


If one of the points {z v z 2 , z 3 } is oo, one must use slightly different formulas, 
but the alterations needed are almost self-evident. In each case we get the 
correct formula by “canceling out” terms in the numerator and denomina¬ 
tor of (31) which involve oo. For example, if z x = oo the correct formula 
for R(z) is 

= (f 3 ~ *2) _ = (z* ~ *2) 

Z (z - z 2 ) (z - z 2 ) 


Likewise, there is another fractional linear transformation S that maps 
{w^ w 2 , w 3 ) to {0, 00 , +!}• We get the transformation we really want by 
taking the product T = S o R y where S is the inverse of S ; obviously, 

T( Zl ) =S.R(z l ) =5(0) = 1 ^ 

T(z 2 ) = So R(z 2 ) = S(co) = w 2 
T(z 3 ) = $0 R(z 3 ) =S(l) =w 3 . 
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The uniqueness of the transformation T that interpolates these points has 
already been proved. | 

Using formula (31) we can explicitly calculate the transformation w = T(z) 
that carries {z lf z 2 , z 3 } to {w l9 w 2 , w 3 }. For the moment, let us assume that oo 
does not appear in either triple. Define S and R as above; then T = 8 o R, 
so that S o T = So$oR = IoR = R. Therefore, by formula ( 31 ), the points 
z and w = T(z) satisfy the equation 

(w — W,) (w» — Wo) „, v _ .__ . x . „ . 

-T • / -\ = s ( w ) = S ( T W = SoT & 

(w — w 2 ) (w 3 — Wj) 

( 32 ) = R(z) = (Za - z a) (Z - fi) 

( 2 3 - 2 ,) (2 - 2 2 ) ■ 

We obtain the formula for T by solving for w as a function of z in this identity. 
The reader can check that we still get a valid formula by solving this identity, 
even if oo appears in the triples, provided we cancel terms involving oo on each 
side. 

If a, /?, y, <5 are distinct points in C* (oo is allowed as one of the points), 
we define their cross ratio to be the number in C* 


(33) 


(*> P> Y> &) 


(«- m - v 

(« - m - y) ’ 


calculated according to the rules in Section 4.6 if oo appears, f Formula (32) 
is just a statement about cross ratios; if T is any fractional linear transformation 
and if distinct points {z, z l9 z 2 , z 3 } are given, then 


(W, U) 3 , w u W 2 ) = ( 2 , Z 3 , z u Z 2 ) 

where w = T(z) and w k = T(z k ) (k = 1, 2, 3). By labeling points suitably, 
we get: 

Theorem 4,12 The cross ratio of four distinct points in C* is invariant under any 
fractional linear transformation . 


This invariance includes formula (32), and is very useful in calculating the 
transformations that solve certain mapping problems. It will be used exten¬ 
sively in Chapter 9; meanwhile, we will only give a few examples of its use in 
mapping problems (see also Exercise 16). 

Example 4.16 Determine a fractional linear transformation that maps 
{ — 1,0, +1} on the real axis to the points { — 1, — £, +1} on the unit circle. By 


| Since the points are distinct, none of the differences can be zero. If oo is one of the 
points, it appears once in the numerator and once in the denominator of (33); these terms should 
be canceled to obtain the correct value for the cross ratio in this case. Except for this, an indeter¬ 
minate form cannot arise. 
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and solving for w = T(z) we get 


(34) 


w = T(z) 



Notice that T(co) = +*, so the point oo, which serves as a terminal point for 
the real axis in C*, is also mapped into the unit circle \w\ = 1. Now T must 
map circles to circles, and since three distinct points in C* fully determine a 
circle in the sphere, we are assured that T maps the extended real line onto the 
unit circle. If we substitute z = x + iO into (34) we know that T(x + z‘0) —> -fz 
as x —► + oo or x —► — oo, and a careful examination of (34) shows that T(x + 
z‘0) moves counterclockwise around the circle |w| = 1 as x increases. In effect the 
real axis is being “bent around” the unit circle, covering all points on the circle 
except w = +f, which corresponds to z — oo. 

Because T wraps the real axis around the circle in a counterclockwise 
direction, it is intuitively obvious that T should map the upper half plane to the 
interior disc |w| < 1 and the lower half plane to the exterior domain \w\ > 1. 
This can be verified by examining how T transforms radial lines extending from 
the origin to infinity; by Theorem 4.8 these must be mapped to circular arcs 
extending from T'(O) = —z to T( oo) = +z in the w-plane. If we consider a 
ray that makes an angle 0 with the positive *-axis (0 < 6 < n), we know that 
the transformed curves must also meet at an angle 6 at T'(O) = — z because T 
is conformal at z = 0. The situation is shown in Figure 4.23. These observa¬ 
tions completely determine the circular arc in the disc \w\ < 1 corresponding 
to any ray from the origin in the upper half plane. Similar considerations may 
be applied to rays in the lower half plane, to see that T does map upper and 
lower half planes onto the domains \w\ < 1 and \w\ > \> respectively. 

Further use of the principles embodied in Theorem 4.8 allows us to 
determine how a checkerboard pattern determined by the lines x = constant 
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Figure 4.24 The transformation w = i ^ . j maps the upper half plane Im (*)> 0 

conformally onto the open unit disc |u>| < 1. The curves in the 10 -plane corresponding to 
x = constant and^ = constant are shown; these describe the behavior of the inverse function 

V 

z = / ( 10 ) on the disc. 
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and^ = constant is mapped into the w-plane; the effect of T is illustrated in 
Figure 4.24. 

Using similar calculations, we can produce a mapping S that carries 
{— 1 , 0 , + 1 } to the points {— 1 , + i, + 1 }, namely 


S(z) 



This map is obtained by performing the operation w = T(z ) followed by the 
inversion operation w = 1/z. Clearly, S maps the lower half plane Im(z) < 0 
onto the disc \w\ < 1 and maps the upper half plane Im(z) > 0 to the exterior 
domain \w\ > 1. The inverses of these mappings are also interesting in applica¬ 
tions if we want to map a disc, or the complementary exterior domain, con¬ 
formally onto a half plane; we leave the reader to calculate the inverse mappings 
in Exercise 8 . 


EXERCISES 

1. Prove that the mappings S(z) = 1/z and T(z) = z + 2 do not 
commute: S(T(z)) =£ T(S(z)) for at least one z on the complex sphere, so 
that S o T and T o S are not the same. 


2. If two matrices with non-zero determinant, 




determine the same fractional linear transformation, prove that there is a 
complex scalar 0 such that a' = //a, . . . , d' = [id. 


3. If T(z) = (az + b)/(cz + d), with c 7 ^ 0, and if we assign 
values T(—d/c) = 00 , T( 00 ) = a/c, prove that T is a continuous mapping 
on the complex sphere. 


4. Decide how the following curves are transformed under the 
fractional linear transformations indicated. 


(i) Re(z) = 1 

(ii) \z - 2 | = 1 

(iii) |z — 3£| = 1 

(iv) Re(z) = 1 


under w = 1 /z 
under w = 1 /z 
under w = if z 
under w = 2 /(z — i) 


Hint: Use the ideas in Theorems 4.3 and 4.8, rather than elaborate 
calculations. 

Answers: (i) \w — (£)| = (ii) circle through {£, 1}, center on 
real axis; (iii) |w — (§)| = i; (iv) |w — ( 2 i + 1 )| = 1 . 
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5. Decide how the following domains are transformed. 

(i) Re(z) > 1 • under w = 1/z. 

(ii) 0 < Re(z) < d under w = 1/z. 

(iii) The part of the disc |z| < 1 in the right half plane, 
under w = 2/z. 

(iv) The first quadrant under w — l/(z + !)• 

Answers: (i) Interior of the circle \w — \\ = \\ (ii) complement of 

< — in the half plane R c(w) > 0; (iii) Re(^) > 0 
2 o 

and \w\ >2; (iv) half disc \w + £1 < h I m (^) < 0. 

6. If T is a fractional linear transformation and T and T' are 
circles in C*, prove that the following relationships between T and T' 
remain valid for the images T(T) and T'(r'). 

(i) r nT' = 0 (disjoint) 

(ii) T and T' meet in just one point 

(iii) T perpendicular to T' where they meet 

(iv) T tangent to T'. 

7. Show that fractional linear transformations do not always 
transform the center of a circle T to the center of the image circle T' = 
T(F). 

Hint: Try w — 1/z. 

8. Show that the inverse mapping (carrying the unit disc to the 
half plane) in Example 4.16 is given by 

z = T{w) = all w in C*. 

i \w — i) 

V 

Compose T (or T) with familiar linear transformations, to produce map¬ 
pings S with the following properties: 

(i) S maps the right half plane Re(z) > 0 onto the unit 
disc |^| < 1 (onto the disc |^| < r). 

(ii) 5 maps the unit disc |z| < 1 onto the half plane Im(w) > 
0 so that z = 0 maps to w = 2 + 2/. 

(iii) S maps the half plane Re(z) > —1 onto the domain 
\w — i\ > 1. 
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Figure 4.25 


£|V Ey 


The initial domains in Exercises 9, 10, and 11. 


Answers: (i) S(z) = T ( +iz) =i{ ^ — | j ; (ii) S(z) = 2(T(z)) + 
2 = 2 • -—(iii) Set £ = i(z + 1) and take w = 


iz + 1 


S(t) = + i\ direct calculations yield w = 


2 i 


z + 2 


9. Prove that no fractional linear transformation TrC*—*C* 
can possibly map the domain Ej shown in Figure 4.25 onto the unit disc 
D = {w: \w\ < 1}. 

Hint: Fractional linear transformations are conformal. How would 
T map the “corners” at z = 0 and z = r? 


10. Use the mapping w = T(z) = i(z — i)/(z + i) of the upper 
half plane onto the disc (Example 4.16) to devise an invertible conformal 
mapping/ of the half disc Ei shown in Figure 4.25 onto the disc D = 
{w\ \w\ < 1}. Write an explicit formula for the mapping/:^ —► D. 

Hint: Map the corner z = r to oo via w = l/(r — z); this maps E\ 
to a quadrant. Then transform to the first quadrant using w = z — (1/r). 
Next apply w = z 2 to get the upper half plane; then apply T. Take/ 
to be the composite. 

. z 2 — ir(r — z) 2 

Answer: f(z) — i ---—• (a quadratic rational function, 

z 2 + ir(r — z) 2 

not a fractional linear transformation). 

11. Use the ideas in Exercise 10 to devise conformal invertible 
mappings that transform the domains En> Em, E i V , and E v (shown in 
Figure 4.25) to the disc \w\ < 1. 

Hint: Use w = z 1/2 with Em and E y , and w = i(z — 1) with E IV . 

12. Find a conformal mapping (not necessarily fractional linear) 
that maps a crescent-shaped domain, bounded by a pair of circular arcs, 
onto the disc \w\ < 1. 

Hint: Use fractional linear transformations to map one boundary 
arc to a line segment. Recall Exercise 10. 
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13. A domain bounded by circular arcs and line segments is mapped 
to the same kind of domain by fractional linear transformations. Deter¬ 
mine the images of the square E — {z \0 < Im(z) < 1 and 0 < Re(z) <; 
1} under 

(i) w = 1/z 

(ii) w = 

z + i 

(iii) w = - J — 

z + i 

r \ Z+i i , , 

(iv) w = - = - + 1. 

z z 

Hint: By conformality, angles at corners are preserved unless the 
vertex is mapped to oo. 

14. Suppose pairs of points {z x , z 2 } and {w x , w 2 j are given in C*. 
Demonstrate that there are infinitely many different fractional linear 
transformations w = T(z) such that w x = T(z x ) and w 2 = T(z 2 ). 
(Compare this with Theorem 4.10). 

Hint: Introduce third points z and w. 

15. If T and T' are two distinct circles in the complex sphere, there 
may be more than one fractional linear transformation that maps T 
onto T'. (It is important to realize that Theorem 4.10 does not forbid 
this.) Calculate two different fractional linear transformations that map 

(i) T = {z: |z| = 1} onto T' = {w: \w\ = 1} 

(ii) T = R* (extended real axis) onto T' = {w: \w\ = 1} 

(iii) T = {z: |z| = 2} onto T' = { w : R e(w) = 0} U {oo}. 

Hint: Use (i) in (ii). The calculations in Theorem 4.11 and Example 
4.16 should suggest ways to solve (iii). 

16. Find the fractional linear transformations that carry 

(i) z = {0, 1, i) to w = {— 1, — i, 0} 

(ii) z = {0, 3, oo} to w = {— 1, — i y 0}. 

17. Decide how the following domains are transformed by the 
fractional linear transformations indicated. 

(i) Re(z) > 1 under w = - - 

1 — z 

(ii) The triangle with vertices {0, +i, +1}, under 
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«=/(/) 



(iii) The complement of the triangle in (ii), under 



(iv) The half strip 0 < Re(z) < 1 and Im(z) > 0, under 



(v) The square 0 < Re(z) < 1, 0 < Im(z) < 1 under 



Answers: (i) Re(w) > 1; (ii) Shaded region in Figure 4.26; (iii) 
complement of shaded region in Figure 4.26; (iv) shaded region in 
Figure 4.27; (v) part of shaded region in Figure 4.27 (dashed line). 

18. If T is a fractional linear transformation that has fixed points 
Zi = 0 and z 2 = oo in C*, prove that T has the form T(z) = fxz (fi a 
non-zero scalar). 


19. If T is fractional linear and has z = oo as its one and only fixed 
point, prove that T is a translation: w = z b (b ^ 0a scalar). 


/(°°) =+i 



Figure 4.27 Exercise 17(iv). 
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/ 


/(r.) = fl. 



0 =/(;>) 


z — plane 


u; — plane 

Figure 4.28 Exercise 21. 


20. Find a fractional linear transformation T that has z = +* as its 
one and only fixed point in C* (oo is not fixed). 

Hint: Find an S that interchanges +i and oo; then use Exercise 19. 



Let p ^ q be ordinary points in the plane and let w =f(z) = 
Prove that 


(i) The circular arcs F e (0 measured as shown) in Figure 
4.28 are mapped to the rays R e = {w:arg w = 6} 
in the w-plane. 


(ii) Arg /(z) is constant on these circular arcs. 

(iii) |/(z)| is constant on the family of circles 


K x = {z: \z — p\/\z — ^| = A}, where 0 < A < oo. 


Hint: T 0 (an extended line segment) and (a segment) are 
degenerate circular arcs unless we view things in C*. Notice f(p) = 0 
and f is conformal; show T 0 U {oo} maps to the ray R 0 . Use conformality 
of T at p to identify the image of F e as the ray R e . 


22. If we take the principal determination <f>(z) = Arg(- 

\ z ^ 

in Exercise 21, identify the locus of discontinuities of <f> and determine the 
values of <f> along either side of this arc. Prove that <f> is a smooth real 
valued function off of this locus. 
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23. If 'p = +1 and q = — 1 in Exercises 21 and 22, sketch the loci 

(i) Arg^-= a for a = —n, — tt/2, — tt/4, 0, tt/4, 

7t/2, 7 T 


(ii) 


z — P 
z- q 


= X for A = £,l,2, 100. 


Sketch the locus of discontinuities of Arg (- -. 

\ z “ V 

24. Show that the cross ratio of four points is real if and only if 
the points lie on a circle F in C*. 

Hint: Transform the circle to the real axis. 


*4.9 REFLECTION THROUGH A CHICLE IN THE COMPLEX 
SPHERE 

If r is a circle in the complex sphere, we shall define an anti-conformal 
mapping J r that reflects points across T, interchanging points on either side 
of r and leaving points on F fixed. If F is an extended line (that is, F passes 
through oo on C*) we take J r to be the usual reflection across F. In particular, 
if T = R*, then J r (z ) = z, the usual complex conjugate, and J r (oo) = oo. 
If T = {z: \z — p\ = R] is a circle in the plane, our definition is motivated by 
examining the reflection through the unit circle 


J(re i9 ) = - e ie (if r =£ 0); 7(0) = °o ; J(oo) = 0 
r 

defined earlier (recall Figures 4.14 and 4.22). If z^, then z* = J r (z) 
should be defined so that 

arg (z* — p) = arg(z — p) = 6 ; 

furthermore, the ratio | z* — p\jR should be the reciprocal of \z — p\jR, so that 

R 2 


\z*-p\ = 


\z — p\ 

R 2 


Thus, z* should be given by z* — p = -— e ' 9 if ® = arg(z — p), and 


(35) 


JrM =P + H e iatei *~ p) = p + 
\z - P\ 

Jr(P) = 00 > 'Pr( <x> ) = P 


\z ~ PI 1 


(z - P) 
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Figure 4.29 The reflection of points 
through the circle T = (z: \z — p\ = r}. 

as indicated in Figure 4.29. Points that are images of each other under J r are 
said to be symmetric with respect to T. These reflections are useful in 
solving mapping problems involving fractional linear transformations because 
of the following remarkable property. 

Theorem 4.13 Let T be a fractional linear transformation and let T be any circle 
in the complex sphere. Write V' for the transformed circle T' = T( T), and consider 
the reflection mappings J r and J T >. Then 

(36) T(J t (z )) = J r (T(z)) for all z in C*. 

That is , if {z, z*} are symmetric with respect to T, then their images {T(z) y 7\z*)} 
must be symmetric with respect to the circle T' = T(r). 

Proof: This could be proved by complicated direct calculations, but we 
shall give a geometric proof. First notice that: 

(i) If S and T are transformations such that formula (36) is valid, this 
formula is also valid for the composite S o T. 

In fact, if P = T(T) and T" = S(T') = {S o T)(T) y we get 

(So T)(J r z) = S(T(J t z)) = S(J t .(Tz)) = J S(r) (S(Tz)) = J r .((S . T)z) 

for all z in C*. This proves (i). 

If r is the circle \z — p\ = i?, it is fairly obvious that the following trans¬ 
formations have property (36): 

w = —-— ; rotations, dilations, translations. 

z P 

The reciprocal mapping w = T{z) = 1/z is the product (composite) T = R o S 
of the mappings 5(z) = z + p and R(z) = l/(z — p): 

(R o S)(z) = R(S(z)) = R(z + p)= j—L - = I, 

(z + p) -p z 
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so that the elementary transformations 

w = 1/z; rotations, dilations, translations 

all satisfy condition (36). Now apply (i) and Theorem 4.7 to see that every 
fractional linear transformation has this property. 

If r had been a line instead of a circle, slightly different reasoning would 
lead to the same conclusion. § 

These observations can be applied to mapping problems that would be 
very difficult to solve by other means. 

Example 4.17 Suppose we wish to map the half plane Re(z) > 0 onto the 
unit disc |w| < 1 so that T( + l) =0 and T’(oo) = +1. The desired mapping 
w = T(z) should map the boundary T of the half plane (the extended imagi¬ 
nary axis) to the boundary circle T' = { w: \w\ = 1}, subject to the side conditions 

r( + l)=0 and T(oo) = +1. 

Notice that J r ( + l) = —1 and J r ( 0) = oo; by Theorem 4.13, T must also 
map —1 to oo. Thus, a typical point z and the special points 1, oo, and — 1 
should have the images indicated in the following table. 


z 

z 

i 

OO 

-1 =J r (+ 1) 

w = T(z) 

w 

0 

+1 

00 = «/r'(0) 


Now T leaves cross ratios invariant; thus, (z, 1, oo, — 1) = ( w , 0, +1, oo) for 
all z, which means that 

(j^—^cr) 1 + 1 _ w - 1 (0 -oo) 

z + 1 (-L-—w) (w- —oo) 0 — 1 


On solving this equation, we get 


w = T(z) 


z — 1 

z + 1 


It should be clear that similar methods can be used for any choice of {T; z l9 z 2 } 
and {P; w l9 w z }. 


The reader should re-examine Example 4.16 and see how that mapping problem 
could have been solved using these principles; it is also interesting to see how 
much effort would be required to solve the above problem using the methods 
of Section 4.9. 
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EXERCISES 

1. Verify that the reflection through the unit circle |z| = 1 is 
given by w = 1/z. 


2. Prove that the reflections J r are anticonformal mappings. 
(Handle the cases V a circle, T a line separately.) 


3. If r and T' are circles in C*, show that the composite w = 
/(z) = ( J r oJ r ,)(z) is holomorphic (it may be undefined at two points 
if these are not extended lines). Show that/is actually fractional linear. 

4. If r = R* and F' is the unit circle, express the composites 
J r o J T , and J r o J T as functions of z. Where are they undefined as 
mappings of C to C ? 

5. Transform the domain —7 t/6 < arg z < 7t/ 6 conformally 
onto the unit disc \w\ < i, arranging that z = 1, 0 map to the points 
w = 0, — 1. 

Hint: First map onto a half plane via £ = z 3 . 

Answer: w = (z 3 — l)/(z 3 + 1). 


6 . If \a\ < 1 is given, construct a fractional linear transformation 
that maps the unit disc |z| < 1 onto itself and carries z = 0 to z = a. 

Hint: The circle |z| = 1 should be mapped to itself. The map is 
not uniquely determined, and we may impose a side condition such as 
T(l) = 1 to get a definite mapping, as in Example 4.17. 

7. Using Exercise 6, produce a fractional linear transformation 
that maps H = {z: Re(z) > 0} onto the disc D = {w: \w\ < 2}, carrying 
z = +1 to w = i/2. Can you produce two different maps that do this? 

8 . Let {z l5 z 2 , z 3 } be points in the complex plane. Prove that z 
and z* are symmetric with respect to the circle (or extended line) T 
determined by z l9 z 2 , and z 3 if and only if (z*, z 1? z 2 , z 3 ) = (z, z l5 z 2 , z 3 ). 

9. If T is a circle in the plane and if z is any point lying off T, 
prove that z* = J r ( z ) 1S obtained by the geometric construction shown 
in Figure 4.30. 

10. Find all fractional linear transformations that correspond to a 
rotation of C* about some axis. 

Hint: How are the points {z, z*}, where the axis meets C*, related 
to the equatorial circle corresponding to this axis? 
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Figure 4.30 z and z* are symmetric with respect to the circle I\ 

4.10 INVERSE MAPPINGS 

We have already encountered inverse mappings in several places. In this 
section we shall try to fit these ideas into a more coherent whole, emphasizing 
the techniques that will be most useful in working out inverse mapping prob¬ 
lems later on. The reader may rest assured that such problems will confront 
us in a number of important situations. 

Generally, our problem is to decide whether a holomorphic function 
w — f (z) has an inverse, and to work out explicit formulas for the inverse 

v 

function z = f (w ), if possible. This task is complicated by the fact that many 
functions become invertible (univalent mappings) when restricted to subsets, 
although they might not be univalent mappings on their natural domains of 
definition. Thus, w = e z is not univalent on E = C, but is univalent (with 
inverse functions of great practical significance) if z is restricted to any horizon¬ 
tal strip of width 2tt. We obtain the principal determination of the logarithm 
as the inverse of w = e z by restricting z to the strip E 0 = {z: — tt < Im(z) < 
+7r}, and we get other determinations Log„ z = Log z + 27 mi by taking 
parallel strips E n = {z: — tt + 2ttti < Im(z) < tt + 2rrn} for n — ±1, ±2, .... 
If we partition the z-plane into disjoint strips E n , the mapping w = e z trans¬ 
forms each of these one-to-one onto the domain F = {w:w ^ 0}; the inverse 
function Log n = Log + 27 mi maps F back onto the proper strip, Log„ :F —> E n 
as indicated in Figure 4.31. This figure provides some insight into the cause of 
the discontinuous behavior of the inverse functions Log w + 2Trni along the 
negative real axis (which is normally excluded from the domain of definition of 
these logarithm functions, to make them holomorphic functions of w). The 
inverse function Log n w maps points near the lower side of the cut to points 
z = Log n w lying close to the lower edge of the strip E n , and it maps points lying 
slightly above the cut to points z which lie close to the upper edge of the strip 
E n . To put it briefly, the inverse mapping is intrinsically multiple valued, and 
we get the various inverse functions Log,, w just described by sorting out the 
possible (multiple) values of log w to give coherently defined holomorphic 
functions of w; the scheme shown in Figure 4.31 shows how these mappings 
arise naturally, in a purely geometric way, when we try to find inverses to the 
exponential function by cutting down the size of its domain of definition in 
various ways. 

The general problem of producing an inverse for any holomorphic function 
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"j 



z = Log w + 4iri 



z = Log tv + 2iri 



z = Log w 


tv = e* 

Z = Log If — 277" I 



tv = e* 


- J r- 


F 


tv — plane 


Figure 4.31 The mapping w = e* and its inverses when restricted to the strips E n . The 
dashed and solid lines show how the boundary lines of each strip are transformed. 


u 


on its total domain of definition (not just a piece of it) was solved by Riemann 
with the introduction of Riemann surfaces. This construction allows us to 
“paste together” locally defined inverses, such as the functions hog n (w) 
associated with w = e z > to define an “inverse”, even for functions that are 
not invertible in the usual sense. Riemann’s method also sheds light on the 
subject of multiple valued functions. However, these considerations must be 
left to more advanced courses. 

Evidently, the question, “Does w =f(z) have an inverse?” should be 
interpreted in the broad sense, “Are there substantial subsets on which w = 
f(z) is an invertible mapping ?” Our program in dealing with inverse mappings 
has two steps. 

Step 1. Determine which domains in the z-plane are mapped invertibly 
into the w-plane; that is, determine domains (the larger the better) on which 
w =f(z) is a univalent mapping. 

Step 2. Determine explicit formulas for the inverse mapping(s) associated 
with w =f(z) as in Step 1. (This will usually require a determination of all 
possible solutions of the equation w =/(z) for fixed w.) 

We have outlined answers to these questions for the exponential function, and 
the reader can review for himself the information we have acquired about the 
functions w = z n to see that these are invertible when z is restricted to wedges 
with opening A 6 = 27r/n, bounded by rays emanating from the origin. It 
is then easy to set up a diagram similar to Figure 4.31, in which the z-plane is 
partitioned into wedges E 0 , . . . , E n _ 1 (instead of strips); the function w = z n 
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maps the open wedge E k invertibly onto the cut w-plane, and the inverse 
functions z = f k {w) are the various determinations of the « th root function 
w 1,n . We shall work out an inverse mapping problem that is less familiar, to 
illustrate our program. 

Example 4.18 (Inverting w = tanz) The periodicity and symmetry 
properties 


tan(z + 7r) = tan z tan( —z) = —tan z tan z = tan z 

strongly suggest that we can only expect w = tan z to be univalent on vertical 
strips of width tt (or smaller sets contained in these). We demonstrated in 
Exercise 3 of Section 2.13 that w = tan z is indeed univalent on each of the 
strips is n = (z: —( 77 / 2 ) + tjtt < Re(z) < (n/2) + nn}(orn = 0, ±1, ±2,... .f 
Each of these strips is mapped to a domain F in the w-plane, by the open 
mapping theorem, and the image domain F is the same for each of the strips 
due to the periodicity of tan z. Determining the precise shape of F is a non¬ 
trivial global mapping problem. Here is a n€w approach to problems of this 
kind. Notice that 

sinz 1 le iz - e~ iz \ . le 2iz - l\ 

w = tan z = -= - --- I = — 1 • I —-I 

cos z i \e tz + e tz j \e 2tz + 1/ 

can be obtained by performing a series of quite elementary operations in 
succession: 


w = 2iz w = e z 


w = 


z — 1 
z + 1 


w = - z = —iz; 


the only non-trivial map here can be broken down into even simpler operations 
z — 1 2 z - 1 . 

by writing w = —■—- = 1- ;—so w = —•—- is obtained by performing 


z + 1 

the successive operations 


w = 


z + 1 

2 


z + 1 


z + 1 


and w = 1 — z. 


It is easy to determine the shape of the successive image domains, and each 
map gives an invertible transformation from one domain to the next. The 
shape of the transformed strip in successive steps is indicated in Figure 4.32; 
we leave the reader to check that we have drawn each of the intermediate 
domains correctly. After all operations have been performed, the image of 
E 0 under the complete mapping w = tan z is the doubly cut w-plane obtained 
by deleting the parts of the imaginary axis that lie outside of the unit disc 
M<i. ‘ 


I We may adjoin either the right-hand or left-hand boundary line without losing the one- 
to-one property; however, the points z n = (tt/ 2) -f- rnr + i’0 must be excluded, because tan z 
is not defined there. 
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+7n 



Figure 4.32 The successive elementary transformations of the strip — tt/2 < Re(z) < 
+7 t/ 2 which combine to give w = tan z. 


We could also determine the shape of the image domain by the familiar 
technique of examining the transforms of horizontal and vertical lines in the 
basic strip E 0 , but the calculations are fairly difficult (more difficult than the 
corresponding problem we faced in answering this question for w = sin z in 
Example 4.11). However, if we carried out these calculations, we would find 
that w = tan z has the following global mapping properties. 


(i) 


(ii) 


Vertical lines z = c + iy are transformed to circular arcs passing 
through the points { + *', — z}, with these end points excluded ( + z and 
— i are not the images of any point in the z-plane). The point w = 
tan (c + iy) approaches + z as y —> + oo and approaches —i as y —► — oo, 
as indicated in Figure 4.33. 


Horizontal lines z = x + id |with — — < * < + — j are mapped to 
a family of circles satisfying the equations 


w — i 
w + i 


= a 


(0 < a < + oo). 


These are shown in Figure 4.33 (we get a line, the real axis, when 
a = 1; this should be regarded as a degenerate circle). However, 
we must exclude the point where each circle meets the cut in the 
w-plane, because these correspond to * = ±7r/2 (the boundary of 
the strip E 0 ). 


Similar calculations apply to each of the strips E n as a result of the periodicity 
of tan z. The more detailed analysis summarized in (i) and (ii) of course 
demonstrates that w = tan z maps each strip one-to-one onto the doubly cut 
zt>-plane, but it provides a great deal of additional information about this 
transformation, as one can see by studying Figure 4.33. 

Since w = tan z is univalent on each strip E n , there is a well defined 
inverse mapping z = f n (w) defined on F which maps f n :F —► E n ; these give 
different determinations of z = arctan w. The inverse mapping associated with 
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the strip F 0 is the only one assigning values x with — tt/2 < x < 7t/2 to points 
w = u + iO on the real axis in F, so this is the determination of arctan w which 
agrees with the usual function of a real variable: Arctan(w -j- i 0) = arctan u 
for all real u (see Exercise 27). 

Finally, let us solve the equation w = tan z explicitly. If w is not equal to 
+ i or —i, we may solve 


tan *=—(“' fixed ) 


by writing Z = e iz and examining the equation we get upon solving for Z: 


e 2iz =Z 2 = - l ). 

\w + if 


Taking logarithms of both sides we obtain certain congruences (mod 2m) by 
employing the functional equation of the logarithm: 


2 iz = log (—1) 


w + i) 


(mod 2tti). 


Therefore, the complete set of solutions is given by 

(37) arctan w = z = — Log ( — —- -) + nir 

V ' 2 i \ w+ij 


n — 0 , ± 1 , ± 2 , . . . 


if w is not equal to +* or —i. Simple calculations (Exercise 4) show that we 
never have tan z = +z or tan z = — i, no matter how z is taken in the natural 


domain of definition of tan z, E = lz: z 




+ *01. We can actually 


sort out the holomorphic determinations of arctan w on the doubly cut plane F 

w — i 

using formula (37); in fact, the fractional linear transformation £ =-= 

2 i w + i 

-■. — 1 maps F one-to-one onto the cut z-plane obtained by deleting the 

w + i 

ray ( — oo, 0] from the real axis. Log £ is well defined on this domain, and we 
get well defined holomorphic functions 

(38) fn( w ) = “ Log( — —- ^ + mr defined for w in F 

2 i \ w + i) 

1 / w — i\ 

for n = 0, ±\, ±2, .... In particular, Arctan w = — Log!-1 on F. 

2 i \ w + i) 

There are equally remarkable formulas for the various determinations of 
arcsin w and arccos w : 

arcsin w = - Log (iw ± y/l — w 2 ) + 2nn 


arccos w = - Log(it; ± V ^ 2 — 1) + 2ttti. 
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To sort these out into holomorphic functions defined on suitable domains in the 
w-plane, we would of course have to carry out a detailed analysis of the global 
mapping properties, and invertibility, of the “forward mappings” w = sin z 
and w = cos z from which these are derived. Much of this has already been 
done for w = sin z in Example 4.11, and further details are provided in 
Exercise 9. 

We now introduce two diagrams that are useful in studying the global 
mapping properties of a function w =f(z). In the w-plane we display the 
image curves that correspond to the horizontal lines y = constant and the ver¬ 
tical lines x = constant in the z-plane; conversely, in the z-plane we display 
the curves in this plane that correspond to tfie lines u = constant and v = 
constant in the w-plane. The latter have a very natural interpretation if 
w =f(z) is an invertible mapping/ :E —> F between domains in the two planes; 
they are just the images of the horizontal lines v = constant and the vertical 
lines u = constant in the tf-plane under the inverse mapping z = J(w). For 
reference purposes we display in Figure 4.34 the diagrams corresponding to the 
function w = sin z, taken as an invertible mapping of the strip E = {z: —7r/2 < 
Re(z) < +W2} onto the doubly cut w-plane F obtained by removing the 
segments ( — oo, —1] and [+1, + 00 )- 


The pattern of curves u = constant and v = constant in the rest of the 
Z-plane is obtained by repeating and reflecting the pattern shown in Figure 
4.34, using the symmetry properties sin(£ + n) = —sin z , sin(z + 2nn) = 
sin z , and sin( — z) = —sin z . 


<N 

I 




w — plane 


Figure 4.34 The curves u = constant and v = constant (in the z-plane) and* = constant 
and_y = constant (in the it>-plane) for w = sin z and z = Arcsin w. 
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Mapping properties of the inverse function z = f(w ), in this case z = Arcsin w, 
can be read directly out of the family of curves in the w- plane. On the curve 
corresponding to x = c the real part of f(w) is constant, 

c = x = Re(z) = R e(/(a/)), 

and similarly 

d =y = Im(z) = Im (f(w)) 

on the curve corresponding to y = d. Thus the value f(w) at any point inFis 
determined by noting which curves of the form x = constant = c and y = 
constant = d pass through w, the value of the function being f(w) = x + iy = 
c -f id. By inspecting the family of curves in the w-plane we can determine the 
values of f{w) at typical points in F, and we can read out all sorts of limit 
behavior at the boundary. For the function z = Arcsin(w), we see that 

lim {Arcsin(w)} = — + *0 and lim {Arcsin(w)} = oot 
W-* 1 2 w-*<x> 

and there is a discontinuity involving a change of sign in y = Im(Arcsin w) 
when we cross either of the cuts. 

Since the functions f and f play symmetrical roles in this situation, the 
behavior of w = f(z) can be read out of the curve families u = constant and 
v = constant in the z-plane; keep in mind that 

Re(/(z)) = u = constant , on curves corresponding to u = constant 
Im(/(z)) = v = constant , on curves corresponding to v = constant. 

There are a few other comments to be made concerning these diagrams. 
In Figure 4.34 the curve families in the z-plane, as well as those in the «;-plane, 
are mutually perpendicular. This is so because the mappings w = sin z and 
z = Arcsin w, inverses of one another, are holomorphic with non-vanishing 
derivatives on their respective domains. Although the derivatives do vanish at 
certain boundary points, these lie outside the domains in question; for example, 
the points z = ±tt/2 + *‘0 on the boundary of the strip E. Therefore, each 
mapping is conformal and the orthogonal families of horizontal and vertical 
lines, in either plane, are transformed into orthogonal curve families in the 
other plane. Another use of these diagrams is to decide how various domains 
bounded by horizontal and vertical lines are transformed in either direction; 
this sort of domain mapping problem will be encountered in Chapters 7 and 8. 
Finally, the functions 

u = U(x,y) = Re(sin z) and v = V(x,y) = Im(sin z) on E 


and 


x — X(u , v) = Re(Arcsin w) and y = Y(u y v) = Im(Arcsin w) on F 


f An improper limit, defined as in Section 4.7; here we examine Arcsin(a;) for w in F as 
|it;| —► +oo. Notice that |Arcsin w\ is uniformly large outside of the elliptical contours \y\ = 
constant , because | Arcsin w| > |Im (Arcsin w) \ = |^|. 
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are harmonic functions on these domains, and thus are relevant to applied 
problems. The curves in the diagrams give us the level curves of these real 
valued functions and (most important!) make the boundary behavior of these 
functions quite clear. This will be very useful in handling boundary value 
problems associated with Laplace’s equation in the plane, as explained in 
Chapter 7. 

EXERCISES 

1. Verify the formulas (39,). Show that sin z and cos z assume 
every complex value as z varies in C. (Contrast this with the behavior of 
tan z, which never takes the values +z or — i.) 

2. Explain why w = cos z is not invertible on the strip {z: — tt 12 < 
Re(z) < +7r/2}, used in Example 4.11 for sin z. The basic strip must be 
correctly located with respect to the symmetries of the function being 
considered. Show that w -- cos z maps E = {z:0 < Re(z) < tt) 
invertibly onto the doubly cut w- plane F shown in Figure 4.17. Sketch 
the curve families u = constant and v = constant, and x = constant 
and y = constant in the respective domains E and F. 

Hint: Use cos z = sin[z + (tt/ 2)] and Example 4.11; no elaborate 
calculations are needed. 

3. Prove directly that w = tan z is an invertible (univalent) 
mapping on the strip E = {z:— tt/2 < Re(z) < +7t/2}. If w' and w" 
are on opposite sides of the upper cut in the image domain, where are 
these points mapped by z = Arctan w? (by arctan w = Arctan w + mr?) 
What happens near the lower cut? Set up a diagram similar to Figure 
4.31. 


4. Prove that w = tan z never assumes the values +z or —i on its 
domain of definition. 

5. Calculate Arctan (iy) for — 1 <jy < +1. Do the same for 
Arcsin(zj), for — oo <y < +oo. 

6 . For r > 0, draw a circle of this radius about each of the singular 
points z n = (7r/2 + mr) of w = tan z. If we remove the discs | z - Z n \ < 
r from the plane, show |tan z| is bounded on the remaining domain. 

7. Consider w — f{z) = z 3 and p = e lnlz . How large may we 
take r so that /is invertible on D = {z: |z — p\ < r) ? Let E be the image 

V 

domain in the w-plane; calculate z = f(w) explicitly. 

Hint: The principal determination z = w 113 does not work. You 
need not make a complete determination of the shape of the image 
domain E to answer the question. 

8. Determine the largest radius such that /is invertible on |z — p\ 
< r, taking 
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(i) w = e z ; p any point; 

(ii) w = tan z; p = 0 

(iii) w = sin z; p = 0, +z, +7r/2. 

9. Prove that Arcsin (w), as defined ia Example 4.11, is given by 
Arcsin(z^) = - Log [iw + V1 — w 2 ] for all w in F 

i 

where Vl — is the principal determination of square root. Show that 
Arcsin (m + zO) = arcsin u for — 1 < u < +1 , by direct calculations based 
on this formula. Verify that V1 — w 2 is a well defined holomorphic 
function on the doubly cut plane F. _ 

Hint: If —1 < u < +1, then iu + \A — is in the right half 
plane; it would be in the left half plane if we took (—) instead of (+). 
Recall the formulas for Arg(w -f- iv) associated with Figure 2.13, Section 
2.6. The analytic continuation principle might be used to circumvent 
intricate geometric reasoning. 

10. Consider Arcsin w defined on the upper half plane Im(w) > 0, 
and show that its real part may be expressed explicitly as a function of 
u and v in the following way: 

(40) H{u , v ) = RefArcsin w\ 

= arcsin £[%/(u + l) 2 + v 2 — \J(u — l) 2 + v 2 ], 

where we take the usual determination of s = arcsin(/), defined for 
— 1 < J < +1. Use the following steps to arrive at this formula. 

(i) If z = Arcsin w> then w = sin z, which means that 
u = sin x • cosh y and v = cos x • sinh y. Thus, 

2 2 
U V _ j 

sin 2 x cos 2 x 

(ii) For fixed x , equation (i) describes a branch of a hyperbola 
that has focal points +1 and — 1. A point w = u + iv 
is on this branch whenever the difference of the distances 
from w to the focal points is equal to 2 sin x; that is, 

\w + l\ — \w — 11 = 2 sin x. 

The difference must be taken in the order shown to get 
w in the right half plane whenever x > 0 (so that 
sin x > 0). 

(iii) Since x = Re [Arcsin w] lies in the interval (— 77 / 2 , w/2) 
for all w in the doubly cut w-plane on which Arcsin w is 
defined, we get formula (40) if we take the usual deter¬ 
mination of arcsin(/) for —1 < t < + 1 . 

Note: It would be difficult to obtain this from the formula 
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Arcsin w = —i Lo g[iw + y/l — w 2r \ (for Im(zt>) > 0) in Exercise 9; we 
have examined the equation w = sin z from another point of view to 
get (40). 


11. Calculate Arccos(zt;) explicitly, referring to Exercise 2 for the 
definition and mapping properties of this principal determination. 

12. Use Exercise 9 to show that Arcsin(o>) has the following limit 
values along the cuts if w approaches the cut from within the upper half 
plane Im(zt;) > 0 : 

lim Arcsin(w) = - log \R — \j R 2 — \ \ — 

w^-R+io i 2 

lim Arcsin(w) = 7 log — yjR 2 — 1 1 + — , 

w-+R+iO i 2 

for R real and R > 1. We get the limit values on the lower side of the 
cuts if we replace i with —i in the right-hand formulas. 

N ote: R - V * 2 - 1 0 if R ^ 1; also, (R - V * 2 - l )" 1 = 

R + y/R 2 - 1. 

13. Consider z = f(w) = Arcsin(w;) defined on the doubly cut plane 
shown in Figure 4.34. By examining this figure, show that: 

(i) lim Re(/) = — 7 t /2 if p is on the left-hand cut; 

w-*v 

(ii) lim/= +tt/2 

W~* 1 

(iii) lim Im(/) does not exist if p is real and \p\ > 1 . 

U)-*V 

(iv) limlm (/) = 00 

U)-> 00 

(v) limRe(/) and lim f do not exist. 

W-+ 00 W-+ 00 

If we considered f to be defined only on the upper half plane E = 
{w:Im(a;) > 0 }, which of your answers would change? 

14. Show that w = z 2 maps the right half plane E = {z:Re( z ) > 0} 
invertibly onto the cut w-plane F = C ~ (— 00 , 0]. Sketch the pattern 
of curves u = constant and v = constant in E and x = constant and 
y = constant in F . 


15. Repeat Exercise 14, taking w = z 2 as a mapping of the upper 
half plane E = {z:Im(z) > 0} onto the cut w-plane F = C ~ [0, + 00 ). 
Compare the sketches in these two situations. 

16. For w = e z , determine the pattern of curves u = constant and 
v = constant in the strip E = (z: —it < Im(z) < +77}, and x = 
constant andjy = constant in the cut w-plane F = C ~ ( — 00 , 0]. 
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17. Consider w = /(z) = sinh(z) on the strip E = {z\— tt/2 < 
Im(z) < 7t/2}. Prove that /is invertible, determine its range, and work 
out a diagram like Figure 4.34 using this function in place of w = sin z. 
Explicitly calculate the inverse z =f(w) = Arcsinh(^). 

Hint: Use sinh z = —i sin(iz) to deduce*your results from the facts 
concerning sin z; extensive direct calculations are unnecessary. 

18. Repeat the program of Exercise 17 for w =/(z) = tanh(z) 
defined on E = {z: —tt/2 < Im(z) < tt/2}. Refer to Example 4.18 and 
the accompanying figure. 


19. Show that w =f(z) 


= $( z + z 1 ) i! 


conformal and invertible 


on E = {z: |z| > 1}. Prove that circles K r = {z: |z| 
mapped onto ellipses 


r} (r > 1) are 



in the w-plane. Verify that these ellipses are disjoint, and are focused 
at w = +1 and w = — 1. Show that the image domain F =f ( E ) is the 
cut plane obtained by deleting [ — 1, +1] from the w-plane. How is the 
boundary circle |z| = 1 transformed? 

Hint: Write z = re 10 ; hold r fixed (6 real). 


20. Show that w = f(z) 


:( z +1) 


maps the rays L 0 = {z: |z| > 


1 and arg(z) = 6} onto segments of hyperbolas 
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as indicated in Figure 4.35. (The rays 0 = 0, ±7t/2, ±tt require separate 
treatment; they are mapped to the line segments shown.) 

Hint: Write z = re %e ; hold 0 fixed (1 < r < +oo). 

21. Prove that the principal determination £ gives a well defined 

holomorphic function w =f(z) = 1 — z 2 on the doubly cut plane F 

obtained by deleting (— oo, —1] and [+1, + 00 ) from the plane. Show 
that this particular choice of square root does not give a holomorphic 
function on the cut plane £ = C~[ — 1, +1] (where are the dis¬ 
continuities located ?). 

Hint: How are the cut segments mapped by £ = 1 — z 2 ? 

22. Repeat Exercise 21 using 


/(*) = 


(1 — z 

TT~z 


(principal determination of y/w) 


in place of yj\ — z 2 . 

Hint: For which z does w = (1 — z)/(l + z) lie on the ray 
(-oo,0]? 

23. Use the following ideas to show that the functions V1 — z 2 and 
yj z 2 — 1 both admit holomorphic determinations on the cut plane E = 
C ~ [—1) +1]. (One cannot use the principal determination of square 
root for all z in the domain E ; cf. Exercise 21.) 

(i) Taking principal determinations of square root in 
fi(z) = Vz — 1 and/ 2 (z) = V z + 1, both are holo¬ 
morphic off the cut (— oo, +1]. Their product g(z) = 
yj z — \yj z + 1 gives a holomorphic determination of 
%/ z 2 — 1 off this cut. 

(ii) Calculate the limit values of f x and f 2 along the upper 
and lower edges of the segment (— oo, —1), showing 
that 

+ id) = +*V|*I + 1 

d-*0 

lim f x (x — id) = —i\J\x \ + 1 

( 5—0 

lim f 2 (x + id) = +iy/\x\ — 1 

d —*o 

lim f 2 (x — id) = — zVW — 1 

a—o 

where — oo < x < — 1 and d > 0. 

(iii) Use (ii) to verify that g(z) is continuous on the segment 
(—oo,—l) if we define g(x + iO) = —y/x 2 — 1 for 
— oo < x < — 1. (However, g is discontinuous on the 
segment ( — 1, +1).) 
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(iv) Show that g must be holomorphic at points on (— 00 , 
— 1) as a consequence of its continuity there; thus g 
is holomorphic on E . (Recall Example 2.17; if p = 
x + iO for — 00 < x < — 1, multiply and divide the 
difference quotient (g(z) — g{p))l(z — p) by g{z) + 
g{p) to conclude that these quotients approach the 

limit dgjdz = — x/\J x 2 — 1). 

(v) Since g(z) is a holomorphic determination of\Jz 2 —\ 
on E , both ig(z) and —ig(z) give holomorphic deter¬ 
minations of — z 2 on E. 


24. Show that the determination of f(z) = — z 2 in Exercise 23 

can be chosen to agree with yfl — x 2 = N /( —l)(x 2 — 1) = -\-iyJx 2 — 1 
for 1 <x < + 00 . Now f(z) is unique, by the analytic continuation 
principle. Evaluate the limit values along the cut 


L + (x) = lim f(x + id) 

6 ~*° (take limit keeping <5>0) 

Lr(x) = lim f(x— id) 

(5-»0 


for —1 < x < + 1 . Does/have well defined limits at +1 and —1 (for 
z in the domain E) ? What are the values f(x + zO) for — 00 < x < — 1 ? 

Answer: L + (x) = — yjl — x 2 ; Lr{x) = yjl — x 2 ; f(x + iO) = 

—iyjx 2 — 1 if* < —1. The limits are zero at +1 and —1. 


25. Use the methods outlined in Exercises 21 through 24 to produce 
holomorphic determinations of the following functions. 

(i) on the plane with (— 00 , +1] and [+1, + 00 ) 
removed, so that f(x + iO) = +iyj 1 — x 2 for —1 < 
* < + 1 . 

(ii) yjz 2 — 1 on the plane with [—1, +1] removed, so that 
f(x + z’O) = yjx 2 — 1 for 1 < x < + 00 . 

(iii) V 1 + z 2 on the plane with [—i, +z] removed, so that 

lim/(<5 + iy) = J\ — y 2 for —1 < y < +1. 
s-*o+ 


(iv) 


1 — z 
1 + z 


on the plane with [—1, +1] removed, so that 


lim/(A: -f- id) = +, 


1 - ^ 

1 + * 


for — 1 <jc< -J-l. 
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For each function, determine the values on opposite sides of the cut(s) and 
explain how arg f(z) varies as z moves around a circle |z| = r. 

26. Use the results of Exercises 21 through 23 of Section 4.8, and the 
formula 

w = tan z = - (—--1 where Z = e 2iz , 

i \Z + 1/ 

to verify the detailed statements concerning the transformations of 
vertical and horizontal lines in the strip —tt/ 2 < Re(z) < 7t/2, given in 
Example 4.18. 

27. Reconcile the formula 


Arctan w — ~ Log/— —- 

2 i \ w + ij 


with the fact that Arctan (u + iO) gives the usual arctangent function of a 


real variable for real values of u. Is Log 


\ w +>/ 


holomorphic on the 


doubly cut plane on which Arctan w is defined ? 



S INTEGRATION IN 
THE COMPLEX 
PLANE 


We are going to explain how a continuous function of a complex variable 
/(z) can be integrated along a curve y in the complex plane to get a complex 
number 

f (z) dz ^often written as 1 /*). 

the line integral of/along y. These integrals are indispensable in understanding 
analytic functions of a complex variable, and are the basis for the most impor¬ 
tant applications of complex analysis. It would be impossible to exaggerate the 
importance of understanding how these integrals work. 

These integrals are similar to the “line integrals’’ discussed in advanced 
calculus for functions of several real variables. However, many special proper¬ 
ties arise because both the variable z and values f(z) of the integrand are 
complex numbers, and it is best to develop our integration theory from the 
beginning. Our discussion will be self-contained, in that we assume no previous 
knowledge of line integrals; familiarity with the definite integral J£/( t) dt 
(Riemann integral) of a real valued function of a real variable is enough. The 
reader will soon discover that integration theory for functions of a complex 
variable has a very different feel to it when compared with the integration 
theory he learned in calculus. 


5.1 REPARAMETRIZING A CONTOUR 

The reader should recall that a contour is a piecewise smooth parametrized 
curve. 

y(t) = x(t) + iy(t) 

250 
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defined for real t in some interval a < t < b (review Section 4.3 for definitions). 
We must examine the underlying similarities which can exist between two 
curves presented in parametrized form. Having the same trajectory is the most 
elementary of these similarities, but we will need a deeper understanding of the 
possibilities later on, so we shall discuss the idea of reparametrizing a curve. 
The following examples will help orient our discussion. 

Example 5,1 Consider the smooth curves 

7i(0 = cos(2tt0 + i sin(27r/) = e 2ltlt 
y 2 { 0 = cos(2tt/ 2 ) + i sin(27r/ 2 ) = e 2nti 
y 3 (t) = cos(4tt0 + i sin(47r/) = e Altli 
y 4 {t) = cos 2 tt(1 — t) -+- i sin 27r(l — t) = 

all defined for 0 < / < 1. The trajectory is just the unit circle T = {z: |z| = 1}, 
but the way y(t) transverses F is different in each case. All are closed curves 
with base point (initial/final point) y(0) = y(l) = 1 + iO. The curves y l9 y 2f 
y 4 are simple, but y 3 (t) moves around T twice in a counterclockwise direction 
with constant speed. The point y 4 (t) moves around T in a clockwise direction, 
and thus differs from the other curves, which move counterclockwise. 

Now let us consider a few subtle points. It is helpful to think of t as a time 
parameter. Consider a fixed point p on the common trajectory T of these 
curves; the curves will pass through p at different times: y k (t k ) = p (and in 
fact, y$(t) passes through p at two different times). It is interesting to compare 
the tangent vectors y k (t k ), and the tangent lines L k , associated with the various 
curves as they pass through p. We leave it as Exercise 8 for the reader to 
compute the various derivatives; although the tangent vectors y' k (t k ) attached 
to p have different lengths (which means that y k (t) moves past p with different 
speeds for k = 1,2, 3, 4) their orientation, and the tangent lines L k , all coincide. 
It should not be surprising that the tangent lines all agree with the line L which 
passes through p and is tangent to the circle T at this point. The calculations 
of Exercise 6 show that the curves y ly y 3 , y 4 traverse T with constant speed, 
while y 2 (t) moves around F with steadily increasing speed \y'(t)\ = 21. 

Example 5.2 (Parametrized line segment from z x to z 2 ) Let z x and z 2 be 
distinct points in the plane, and for 0 < t < 1 define 

(1) 7(0 = (1 — t)z i + tZ 2 = Zj + t(z 2 — Zj). 

Obviously, 

y\t) = z 2 — Zj (a constant!) 

for all /, and y(t) moves with constant speed from z x to z 2 , along the line 
segment F connecting these points (see Figure 5.1). If we reverse the roles of 
z x and z 2 in (1), we get a new curve 


(2) Tj(t) = tz\ + (1 — t)z 2 = z 2 + t(z x — z 2 ) for 0 < t < 1, 
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and now rj(t) moves in the opposite direction. The new curve r\ is related to y 
by the change of variable t —► 1 — /, so that rj(t) = y(l — t) for 0 < t < 1. 
The reader should consider what happens if we drop the restraint that t remain 
in the interval [0, 1] in equations (1) and (2); see Exercise 3. 

If y(j) = x {t) + iy(t ), defined for a < t < b, is a smooth curve in the 
plane, its length is given by the familiar arc length formula 

Len8,hw -iv (i)’+ (fj * -r^w+vw* * 

The integrand is just the absolute value of the derivative y'{t) = x(t) + iy{t)> 
so that the arc length formula may be written 

(3) Length(y) =Jj/(0l dt. 

If t is interpreted as a time parameter, \y'{t)\ is the speed of the moving point 
y{t) and formula (3) agrees nicely with our geometric intuition. These formulas 
work equally well for piecewise smooth curves (contours); simply break the 
interval of integration / into consecutive subintervals / l5 . . . , / m on which y(t) 
is smooth. 

In many situations we want to change the variable in a curve y(t) by 
writing the original variable t as a function t = <f>(s) of some new variable s. 
Let y(t) = x(t) + iy(t) be defined on I = [ a , b], and let the new variable s run 
through some other interval J = [c } d\ ; thus, <f> is really a mapping 
Substituting t = <f>(s) gives us a new curve 

(4) T](s) = = u(s) + iv(s) for j in J = [c, d], 

with coordinate functions u(s) = x(<f>(s)) and v(s) =y(<f>(s)); the new curve 
rj is called a reparametrization of y. It is actually a composite function, 
obtained by performing the mappings <f>:J^I and y:/—► C in succession, as 
indicated in Figure 5.2; in the usual notation for composite mappings, we 
have rj = y o (f). We will only be interested in smooth or piecewise smooth 
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Figure 5.2 Relation between a 
curve y(t) and its reparametrization rj(s) 
by a change of variable t = <f>{s). 



curves, so we will always place the following natural restrictions on any reparam¬ 
etrization of a curve. 

1. The function / = <f>(s) must be continuous on [c, d ] so that r)(s) will be a 
continuous function of s and will give us a curve without breaks in it. 

2. The function t = <f>(s) must be smootlv (d(f>/ds exists and is continuous 
on the interval J = [c, </]), so that the new curve rj(s) will be piecewise 
smooth, as y is. 

3. The function <f>:J -> /must map the interval J = [r, d] one-to-one onto 
the interval I = [ a , 6], so that it is an invertible mapping from J to /. 

If we did not introduce this last requirement, t = <f>(s) might not traverse all of 
/as s runs through J , or else it might run through / several times, causing rj(s) 
to double back upon itself. This sort of behavior would occur if we took 
J = [0, 1] and tried to use one of the following changes of variable: 

t = <f>(s) = si 4 0 ^ s <, 1 

or 

t = <f>(s) = 4r(l — s) 0 <; s <. 1 


in the curve yi(t) of Example 5.1 (see Exercise 12 for a detailed analysis of these 
inadmissible changes of variable). In either case, the “reparametrized” curve 
does not even resemble the original curve yi to the extent of having the same 
trajectory, or remaining a simple closed curve. We have excluded changes of 
variable this drastic by imposing condition (3). 

Definition 5.1 Hereafter , when we refer to a reparametrization of a contour y , 
we will mean that the map t = effecting the change of variable satisfies conditions 
(1), (2), and (3) listed above. 

If we apply the chain rule to differentiate the new coordinate functions m(j) = 
x(<f>(s)) and v(s) we get 


du 

ds 



d$ 

ds 


dv 

ds 



d$ 
ds ’ 
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so that 


(5) — = — ( <f>(s )) • —. (s) for all s in J = [c , rf]. 

rfi* dt ds 

Example 5.3 In Example 5.1, consider 

7 i (0 = cos 2^ + i sin 2^ = * 27rt *, 

defined for 0 < t < 1. If we make the change of variable t = <£(j) = s 2 , with 
j in J = [0, 1], this mapping </>: */—► / evidently satisfies conditions (1), (2), 
and (3), and the reparametrized curve 

(6) rj(s) = yi(<f>(s)) = cos(27 ts 2 ) + i sin(27rj 2 ) = e 2nts2 

defined on J coincides with the curve y 2 (t) in Example 5.1, except that the 
variable in y 2 has been labelled s instead of /; however, changing the name 
of the variable makes no difference at all in the nature of the parametrized 
curve, so r\ and y 2 are the same. 

On the other hand, if we start with y ± {t) defined on I = [0, 1], and set 
t = <f>(s) = 1 — s for 0 < s < 1, 
we get a reparametrization defined on J = [0, 1] 

(7) T](s) = y^is)) = 7i( 1 - s) = cos 2 tt(1 - s) + i sin 2 tt(1 - s) = y*(s) 

for all s such that 0 <s < l. Therefore, the reparametrized curve r](s) is 
just y 4 (0 with the name of the variable changed. Again, the name or symbol 
we use for the variable is totally irrelevant; these functions rj(s) and y^(t) 
define exactly the same mapping of the interval J = [0, 1] into the complex 
plane, and must be regarded as identical parametrized curves. 

Notice that the reparametrized curves in Example 5.3 differ significantly 
from the original curve y 1 ; for one thing, y x (t) moves with constant speed, 
while the reparametrized curve (6) moves with increasing speed, and the curve 
(7) moves around the trajectory in a direction opposite that of yi(t). On the 
other hand, many important features are unaffected by a reparametrization: 

1. The trajectories are the same (Exercise 9; this follows from condition 
(3)) - 

2. The arc lengths are the same (this will be proved as Theorem 5.1 below). 

We will soon prove that line integrals are essentially unaffected by reparam¬ 
etrizing the contour involved in the integration. This very important result 
has the effect of allowing us to select the most advantageous parametrization of 
a curve when we set out to calculate arc lengths, line integrals, etc. The out¬ 
come of our calculations will not be affected by the choice of parametrization, 
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but the complexity of the calculations can often be reduced by choosing the 
parametrization carefully. 

We can distinguish two different kinds of reparametrization. Condition 
(3) in the definition of a reparametrization implies that t = <f>{s) must either 
be 

(8A) strictly increasing on J (so that <f>(s") > <f>(s') if s" > s') 
or else is 

(8B) strictly decreasing on J (so that <f>(s") < <f>(s') if s" > s'). 

Definition 5.2 We say that a reparametrization t = <f>(s) is order preserving or 
order reversing according to whether ( 8A) or ( 8B) holds. 

Remember that we always mean a < b and c < d if we write intervals in the 
form / = [a, b ] and J = [c, d]. If </>: J —> / is a strictly increasing function of s, 
it is evident that an order preserving reparametrization gives us a new curve 
rj o (f) whose initial and final points agree with those of y; we get <f>(c) = a and 
<f)(d) = b, so that 


P = Y( a ) - V( c ) and ? = Y( b ) = V( d )- 

Under an order reversing reparametrization, we get <f>(c) = b and <f>(d) = a , 
so that the initial point of y is the final point of r\ = y o and the final point of 
y is the initial point of r\\ 

P = Yi a ) = V( d ) and q = y{b) = r){c). 

The intuitive idea is that an order preserving reparametrization r] = y o (f> of 
a contour y traverses the common trajectory in the same direction as y , while 
an order reversing reparametrization moves in the opposite direction. This is 
clearly illustrated in Example 5.2, where the curve rj(s) = y{\ — s) is an order 
reversing reparametrization. 

Example 5.4 (Changing the interval of definition) Let y be a contour 
defined on some interval / = [ a , b ]. We can make an order preserving re¬ 
parametrization to get this curve defined on the standard interval J = [0, 1], 
or on any other interval if we wish. For the order preserving change of variable, 
take 

t = <f>(s) = (\ — s)a + sb = a s(b — a) for 0 < s < 1. 

Obviously dcfr/ds = (b — a) > 0, since b > a, and </> is order preserving. There 
is a similar order reversing reparametrization, namely 


t = <f)(s) = sa + (1 — s)b = b + s(a — b) for 0 < s < 1, 
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for which d<f>lds = —(b — a); <f> is strictly decreasing on J = [0, 1], We leave 
it to the reader to work out the simple modifications that enable us to reparam¬ 
etrize y to be defined on an aribitrary interval J = [c, d] instead of the stand¬ 
ard interval J = [0, 1]. 

Example 5.5 A problem that often arises in practice is to recognize 
whether, two given curves are related by a reparametrization. Consider 

m *o = *«> + .>«> = < 

tj(d) = x(6) + iy(6) = cos(20) + i cos 6 0 < 6 < it. 

Both trajectories lie within the solution set of the equation x = 2y 2 — 1, a 
parabola in the *j>-plane; in fact, we can eliminate 6 between *(0) and y(6) by 
noticing that x(6) = cos 26 = 2 cos 2 6 — 1 = 2y(6) 2 — 1. By inspecting 
equations (9) we see that we should take t = <j>{6) = cos 6 for 0 < 6 < tt. 
Then, dcfrldd = —sin 6 < 0, and <f> is a strictly decreasing map of [0,7r] onto 
[—1, +1], so that rj(6) = y(<f>(0)) is an order reversing reparametrization of 

y(0- 


Theorem 5.1 If y(t) = x(t) + iy(t) is a smooth curve defined on I = [ a , b ], and 
tf *7(*0 = y( < / > (' y )) — w (0 + ^ an y reparametrization of y (order preserving or 

order reversing ), then the arc lengths of y and r] are equal: 



dt = L(tj) 



Proof: This follows from the change of variable formula of calculus. 
In the case where t = cf)(s ) reverses order, we have d<f>lds < 0, so that 


= d ± 

ds ds 


on J = [ c , d]. 


The reparametrized curve r\ has coordinate functions u(s) = x(<f>(s)) and 

dd) 

v{s) =j(<^(0), an d derivative rj'(s) = y'(<f>(s)) •— (s) for c < s < d (recall 

ds 

formula (5)). The change of variable formula does the rest of the work: 


m =j*W{s)\ ds = f‘ | ^ • s/x'(<f>(s)) 2 + /(<Ks)) 2 ds 

= (-1) f d -J (s) ■ V*'(<£«) 2 +/(^)) 2 * 

Jc ds 

J *a=<t>(d) - fa 

V*'(o*+yw , * = (-1) i/wi^ 

b=<f>(c) Jb 

= 1 dt = Len g th (y)- 
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There is no minus sign to manipulate in the case where (f> is order preserving, 
since d<f>lds = \d<f>/ds\ ^ 0; otherwise, the proof is the same. | 

There is little difficulty extending this result to piecewise smooth curves. 

EXERCISES 


1. Write out parametrized curves y(t) tracing out the following loci 
in the manner indicated, taking 0 < t < 1. 

(i) The line segment from z = 0 to z = 1. 

(ii) The line segment from z = 1 to z = i. 

(iii) The line segment from z = to z = i — 3. 

(iv) The part of the circle \z\ =2 in the right half plane, 

moving from +2 i to —2 i. 

2. Write out parametrized curves y\[t)> . . . , y 4 (/) which trace 
out the four edges of the square — 1 < x, y < +1, moving counter¬ 
clockwise. 


3. How does y(t) = (1 — t)p -f- tq behave as t varies through 
— oo</<+oo? In a sketch, indicate the direction of motion and 
location of y{t) for t = — 1, / = 0, f = +1, t = +2. 

4. Set up equations for a parametrized curve y(t) = x(t) + iy(t) 
that moves along the parabola y — x 2 -f 1, starting at (0, 1) and ending 
at (1,2). 


5. Parametrize the following loci as counterclockwise oriented 
simple curves by expressing them in polar coordinates. 

(i) The ellipse x 2 + 4 y 2 = 1. 

(ii) The circle x 2 + {y — l) 2 = 4. 

(iii) The parabolic arc y = x 2 — 1 for —1 < x < +1. 


6 . Calculate the speed of the moving point y(t) as a function of / 
for each parametrized curve in Example 5.1. Which parametrizations 
cause y(t) to move with constant speed? 

7. Calculate the arc length traversed by each parametrized curve 
in Example 5.1. Explain why the length traversed by y 4 is twice the usual 
length of the circle |z| = 1. 


8 . In Example 5.1 determine the values of t = t k for which each 
curve y k (t) passes through the point p = e in,A on the unit circle. Calculate 
the velocity of y k (t) as it passes through p and show that the velocity 


vectors 



are all collinear , even though they are not of equal 


length. 
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9. If y(t) is a smooth curve in the plane, and if / = <f>(s) is an 
admissible change of variable, verify the following relationships between 
y and the reparametrized curve rj(s) = y (</>(*))• 

(i) If y is a closed curve, so is rj. 

(ii) If y is a simple curve, so in 'rj. 

(iii) The trajectories of y and rj are the same. 

10. If y(6) = e 2nie for 0 <C 6 < 1, the function 6 = Jt = <j>(t ) 
defined in interval 0 < t < 1 is not an allowable reparametrization of 
y{t). Which of the requirements (1), (2), and (3) is not satisfied? Show 
that the function 


ri(t) = [y(0)UJ = * wi 0<<<1 

gives a continuous parametrized curve. Explain why this curve is not 
smooth. 

Hint: Examine differentiability at t = 0. 


11. If rj is a reparametrization of y, show that the following prop¬ 
erties of y need not be inherited by rj ; give counterexamples for each case. 

\dy\ 


(i) The speed 


dt 


is constant. 


(ii) The interval of definition is [0, 1]. 

(iii) z = -\-i is the initial point of y. 


12. In the circular contour y[t) — e 2nlt defined for 0 < / < 1, 
substitute the changes of variable 

(i) t = (f>(s) = s /4 (ii) t = (f)(s ) =4^(1 — s) 

defined for s in the interval J = [0, 1]. Explain why each of these is 
inadmissible. 


13. In Exercise 12, the contour rj(s) = [y(0l<=<^(s)] a well defined 
smooth contour defined for 0 < s < 1, even though the substitutions 
t = <f){s) do not give admissible reparametrizations of y(t). Compare 
trajectories, end points, and direction of motion for rj and y in each case. 

Note: This should demonstrate the necessity of excluding certain 
changes of variable t = <f>(s) in discussing reparametrizations. In these 
examples the curves rj and y bear little resemblance to each other. 


*5.2 LINE INTEGRALS IN THE PLANE: PRELIMINARIES 
FROM CALCULUS 

In this section we recall, very briefly, some facts about the definite integral 
(Riemann integral) $af(x) dx defined in calculus. Our construction of line 
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integrals for functions of a complex variable, in Section 5.3, will be based on 
this material. 

The familiar Riemann integral operates by taking a function f(t) defined 
on an interval / = [ a , b ] in R, and assigning to it a number 

fit) dt ^sometimes written J f dt ^, 

which is called the definite (or Riemann) integral of f over the interval 
[ 0 , b]. The functions f have real variable and real values in calculus; however, 
we can easily allow integrands/with complex values (as long as we insist that 
the variable t remain real) by making the simple definition 

(10) f V(0 dt = P Re(/(0) dt + i r Im(/(0) dt. 

Ja Ja Ja 

This introduction of complex valued integrands causes very little trouble; only 
the definition of a useful integral for functions whose variable is complex requires 
real innovations. In particular, when we integrate functions z = f(t) defined 
on I = [a, b], the integral (10) is well defined if/is continuous (or bounded and 
piecewise continuous) on [a, b]. Most properties of the Riemann integral 
carry over to the integrals (10). We adhere to the usual convention for reversing 
the endpoints of an integral: 


[ 7(0 dt= (-1) [ 7(0 dt. 

Ja Jb 

The usual algebraic rules for handling integrals can then be verified for complex 
valued integrands by referring to definition (10) and the analogous properties 
for real valued integrands; thus, 


< c < b 


(o [7(o dt = [7(o <u + fVw dt if a 

J a J a J c 

(11) (ii) f (a */)(0 dt = a • | f(t) dt if a is any complex number 

Ja Ja 

(iii) [ (f±g)(t) dt = [ /(0 dt ± [ g(t) dt. 

Ja Ja Ja 


Only one family of properties of the Riemann integral must be re-examined 
when we allow complex valued integrands. These are the order properties , 
which are based on the fact that 


If/and g are real valued functions on [ a , b ] such that f{t) > g(t) 
everywhere, then 
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In other words, the definite integral preserves inequalities between functions if 
we consider f > g to mean that/ (t) > g(t) for all t in [a, b]. From (12) we can 
easily derive another property (see Exercise 7): 

If/is a real valued function [a> b], then 


(13) I [ fdt\^\ b \f\dt. 

\ Ja | Ja 

Here |/| stands for the function with value \f(t)\ for each t in [ a , b]. 

Equation (12) has no analog which makes sense for complex valued 
integrands, since there is no meaningful “<” relation between the complex 
values of such functions, but formula (13) cannot be rejected on these grounds. 
In fact, the inequality (13) is valid for real or complex integrands, and provides 
the backbone for most of our efforts to estimate the size of integrals. 


Theorem 5.2 Iff is a complex valued function on [ a , b ] that is continuous (or piecewise 
continuous and bounded ), then 


I [fdt \ <[\f\dt. 

| Ja \ Ja 

Proof: There is a choice of real number 6 such that e tB • (J* f dt) = 
\$lfdt\; notice that 



Since the integral of g(t) = e' e ■ / (t) is real , and f* g dt = Re(g) dt + 
i Im(g) dt, we conclude that the imaginary term in this sum is zero, and that 


J 'b I Pb rb 

f dt = g dt = Re(g) dt + iO = R e(g) dt. 

a | Ja Ja Ja 

Now apply (12) to the real valued function Re(g(<)), remembering that 
|Re(z)| < |z| for any complex number z; we get 

f f dt I = f Re(g) dt < f |Re(g)| dt <f |g| dt. 

Ja | Ja Ja Ja 

Obviously, |^(<)| = W 9 f{t)\ = |/(<)| for a < t < b, so that 

[ fdt\ \g\dt = [\f\dt. I 

Ja | Ja Ja 

Here are a few facts that will be particularly important to us. Their validity 
for complex valued integrands is established in a routine way by using definition 
( 10 ). 



5.2 LINE INTEGRALS IN THE PLANE 261 


Theorem 5.3 (Fundamental Theorem of Calculus) Every continuous function 
z =f(t) defined on the interval I = [ 0 , b ] has an antiderivative F(t ), a function F:I —> 
C that is differentiable , with dF/dt = f(t),for all t in I. The integral with variable 
upper limit of integration 

F(x) = j f dt defined for a < x < b 

Ja 

is an antiderivative off 


Theorem 5.4 Iff{t) is continuous on T= \a i b ] and if F(t) is any antiderivative of 
f on /, then 

J '/dt = F(b) - F(a). 

Thus , if an antiderivative of f is known , we may evaluate the Riemann integral f dt 
without calculating limits. 


Corollary 5.5 Iff{t) is continuously differentiable on I = [ a , b ], then 

fr-lr-m-m. 

Proof: G(t) = f(t) is an antiderivative of the continuous function g(t) = 
dfj dt on [a, b]. | 


Theorem 5.6 (Change of variable formula) Let I = [a, b ] and J = [ c , d~\ be 

intervals in R and let t = </>(s) be a function with continuous first derivative that maps J 
one-to-one onto /, </>:/—►/. Iff(t) is continuous on /, then f (<f>(s)) is a continuous 
function on J and 

J > (d) ra ji 

f{t)dt = \ f{4>(s)) -f {s) ds. 

<t>(c) J c as 

Note: <f>(c) and <f>(d) must be the end points of the interval / = [a, b ], but 
<f> may be an order preserving or order reversing change of variable. Formula 
(14) is set up to be true in either eventuality, using the convention that 



Proof: Take F(t) to be any antiderivative of/(/) defined on I. 
the chain rule, 


J <f>)(s) = • 7 =/(M) 7 

ds dt ds ds 


By 


for all c < s < d. Theorem 5.5, applied to ( F o <f>) ( s ) for c < s < d, leads to the 
desired conclusion: 


ra fi C^ d) dF f^ (d) 

7 (F o i) (s) ds = F(i(d)) - F(<f>(c)) = \ f (0 dt = I /(/) dt. 
Jc ds J<i>(c) dt J<i>(c) 
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EXERCISES 

1. Verify the formulas in (11) when/(/) = u(t) + iv(t) is a complex 
valued function of a real variable t. 

2. Evaluate the integrals J* f(t) dt in the following situations. 

(i) f(t) = e int ; [a, b ] = [0, 2t t] and n = 0, ± 1, ±2, . . . 

(ii) /(<) = 1 + e u + 2e 2it + 3e 3it ; [a, b] = [0, 2tt] 

(iii) f(t) = e ll \ [a, b ] = [0, 77 ] 

Hint: In (i) distinguish cases n 0 and n — 0. 

Answer: (i) if n = 0; 0 if n ^ 0; (ii) 27 t; (iii) 2 i. 

3. In a Riemann integral j b a f(t) dt, prove that f^f(t)dt = 
lim $ b a f n (t) dt provided the functions f n (t) converge uniformly to f(t) 

n —►oo 

on the interval of integration [a, b]. 

Hint: Use 

[f n dt-\ b /dt I <[\f n -f\dt 

Ja Ja | Ja 

and the definition of uniform convergence. 

Note: This is true even for complex-valued integrands. 

4. Prove Theorem 5.3 starting with definition (10) and the corre¬ 
sponding result for real-valued integrands. 

5. Prove Theorem 5.4 starting from Theorem 5.3. 

6. If y(t ) is a smooth curve defined for a < t < b, it gives a complex 
valued function of real variable y(t) = x(t) + iy(t). Show that 

\ ^7, dt = r( b ) - r( a )• 

Ja dt 

7. For integrals of real valued functions on the interval [a, b ] show 
that formula (13) follows from the basic inequality (12). 

Hint: Write the integrand f as the difference of two non-negative 
functions f =f + —f-> taking 

f(x ) if value f{x) is positive 
0 otherwise 

|/(*)| if value f(x) is negative 
0 otherwise 



Then f=f + -/_ and |/| =f + +/_. 
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5.3 COMPLEX LINE INTEGRALS 

To define a useful integral for functions /(z) of a complex variable, we 
shall integrate /(z) along various contours z = y(t). Let /(z) be continuous on 
an open set E in the complex plane. If y{t ), defined for a < t < b 9 is any 
contour (piecewise smooth curve) lying in £, we define the integral of / 
along y 


(z) dz ( sometimes written as 


S/ dz ) 


to be the number given by the Riemann integral 




The right-hand integral has a complex valued integrand and real variable 
a < t < b; obviously if/ = U + iV and if y(i) = x(t) + iy(t), we get 


f(y( 0) • -r = (u + iV){x f + iy) = (Ux - V/) + i(uy + v x f ) 
dt 


so (15) can be rewritten as 


/(z) dz = (Ux' - Vf) dt + i 


J> y 


+ Vx') dt. 


The latter formula is often written in the suggestive form 



which gives the correct Riemann integral if we set dx = x'(t) dt and dy =y'(t) dt , 
dy 

and dz = —(/) dt = dx + i dy. 


This definition may seem a bit formal; we have framed it to mimic the 
change of variable formula (write dz = dyjdt and take an ordinary Riemann 
integral in place of J y • • • rfz), but the natural geometric origin of the complex 
line integral and its true similarity to the Riemann integral are obscured. In 
more advanced texts the integral J y /(z) dz is defined by a limit process that is 
very similar to the construction of Riemann integrals as limits of “Riemann 
sums”; formula (15) is then deduced from the limit definition as a theorem , 
valid when y is piecewise smooth and the integrand f(z) is continuous. In 
calculating the values of line integrals we would face serious difficulties if we 
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had to evaluate these integrals as limits of partial sums; formula (15) determines 
the line integral in terms of already familiar objects (Riemann integrals), and 
all results discussed in this book are derived from this formula, so we will not be 
hampered by taking it as the definition of line integral. A brief outline of the 
“Riemann sum” definition of a line integral, and its connection with formula 
(15), may be found in De Pree and Oehring [5], Sections 24 and 25, or Nevan- 
linna and Paatero [18], Sections 8.1 and 8.7. 

Using formula (15) we now calculate the values of an important family of 
line integrals. 

Example 5.6 Let E = {z:z f=. 0} and consider the function f(z) = 1 [z. 
Let y R be the parametrized circle 

y R (t) = Re i% defined for 0 <, t <, 2 tt. 

The component functions are x(t) = R cos t and y(t) = R sin t y so that 


and 


^ (t) = iRe il 
dt 


1 - e~ u 


for 0 < t < 27r. Equation (15) gives 


\ ~dz = f f{z) dz = f 2 /(y B (0) • 54(0 dt 
Jy R z Jy R Jo 

C 2n 1 
Jo R 

r 2ir 

= ij dt = 2iri. 


iRe il dt 


The value of the integral is the same for every choice of R > 0. 

In an integral J y f{z) dz we must have a parametrized curve y(t) in mind in 
order to use formula (15). Since it is only the values 


f(y{t)) for a < t < b 

that enter into formula (15), the values of f(z) for points z = y(t) lying on the 
trajectory T alone determine the value of this integral; thus, the following 
result is clear. 


Theorem 5.7 The behavior of the integrand f (z) off the trajectory of y cannot influence 
the value of the integral J y /(z) dz. In particular , if f x {z) and f 2 (z) are continuous 
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functions that agree at every point on the trajectory T, we get 

f/i dz = f/ 2 dz. 

Jy Jy 

The following algebraic properties of line integrals arise directly from corre¬ 
sponding properties of the Riemann integral appearing on the right side of (15). 

Theorem 5.8 Let f and g be continuous functions of a complex variable defined on a 
set that includes the trajectory of the contour ^y. Then 

«jy± *)&-((>*) ±(j**) 

(ii) If a is any complex number and we define (of) so that ( of)(z) = a • /(z), 
then 

J(«/) dz = a - (J/</zj. 

(iii) If we break the interval I = [a, b ] into two subintervals f = [a, c] and 
/ 2 = [ c , b], where a < c < b, we get two contours y x and y^from y by 
restricting the variable t to I x and 4 respectively. Then 

[fdz = [ fdz + f fdz. 

Jy J yi Jy 2 

It is appropriate to think of the line integral as an operation that puts together 
a contour y and a function f(z) to give a complex number J y f dz (subject to 
the requirement that f be defined on the trajectory of y , of course). This 
operation depends linearly on the integrand (equations (i) and (ii)) and additively 
on the contour y, if we regard y as a “sum” of y x and y 2 in equation (iii); 

i-e., y = y i + y 2 - 

As we proceed, it will be interesting to see how information about the 
integrand f(z) or the contour y corresponds to information concerning the 
integral j \ y f dz. For example, if we know the arc length of y and we know that 
|/(z)| is bounded as z varies within the trajectory T, say \f(z)\ < M for all z 
on r, then there is a corresponding limitation on the size of the integral. The 
exact estimate, given next, will be an important tool for studying line integrals. 


Theorem 5.9 Suppose that y is a contour in the complex plane and that f(z) is a 
continuous function defined on the trajectory T, such that \f(z)\ < M for all points z 
on this trajectory. Then 


( 16 ) 



< M • Length (y). 


Proof: Formula (13) for Riemann integrals gives 



Ja Ja 
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But for every t in [ 0 , b ], the point z = y(t) is on the trajectory F, so that 
\f(y(t))\ < M. Therefore, 

l/(y(0)l • 1/(01 < M- |/(0I for all / in [a, b]. 

Now apply the basic order inequality (12) to get 

f/rfz < fV • |/(<)| dt = M • | 1/(01 dt = M • Length(y). I 

By using this estimate we can demonstrate a useful fact. If the contour y is 
fixed, the integral J y / dz varies “continuously” as we change the integrand. 


Theorem 5.10 Let f v f 2 , . . . be a sequence of continuous functions defined on the 
trajectory F of a contour y , and assume that they converge uniformly on F to some con - 
tinuous function f(z): 

f = lim f n (uniformly on T). 

n-* oo 

Then 

(17) f n dz —► l/rfz w —> oo. 

•/y •/ y 

Uniform convergence of a sequence {/„} of functions to a limit 
function f on a set £ was discussed in Sections 3.1 and 3.2. The reader should 
take a moment to recall what this means. As we mentioned above, the behavior 
of the integrands f n (z) and f(z) on F alone determines the values of these 
integrals, and this is why we only need to know that/ n converges uniformly to f 
on the set T, to get (17). 


Proof: By definition of uniform convergence, if e > 0 is given we get 
| f n (z) — /(z)| < e for all z on F (i.e., uniformly on F) 
for all large n y say n > N(e). Since line integrals are linear operations, we get 




< s • Length (y), 


for all n > N(e). This works for any choice of e > 0, which is exactly what we 
mean when we say that 


J f n dz —> \ f dz as w —► oo. I 

y J y 

The above result shows that a uniform limit may be interchanged with the 
operation J y (• • •) dz; that is, 

lim ( f/ n dzi =17lim/7 dz = f f dz 

n->oo\Jy J Jy\n-KX> / Jy 

if f n converges uniformly to f on the trajectory (recall discussion of Section 3.1). 
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Another important fact about line integrals is their invariance when we 
hold the integrand fixed and make an order preserving change of variable 
in the contour. 

Theorem 5.11 Let y(t) and r](s) be contours in the plane that are defined on I = [a i b ] 
and J = [r, d~\ respectively . Assume that rj is a reparametrization of y: 

T](s) = (y o <f>)(s) = y(<f>(s)) for c <s <d 

via the change of variable t = <f>(s). Then y and rj have the same trajectory T, and if 
f(z) is any continuous function defined on V we get 

(i) \ f dz = \ f dz if <f> is order preserving 
Jij J y 

(ii) I f dz = (—1) * \ f dz if <f> is order reversing , 

Jri J y 

Proof: First write /izasa Riemann integral: 

f fdz = • V'(s) ds = f (fo y){<f>(s)) • (y c 4>)'(s) ds 

Jr] Jc Jc 

= (\f°yms))-y'(<Ks))-^(s)ds; 

Jc ds 

here we use the differentiation rule (5) to calculate (y o (f>)'(s). If <f> is order 
reversing, then <f> reverses end points in mapping J to /, so that b = cf>(c) 
and a = <f)(d ), and the integral above has the form 


J/* -£ 


a=<t>(d) 


(f»y)(t) ■ y'(t) dt 


4>(c) 

=JV(y(0) • y'(0 dt 


( 


A 


f(z) dz. 


In the case when <f> is order preserving, we get a = <f>(c) and b = <f>(d), and 
there is no need to reverse the order of endpoints in these integrals; thus, 


[ fdz = f fdz. 

Jn J y 


Example 5.7 Consider the contours 

e lt = cos t + i sin t 
y(t) = { e 2irtt = cos(27rt) + i sin(27 rt) 
e u = cos(^ 2 ) + i sin(/ 2 ) 


0 < t < 2n 
0 < t < 1 

0 < / < yj2lT 
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which traverse the unit circle \z\ = l. They are related by order preserving 
reparametrizations, and we have already calculated j y l/zdz = 2ni for the 
first contour in this list. Theorem’ 5.11 assures us that the other contours 
must give the same value. If we integrate /(z) = 1/z along 

rj{t) = e* 1 —* = y(27r - t) 0 <t <2n, 
which is an order reversing reparametrization of the first contour above, we get 



The integrals of f(z) = 1/z along each of the contours listed above could be 
calculated directly, but the advantages of an appeal to Theorem 5.11 should be 
obvious. 


Example 5.8 Let y(t) == e n for 0 < t < 2i t, and let n = 0, ±1, ±2, .... 
Integrating/(z) = z n along y , we get 

P P2ir r 2ir 

\z n dz = \ f(y(t)) ■ y'(t) dt = y(t)”-y'(t)dt 

Jy JO Jo 

r2V 

=J e int ■ i • e il , 


'dt 


e n n +i)t dt 


J *2 77 

o ^ 

If k = ± 1, ±2, ... we have 

/*2tt /* 2 77 1*277 

e tkt dt = cos(^) dt + 1 1 sin(A;£) dt = 0 + iO; 
Jo Jo Jo 


but if k = 0, this integral reduces to Jo* dt = 2tt. Therefore, letting k = n + 1, 
we get 

for n ^ — 1 

(n an integer). 

for n = — 1 


fz n dz = f° 

Jy \2iri 


The same conclusion holds for all curves rj that are order preserving reparam¬ 
etrizations of y. 


Example 5.9 Consider the contours y(t) and rj(t) which connect p = 0 
and q = z’, as shown in Figure 5.3. These curves can be given definite param- 
etrizations as follows: 


y{t) = x(t) + iy(t) = 


T](t) — u(t ) + iv(t) - 


2 1 + iO 

.1 + i{2t - 1 ) 

(0 + i(2t) 

1(2/ - 1) + i 


for 0 < t <, \ 
for £ <; t <, 1 

for 0 <t<\ 
for J ^ ^ 1. 
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Figure 5.3 The contours of integration in 
the integral J y z 2 dz of Example 5.9. 


0 + iO = p 


q = 1 + il 



Let us integrate/(z) = z 2 along each of these contours. At the present stage 
of our discussion this must be done by direct computations based on formula (15). 



r 1/2 r i 

= /(y(0) •/(<)<*+ /(y(0) • /(0 dt 

JO J 1/2 

fl/2 fl 

= 4* 2 • 2 dt + (1 + i(2t - l)) 2 • 2i dt 

JO J 1/2 


The first integral here has value J; substituting j = (1 + z(2f — 1)) and 
= 2z dt in the second, we can evaluate it as 



t=l “| r^3 <=1 -1 

<=i/2j L3 f= 1/2 | L 


(1 + i(2t - l)) 3 
3 



(1 + »)» 1 

3 3' 


Thus, J y z 2 dz = (1 + i) 3 /3 = (J)(? 3 — p 3 ). On the other hand, 



n/2 

=l J 


f(y( 0) • dt + 


J 1/2 


ri/2 fi 

= — 4/ 2 • (2i) dt + ((2<-l) 

Jo J 1/2 


• dt 
+ z) 2 • 2 dt. 


The first integral is just —i/3 ; in the second integral, we substitute s = (2t — 1) 
+ i and ds = 2 dt , to get the value (J)((z + l) 3 — z 3 ) = (z + 1 ) 3 /3 + i/ 3. 
Combining the values of these pieces, we get 

JV rfz = ^i±JT = i(? 3 - /) = jz 2 dz. 


The curves y and r\ are quite different and are not reparametrizations of each 
other since they have different trajectories. Nevertheless, it turns out that the 
integrals have the same value; this is not an accident, as we shall explain in 
Section 5.6. 
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EXERCISES 

1. Calculate $ y z 2 dz along the contour y(t) = (1 — t)i + t , 
defined for 0 < t < 1. What is the trajectory? 

Answer: (1 + l)/3; trajectory is the segment from +1 to + 1 . 

2. Calculate f z 2 dz along the semicircular contour y(t) = 
^( 77 - 20/2 f rom o < t < 7 t/ 2 . Sketch the trajectory and the direction of 
motion of y(t). 

Answer: (1 + l)/3. 

3. Evaluate the following integrals. 

(i) e z dz along the line segment from — 1 to + 1 

(ii) ( e z + z) dz along the line segment from 1 to 1 + irr 
Jy 

(iii) \z\ dz along the counter-clockwise circle \z\ = 2 

Jy 

j z dz along the semi-circular piece of |z| = 1 in the 
Jy z right half plane, moving from —i to +z' 

(v) J y Log z dz along the contour in (iv). 

Answer: (i) e — e~ x ; (ii) — 2e + irr — 7 t 2 /2; (iii) 0; (iv) — 7 r; 
(v) —2i. 


4. For the polygonal curves joining the points {pi,->>,p n } 
indicated, calculate the following line integrals. Sketch the trajectory 
of y in each case. 


(i) J*3z — 1 dz lor {— 2 , +z} 

(ii) I 3z — 1 dz for {— i, + i, +1, — i) 

Jy 

(iii) * dz = Re(z) dz for {— 1 , —i +1,1+ 1, +1} 

Jy J y 

(iv) I |z| dz for {—1 + 1, i + 1}. 


Answer: (i) 61; (ii) 0; (iii) +2; (iv) i^J2 + “ In 


1 + V2 
1 - V2 


5. Verify the properties of line integrals in Theorem 5.8, using 
the definition (15) and the facts about Riemann integrals. 



5.3 COMPLEX LINE INTEGRALS 271 


6. Show that J., z n dz = 0 for each integer n with n * -l, if y 
is a circular contour about the origin of the form y(t) = Re il for 0 < t <; 
2tt. 

Note: For n — —1 see Example 5.6; also note that the answer does 
not depend on the particular radius R > 0 used. 

7. If y is the parametrized circular contour about z = p given by 
y(t) = p -f- re u for 0 < t < 2i t, show that 

(i) f —— dz-- 2t ri 

Jy Z — p 

(ii) j (z — p) n dz = 0 if n ^ — 1; n an integer. 

8. If y(t) = a + t(b — a) for 0 < t < 1, its trajectory is the 
segment / = [a, 6] in the real axis. Let f(z) be any continuous function 
of a complex variable defined on this segment, and prove that f(z) dz 
is precisely the Riemann integral Ja f( x + *0) dx. What happens if you 
take an order-reversed reparametrization, such as r](s) = b — t(b — a)? 

9. Calculate the values J y z n dz for n = 0, ±1? ±2, . . . along the 
semicircular contour y(t) = Re u defined for — tt/2 < t < +7r/2. Do the 
values depend on the radius R? 

Hint: Case n = — 1 is exceptional. 

Answer : in if n = - 1; 2R n+1 i n+1 P - ~ ^ 1 if n ^ -1. 

L n + l J 

10. Calculate J y z dz and J y (z) n dz where z is the complex con¬ 
jugate and y = Re lt > defined for 0 < / < 277. 

Answer: (i) 2mR 2 ; (ii) 0 if n ^ +1. 

11. Write out in full the Riemann integrals you would have to 
evaluate to calculate the value f(z) dz, taking y(t) = Re u for 0< ( < 
2n and 


(i) f(z) = sin z 

(ii )/(*) = «* 

(iii) /(z) = z 2 + 1 

(iv) /(z) = (for R > |) 

^ - i 


Do not evaluate the integrals, unless the definite integrals are particularly 
simple. 
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12. If yn(t) = Re il for 0 < t < tt (a semi-circle), use Theorem 
5.9 to prove: 


(i) 


(ii) 


-±-4z 

x z 2 + 1 R 2 - 1 

lim I —-— dz = 0. 

R-*ccJy R Z -j- 1 



for R > 1 


13. If y R is the parametrized circle \z\ = R with y^t) = Re u for 
0 < t < 2 tt , prove that: 


(i) 

(ii) 



]£ f ldz }=° 

z 112 Log z dz\ = 0. 


Note: The integrands have a simple discontinuity at z = —R + zO 
but the line integral is still well defined. 

Hint: Use estimates as in Theorem 5.9. 


14. If a series of continuous functions 2/n( z ) converges uniformly 

71=0 

on the trajectory of contour y to a continuous function/(z), prove that 

f/(z) dz = 5 ( f/„(z) dz\. 

Jy 71=0 \Jy J 

Hint: A direct consequence of definition and Theorem 5.10. 

15. Use the series-expansion principle of Exercise 14 to evaluate 
J y f{z) dz for the contour y(t) = Re il with 0 < t < 2n. 

(i) f(z) = sin z 

(“) /(*) = «* 

(iii) f (z) any polynomial in z 
Answer: (i) 0; (ii) 0; (iii) 0. 

16. Use the series-expansion principle of Exercise 14 to evaluate 
the following integrals. 

(i) j - U - Z dz = 0, where y(t) = e u for —tt/2 < t <> tt/2 (a 
Jy z semicircle). 

(ii) I —-— dz = 2rri y where y(t) = e u for 0 <, t <, 2n. 

Jy z - K 
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17. (Deforming the contour) Let y(t) and y^t), 72(0) • • • be 
continuous curves defined on the standard interval [0, 1]. 

Definition. We say that the curves y n approach y as a limit, 
written y = lim y n , if the complex valued functions of real variable 

n—► oo 

y n {t) converge uniformly to y(t) for t in [0, 1], and the derivatives 
y' n (t) converge uniformly to the derivative y'{t) on [0, 1]. 

Sketch the curves involved in the following situations and prove that 
y = lim y n , as defined above. 

n—►oo 

W y»(0 = (i -00 + and y(0 = L 

(ii) y n {t) = r n e 2nti and y(t) = re 2nit , where {r n } is a se¬ 
quence of positive 
numbers with r n —> 
r . 

(iii) y n (t) = and = fwit 

( iv ) y,(0 = t + *0 and y(t) = t 

( v ) y»(0 = + *< 2 (l — ^ and y(t) = / + it 2 

Hint: For any pair of numbers a, (} (real or complex) the combina¬ 
tions (1 — t)cn + //? with 0 < t < 1 lie on the line segment between a 
and /?. 


18. Prove the following important theorem, which shows that a 
contour integral J y /(z) dz varies continuously as the contour is varied 
(compare with discussion of Theorem 5.10). 

Theorem: If contours y n approach a limit contour y, so y = lim y n , 

71—-00 

then $ Y f(z)dz = lim J yn /(z)rfz, for any continuous function 

n—►» 

/(z) defined in a region that includes the trajectories of y n and y. 

19. Prove that initial and final points converge, y(0) = lim y n (0) 

n—*-oo 

and y(l) = lim y(l), if the contours y n approach a limit y. 

n —>-00 


20. Let y(J) = for 0 < t < 2 tt and let p = re** be a point lying 
inside the trajectory |z| = 1. Prove that 



P 


dz = 2m 
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no matter where the singular point p is located, provided \p\ < 1 , starting 
from the definition (15) of line integrals. 

Note: This leads to a difficult Riemann integral, except when p = 0. 
Other methods for calculating this integral appear in Section 5.6. 


*5.4 CHANGING A LINE INTEGRAL BY TRANSFORMING 
THE CONTOUR 

Let w = y)(z) be a holomorphic mapping between sets, ip:E — as 
indicated in Figure 5.4 (we do not require that rp map E onto F). This mapping 
transforms each contour y in E to a contour r\ = ip o y in F, as shown. On the 
other hand, each continuous function/^) defined on F is transformed (shifted 
in the reverse direction) to give a corresponding continuous function (f o ip) 
(z) = /(y(z)) defined on E. It should be no surprise that there is a simple 
formula relating the integral J voy f(w) dw of f(w) along the transformed con¬ 
tour w = y>(y(t)) to the integral of the transformed function along the original 
contour z = y(t). The relation looks very much like the change of variable 
formula for integrals; notice in particular that the two integrals just described 
are not equal —we must introduce a compensating factor dxpjdz into the second 
integral to get the values to agree: 

(18) \f{rp{z))^dz = \ f(w) dw. 

Jy UZ Jti=ip o y 

The proof is easy; by definition, 

[/(v( 2 )) < Y dz = \ f(v(y(0)) • (r(0) • 7 ■ 

Jy dz J a dz dt 

( f(w) dw = [ f(rp{y(t))) 7 (y 9 ° y) dt. 

Jrp o y J a dt 




F 


z — plane w — plane 

Figure 5.4 Transforming contours and functions via a mapping w = y>(z). 
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The derivative of the transformed contour rj = rp © y is just 

d dw dy 

- (w o y) = — (y( 0) • — (0 for a < t < b, 
dt dz dt 

and when this chain rule formula is substituted into the second integral we see 
that the integrands are the same, proving (18). 

The reader should consider the distinction between reparametrizing a 
contour and transforming it. In the first case we are making a substitution t = 
<f>(s) for the variable in the contour z = y(t ), but when we transform a contour 
by some mapping of the plane w = y>(z) we leave the variable t alone and act 
on the values to get the new contour rj(t) = y>(y(t)) = (ip 0 y)(t). Line integrals 
are unaffected by a reparametrization (except that they may be multiplied by 
— 1) but can be changed substantially by a transformation of contour and 
integrand. 

EXERCISES 


1. Use w = y>(z) = 1/z to transform the following contours y. 
Sketch the trajectories of y(t) and rj(t) = y>(y(/)) = 1 /y(t). 

(i) y(t) = Re 2nit 0 < t < 2n (with R> 0) 

(ii) y{t) = i + * 0<;<1 

(iii) y{t) = 1 + z(l — t) 0 <t<\. 

Hint: The fractional linear transformation w = 1/z maps y in (iii) 
to a circular arc (part of which circle in the plane?). Recall Section 4.8. 

2. Consider the parametrized line segment connecting p = — ztt/2 

to q = irr /2 given by y(t) = (1 — t)p + tq for 0 < t < 1. If y is trans¬ 
formed by the mapping w = y(z) = e 2z , write out the components of the 

transformed contour rj(t) = [y(z) | 2=y (<)] = ^(y(0)* Sketch the tra¬ 
jectories of y(t) and rj(t ), indicating the direction of motion. Compare 
the following aspects of y and rj. 

(i) Are the curves closed (simple) ? 

(ii) Are arc lengths the same ? 

3 . If y is a contour and w = rp(z) is a mapping defined and holo- 
morphic on the trajectory, prove that the arc length of the transformed 
contour rj{t) = y(y(0) 1S given by 



Give an example of a transformation that changes the length of the 
curve y. 
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4. If w = ip(z) is a mapping defined on a set E in the complex plane 
it is customary to refer to the set y>(E) = {w:w = y>(z) for at least one z 
in E) as the image of E under the mapping. If w = y>(z) is defined on the 
trajectory T of a contour y(t ), show that the transformed contour rj(t) = 
y>(y(t)) has the trajectory T' = y(T). 


5.5 THE NOTATIONS Yl + ••• + Yn AND-y FOR CONTOURS 

If we start with a single contour y defined on an interval / and then break I 
into successive subintervals I ly . . . , / m , we obtain several new contours y l9 . . . , 
y m by restricting the variable t to the different intervals. The new curve y k 
starts from the point where the previous curve y k _ t ended, and we get 

j/dz = f(j/dz) 

Jy k =1 \Jyic / 

by applying Theorem 5.8 several times. Often we wish to go the other way: 
let us start with contours y k (t) defined on intervals I k = [ a k , and let us 
assume that the successive initial and final points of these contours match up, 
in the sense that 

(*) the initial point of y k is the final point of y k _ x for 2 < k <m. 

We would like to traverse the contours y l9 . . . , y m in succession to obtain a 
single piecewise smooth curve y , as shown in Figure 5.5. But the intervals 
might be unrelated, so that they do not fit together end to end 
(they may even overlap) to give us a single interval on which we can define 
the new curve y . However, since we are primarily interested in line integrals, 
which are not affected by reparametrizations, we can easily reparametrize 
Yi> • • • > Vm v ^ a order preserving reparametrizations to get 

4 = [0, 1], 4 = [1, 2],. . . , 4n = [m - 1, m]; 

the reparametrized contours fit together to give a single curve defined on the 
interval / = [0, m]. There are other ways of doing this reparametrization, 
but in every case we will get 

(19) (fdz = z((fdz), 

Jy k =1 \Jyjc 1 



Figure 5.5 Forming the contour y = + 

* • * + 7m from curves y lf ..., y m that satisfy (*). 
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so these differences will be irrelevant in computing line integrals. We often 
write y = y 1 + * * * + y m for the contour gotten by traversing the contours 
Vi> • • • > Ym succession; only the requirement (*) must be satisfied for this 
to make sense. 

Similarly, when we are dealing with line integrals we often want to con¬ 
sider arbitrary order reversing reparametrizations rj l9 r\ 2 of a given contour y . 
Theorem 5.11 insures that 

\ fdz = \ fdz={-\)\fdz, 

Jni Jri2 Jy 

so there is really little reason to write down an explicit reparametrized form 
of y(t); instead, we use the symbol — y to indicate the contour y taken with 
any order reversing reparametrization. This, of course, leaves uncertain 
which change of variable is meant, but in any case we get 

( 20 ) f fdz = (- 1 ) • f fdz. 

J—y Jy 

Notice that — y starts where y ended, traverses the trajectory T in a direction 
opposite that of y, and ends where y started. 

EXERCISES 


1 . Parametrize the line segments [ 0 , 1 ] and [ 1,1 + i] via 

y x {t) = t 0 < t < 1 

y z (t) = (1 - t) + it 0 < / < 1 

respectively. How would you interpret the contour y x + y^ Does the 
symbol y 2 + y x represent a contour? What is the relationship between 
the contour y x + y 2 an d the contour y in Example 5.9? What is the 
value of Jy 1+ y 2 z 2 dz ? 

Answer: §(i — 1). 

2. Consider two parametrizations of the circle \z — p\ = /?, 

y^O) = p + Re ie 0 < 6 < 2tt 

Y 2 W = P + R e%9 a <6 < a + 277 (a a fixed real number) 

Show that J Vi /(z) dz = J y2 /(z) dz for any function/(z) defined and 
continuous on |z — p\ = R. 

Hint : Break both contours into two comparable arcs. 


5.6 PATH INDEPENDENCE OF LINE INTEGRALS 

In Figure 5.6, £ is a fixed domain (open connected set) in the complex 
plane and z x and z 2 are two points in E . Since E is connected, there are various 
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Figure 5.6 Various contours in a 
domain E which connect z x to z 2 within E. 


ways we can move from z x to z 2 along contours which lie entirely within E; 
for example, we could always connect z x to z 2 via a “polygonal curve” such as 
the one shown in Figure 5.6. 

Question : For a fixed integrand/(z) that is continuous on E , under what 
circumstances is J y / dz independent of the path from z x to z 2 along which we 
integrate ? 

For example, this occurs when the integrand f(z) has an antiderivative F(z) 
that is defined throughout E ; then dFjdz = /(z)' for all z in E and if y{t), 
defined for a < t < b, is any contour lying within E such that y(a) = z x and 
yip) = z 2 , we get 


[ f dz = [ f(y{t)) • /(f) dt. 

J y Ja 

Since dFjdz = f{z :) everywhere, the composite function (F° y)(t) is differen¬ 
tiable, 

d dF dy 

— (Foy)(f) = — (y(f)) •-£ (f) for a<.t<,b. 
dt dz dt 

Thus, our integral has the form 

jfdz =£^ (F o y)dt= F(y(b)) - F(y(a)) = F(z 2 ) - F{ Zl ), 

by the Fundamental Theorem of Calculus. This reasoning works without 
reference to the form of the contour that connects z x to z 2 , and also tells us how 
to evaluate the line integral if an antiderivative is known. 

Theorem 5.12 Iff(z) is a continuous function defined on a domain E in the complex 
plane , and if /(z) has an antiderivative F(z) defined throughout E , so that 


— = f (z) for all z in E ', 

dz 



5.6 PATH INDEPENDENCE OF LINE INTEGRALS 279 


then 

(21) f fdz=F(z 2 )-F(z 1 ) 

Jy 

for any contour in E that connects z x to z 2 . Hence , if y 1 and y 2 are two such contours , 
it follows that § n f dz = Jy 2 / dz. 

Example 5.10 ‘ On any domain,/(z) = z 2 has a well defined antideriv¬ 
ative; we could take F(z ) = (^)z 3 (other antiderivatives differ by an added 
constant which cancels in formula (21)). If z x and z 2 are two points in E and 
if y is a contour from z x to z 2 , we get 



This explains the result obtained by tiresome direct calculations in Example 
5.9. 


The path independence property will be of very great importance when we 
have to calculate line integrals in practical applications. The following defini¬ 
tion of terms will be convenient. 

Definition 5.3 Let f(z) be continuous on a domain E in the complex plane. Line 
integrals of f are globally path independent in E if 

f fdz = \ fdz 
Jyi Jy 2 


for any pair of contours y x and y 2 in E that have the same initial point and the same final 
point. 

If line integrals of/(z) are globally path independent on E , the following result 
shows how we may construct an antiderivative F(z) from the original function 
f(z) almost exactly as we construct the antiderivative 



for a < t < b 


of a continuous function of a real variable f(t) in calculus. 

Theorem 5.13 Let f{z) be continuous on a domain E in the complex plane and assume 
that line integrals of f(z) are globally path independent in E. Fix some point p in E. 
For any other point z in E let us define 
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£ 



Figure 5.7 The contours used in proving Theorem 5.13. 


where y(p , z) is any contour in E that starts at p and ends at z. Then 

(i) F(z) is holomorphic (hence continuous) on E , and 
dF 

(ii) — (z) =/(z) for all z in E. 
dz 

Proof: Due to the path independence ofline integrals, the right side of 
(22) gives us the same complex number F(z) no matter how we take the contour 
y(p , z) connecting p with z. We will show that dFjdz exists and is equal to/(z) 
by making a frontal assault on the problem, examining difference quotients and 
their limits. Let D be a small disc about a typical point z in E; we may choose 
D so that it lies within E , as shown in Figure 5.7. If z' = z + Az is any point 
in D with z' z, let us examine the difference quotient 

A£_F W -F(z)_jrf fdz 
Az z! — z Az 

as z' —>■ z. We may take the contours y x = y(p , z) and y 2 = y{p , z') in any way 
we wish as we examine the right side of this expression. Therefore, let us take 
y x to be any contour from p to z in E } and let y be the parametrized line segment 
from z to z' 



y(t) = tz' + (1 — t)z = z + t Az for 0 ^ t <, 1. 


Obviously, y’(t) = Az (a constant) for 0 <> t <; 1. We may take y 2 to be the 
contour obtained by traversing y x and then y in succession, y 2 = y x + y, 
as shown in Figure 5.7. Now 


f fdz = f fdz = [ fdz + 
Jyz y Jvi 
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and 


AF_L 

A z A z 


LJy, Jn J AzJ/ 



•A z dt — 



dt. 


We are left with the technical problem of showing that this integral 
approaches the value f (z) as z' —► z. Now f is continuous at z, so f (z) = lim f 

w-*z 

and all values f(w) are close to f(z) if w is sufficiently close to z; i.e., we can 
make the difference in values smaller than a prescribed number e > 0 by 
restricting w to lie within a disc of sufficiently small radius r = (5(e) about z. 
Thus, 

| f(w) — /(z) | < £ provided that \w — z| < (5(e). 

If z' is in this disc, so |Az| = \z — z| < (5(e), the points w = y(t) on the seg¬ 
ment connecting z' to z lie even closer to z; therefore, | y{t) — z| < (5(e) and 

(23) \f(y(t)) -/(z)| < £ for 0<t<l. 

Next, notice that /(z) =/(z) • 1 =/(z) • f dt = f /(z) dt (here/(z) is a 

Jo Jo 

complex constant ; the variable of integration is /). Thus, for any z' such that 
|z' — z| = |Az| < 5(e), we get 


f-/(z> 

Az 


JV(y(0) dt-f(z) 


= |J o Wo) -fW\*\ 

^ f l/(y(0) ~/( z )l < f edt = e 

Jo Jo 


(the last inequality follows from (12)). Since this argument may be carried 
out for any choice of e > 0, we have shown that 


— (z) = lim exists and is equal to f (z) 
dz z'-zAz 


for any point z in E. | 

The last two theorems may be combined to give: 

Corollary 5.14 Iff{ z) is continuous on a domain E , then line integrals off(z) are 
globally path independent in E if and only if f(z) has an antiderivative F(z) defined 

throughout E. 
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In a set E where/(z) has path independent line integrals, it is useful to employ 
the notation 

f f(w) dw 
Jp 

to indicate integration, along any contour in E , from p to z. If p is held fixed, 
this function of z is just the antiderivative of f produced in Theorem 5.13. For 
example, Jo cos w dw = sin z, and there are many other formulas like this, 
reminiscent of the indefinite integrals one learns in calculus. Here is another 
useful criterion for global path independence. 

Theorem 5.15 Let f(z) be continuous on a domain E in the complex plane . Then line 
integrals of /(z) are globally path independent in E if and only if 

(24) f fiz = 0 

Jy 

for every closed contour y that lies within E. 

Proof: If line integrals are globally path independent in E , there is an 
antiderivative F{z) defined on E and we get J y / dz = F(y(b)) — F(y(a)) = 
F{p) — F(p) = 0 if y is a closed contour and p is its initial/final point. 

Conversely, if (24) holds for all closed contours in E , let us consider two (not 
necessarily closed) contours y x and y 2 in E which start at a common point p 
and end at some other common point q\ we want to show that 

f fiz = (* fiz. 

Jy i Jy 2 

Let us write — y 2 for any order reversed reparametrization of y 2 , so — y 2 
starts at z = q and ends at z = p. We may now move along the contours y x 
and — y 2 in succession to get a closed contour based at z = /?, y = y x + (—y 2 ), 
as shown in Figure 5.8. For this contour we get 

0 = f fiz = f fiz + f fdz = \ fdz - f fiz , 

Jy Jy i J- y 2 Jy i J y* 

which is what we wanted to prove. | 

Path independence of line integrals depends both on the nature of the 
integrand/(z), and on the geometric features of the set E. The role played by 
the “shape” of£ will be considered in more detail later on. When line integrals 
of f(z) fail to be globally path independent, it quite often happens that path 
independence appears if we restrict our contours to lie within certain subsets 
of E. This often happens when E has a “hole” in it, and curves that loop 
around this hole must be excluded if we are to have path independence of line 
integrals. For this reason we introduce the notion of local (as opposed to global) 
path independence of line integrals. 
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Figure 5.8 Constructing the 
closed contour y — y t + (—y 2 ) in 
Theorem 5.15. 


E 


P 



Q 


Definition 5.4 Let f(z) be continuous on a domain E. We say that line integrals of 
f(z) are locally path independent in E if for every point p in E , we can find a 
corresponding disc D v about p such that 

(i) The disc D v lies within E 

(ii) Line integrals off(z) are path independent for all contours that lie within D v . 

Of course, the size of the disc D v may vary as p is changed. By Theorem 5.14, 
(ii) is equivalent to the requirement 

(ii*) The function f(z) has an antiderivative defined throughout the disc D v . 

In other words, local path independence of line integrals for f(z) means that 
we are able to devise antiderivatives for f(z) near any point p in E , although 
there may not be an antiderivative defined throughout E. Since the validity of 
(ii*) is completely decided by examining the behavior of f(z) near individual 
points p in E , it follows that the property of local path independence depends 
only on the function /(z), and not at all on the shape of the domain E. 

Example 5.11 If f(z) is an analytic function defined on a domain E , then 
line integrals of f(z) are locally path independent. To see this, consider a 
typical point p in E; then/(z) has a convergent power series expansion in some 
disc D v about p. An antiderivative F(z) can be defined on D v by formally 
antidifferentiating this series term-by-term, as explained in Section 3.3. Thus, 
condition (ii*) is verified. 

Line integrals of analytic functions need not be globally path independent. 

Example 5.12 Let E x be the open half plane E 1 = {z:Re(z) > 0} and let 
E 2 = {z:z ^ 0}, the punctured plane. These are both connected open sets 
(domains), and any two points in them may be connected by piecewise smooth 
curves lying within the domain. Notice that E 2 has a “hole” in it, while E l has 
no such feature. Now/(z) = 1/z is continuous (and even analytic) throughout 
both domains, although it behaves badly as z approaches the boundary point 
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Figure 5.9 The domains in Example 5.12. 

z = 0. On E x take F(z) = Log z (principal determination); then 

-{£)=- =/(z) for all z in E v 
dz z 

so that line integrals of/(z) along contours in E 1 are globally path independent. 
If y 1 is a closed contour in E u such as the one shown in Figure 5.9, we get 



In E 2 things go rather differently; the prospective antiderivative log(z) 
cannot be defined as a continuous (let alone holomorphic) function on E 2 —a 
locus of discontinuities always appears when we attempt to define a determina¬ 
tion of log z on a set like E 2 —and we suspect that global path independence 
may fail. Local path independence is guaranteed by the fact that 1/z is analytic 
on E 2 . To confirm our suspicions about global path independence, let us inte¬ 
grate/^) along the closed contour 

y 2 {t) = e 2irtt defined for 0 < t < 1, 

shown in Figure 5.9. This integral was evaluated earlier, in Example 5.8: 

j - dz = 2iri 0. 

J 72 z 

This result conflicts with formula (24), so the global path independence property 
cannot hold for /(z) = 1/z on the domain E 2 . This failure of global path 
independence is caused by the relation between / and the special geometric 
features of E 2 (namely, the hole where z = 0 was removed; z = 0 must be 
deleted since/(z) is not analytic at the origin). 

Next we apply these ideas to evaluate an important family of contour integrals 
that are quite difficult to handle by direct methods. 
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Example 5.13 Consider a circle F = {z: \z — p\ = r}, parametrized 
counterclockwise in the usual way: y(t) = p + re u for 0 <, t < 2tt. Now let 
£ be a point in the open disc D = {z: \z — p\ < r}, not necessarily the center 
point as in Example 5.8. The function f(z) = l/(z — £) is holomorphic, except 
at z = £, which lies off the trajectory F. We assert that 

(25) | —— dz = 2 m 

JyZ — £ 

no matter where £ is located within the disc D. 

Unfortunately there is no antiderivative F(z) defined throughout the 
punctured plane 2? = {z:z ^ £} where /(z) is defined (if there were, the 
integral would have the value 0 = F{y{2v)) — F(y( 0)) since y is a closed 
contour). But there are antiderivatives defined on rather substantial subsets of 
E , all of the form log(z — £). Let us draw a vertical line L through £. The 
initial/final point q and the points z x and z 2 where L meets F divide y into three 
successive circular contours y = y[ + y^ + Y'f* n an obvious way, as shown in 
Figure 5.10, and 

L 

We will be able to evaluate the separate integrals on the right using formula 
(21) - 

To do this we set up the domains E x and E 2 shown in Figure 5.10. Now 
F x (z) = Log(z — £) is differentiable on the domain we get by removing the 
horizontal ray J' that extends to the left of £; furthermore, 


_j_, z = r _^ (/z+ r_i_, z + r _i_ rfz . 

z — t, Jn' z — £ Jy t Z — £ J M ' z — C 


dF i 
dz 


- all z in E*. 

z-i 



Figure 5.10 The domains E 1 and E % in Example 5.13. 
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Therefore, if we write q = p + (r + iO) for the initial/final point of y, we get 

f —dz + f — dz = F^z,) - FM + F.iq) - F^) 

Jn' z — 4 Jyi’ z — i 

= Log(z 2 — 0 — Log(Zi - £). 

On E 2 it is also possible to set up a differentiable determination of log(z — £); 
just take a determination Log*(w) which has its discontinuities along the positive 
real axis in the w- plane: 


Log*(i^) = log \ w\ + i Arg*(w) 


where 6 = Ar g*(w) is normalized so that 0 < 6 < 2tt. Then define F 2 (z) = 
Log*(z — £), substituting w = z — £. This gives us a function with Fg(z) = 
1 l{z — i) on E 2 , so that 

f — t dz = F 2 ( Zl ) - F 2 (z 2 ) = Log*( Zl - 0 - Log*(z 2 - £). 

Jy 2 Z — £ 

Therefore, 

f — r * = [Log(z 2 - 0 - Log*(z 2 - 0] 

+ [Log*(z 1 - 0 - Logfz, - 0] 

= i[Arg(z 2 - {) - Arg*(z 2 - {)] 

+ i[Arg*(z 1 - {) - Arg(z 1 - {)] 

= i[+ tt/2 - tt/ 2] + /[+3W2 - (—7r/2)] = 2iri 

as we expected. 

Local path independence of line integrals is easy to verify in practice. 
In the next section we will show that line integrals of/(z) are locally path 
independent on E if/(z) is holomorphic on E. Complex differentiability of 
f(z) in turn is easily checked by appeal to the Cauchy-Riemann equations. 
Unfortunately, in complex analysis what we usually want to know is whether 
line integrals are globally path independent in a set E , so that one integration 
contour may be replaced by another (between the same two initial and final 
points) without affecting the value of the integral we are examining. It turns 
out that, if/(z) has locally path independent line integrals in the domain E 
(i.e.,/(z) is holomorphic on E ), and if E has the geometric property of being 
“simply connected” (this will be defined later), then line integrals of/(z) 
are automatically globally path independent in £. 
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EXERCISES 

1. Calculate the following integrals using Theorem 5.12. 

C 2i 1 

(i) - dz for any contour in the right half plane 
J-2i Z 

(ii) e z dz along the circular arc (part of \z\ = 1) from 

—i to -\-i. 
r+i 

(iii) sec 2 z dz for any contour in the plane that avoids the 

^~ l points z k = 7 t /2 + kir for k = 0, ±1, ±2, 

Answer: (i) in; (ii) 2 i • sin(l); (iii) 2 i • tanh(l). 

2. Explain why J y z n dz = 0 for any positive power n = 0, 1, 2,..., 
if y is a closed contour. This is not true for contours that are not closed 
(Example 5.10). 

3. Show that J y sin z dz — 0 for any closed contour y. 

4. Prove that line integrals of/(z) = l/(z — p) n are globally path 
independent on the domain E = {z:z =£ p}, provided that n > 2 (n an 
integer). 

00 

5. If /(z) has power series expansion /(z) = a n (z — p) n 

71=0 

convergent throughout the complex plane, prove that $ y f(z) dz = 0 for 
any closed contour. 

6 . Prove that line integrals are not locally path independent for the 
function f(z) — z by demonstrating that this continuous function cannot 
have an antiderivative in the plane (or in any subdomain!). 


7. Prove the following antidifferentiation formulas (valid in the 
domains shown). 


(i) 


(ii) 

(iii) 


(iv) 


j*w m dw = (2/3)z 3/2 + c; E = C ~ (- 00 , 0], 

r 


e w dw = e z + c-, E = C 


f — dw = Log z + E = {z: Im(z) > 0} 

Ji w 

C z 1 

-- dw = arctan z + c; E = {z: |Im(z)| < 1}. 

Ji 1 + w 


8. Prove the analog of the integration-by-parts formula: If 

f(z) andg(z) are continuously differentiable on the trajectory of a contour 
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y, then 

J f'(z)g(z) dz =f(q)g(q ) —f(p)g(p) ~J f(z)g\z) dz, 

where y(a) = p and y(b) = q. Notice what happens if y is a closed 
contour. 

d 

Hint: Use Theorem 5.12 on — ( f-g ). 

dz 

9. Evaluate antiderivatives, in appropriate domains, for the 
following functions using integration by parts. 

(i) ze z 

(ii) cos 2 z 

(iii) Log z in the cut plane C ~ (— oo, 0] 

(iv) Arctan z in the doubly cut plane obtained by deleting the 
parts of the imaginary axis such that | z\ > 1. 

z 

Answer: (i) ze z — e z \ (ii) \ sin z cos z + (iii) z • (Log(z) — 1); 
(iv) z Arctan z — \ Log(z 2 +1). 


5.7 CAUCHY’S THEOREM 

We have reached a crucial turning point in our discussion as we take up 
Cauchy’s Theorem and the Cauchy Integral Formula. These two results lie at 
the heart of complex analysis. Many applications, such as the Calculus of 
Residues, are based directly upon these theorems; furthermore, these results 
lead directly to a proof of the remarkable fact (discussed in Section 3.4) that 
holomorphic functions of a complex variable are automatically analytic , and are 
represented by power series expansions near any point. The latter result allows 
us to bring all of our results on analytic continuation, etc. to bear on problems 
in which differentiable functions arise. The theory of functions of a complex 
variable would hardly differ from the theory of functions of several real vari¬ 
ables, if this were not true. 

We will show that a holomorphic function must have a globally defined 
antiderivative if its domain of definition is convex . Later we will show that this 
is true of holomorphic functions on a much larger class of domains, those which 
are simply connected. 

Definition 5.5 A set E in the plane is said to be convex if and only if for any 
pair of points {p, q } in the set , the whole line segment between these points 

[py q] = {z: z = (l — a)/? + <xq for all 0 < a < 1} 


lies within E. 
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The complex plane E = C, any half plane (with any orientation), and any 
disc, are all convex sets in the plane. Notice that the point 

= (1 —<x)p + ctq=p + a (q - p) 

traces out the segment [/>, q ] starting at p and ending at q , as the parameter a 
increases from a = 0 to a = 1. Convex sets are obviously connected. 

Theorem 5.16 (Cauchy's Theorem ) £,et f(z) be defined on a convex open set E , and 
assume that 

df . . ^ 

— exists at every point in E. 
dz 

Then f has an antiderivative on E } and line integrals of f are globally path independent 
in E. 


If/is complex differentiable on an arbitrary open set E in the plane, we may 
apply Theorem 5.16 to discs about typical points in E (discs being convex) to 
get the following result. 

Corollary 5.17 If df I dz exists at every point in an arbitrary open set E , then f has 
locally defined antiderivatives , and line integrals off are locally path independent in E. 

If f(t) is a function of a real variable, the Fundamental Theorem of Calculus 
says that/(/) has an antiderivative if the function f(t) is merely continuous . 
This is not the case for functions of a complex variable; f(z) — z (conjugation 
function) is continuous, but it does not have antiderivatives near any point in 
the complex plane (see Exercise 6, Section 5.6). Evidently, we must require 
more than continuity from f(z) to be sure that this function has locally defined 
antiderivatives; by Cauchy’s Theorem, complex differentiability of f(z) 
insures the existence of antiderivatives near any point. 

In Theorem 5.16 we require nothing more than existence of the derivative 
df/dz; for example, we do not ask that dfjdz be continuous, or that any higher 
derivatives exist. Since Cauchy’s Theorem is the result upon which all later 
developments rest, it is important to keep the hypotheses on f (z) to a minimum, 
so we can apply the theorem to the largest possible class of integrands. If we 
were willing to add the hypothesis that dfjdz is continuous to our assumption that 
/(z) is holomorphic on E , and to apply methods from advanced calculus, the 
proof would be much easier. The component functions U and V in f(z) = 
U(x,y) + iV(x,y) would then have continuous partial derivatives and would 
satisfy the Cauchy-Riemann equations; the continuity of these partial deriva¬ 
tives would allow us to apply Green’s Theorem to conclude that line integrals 
are locally path independent. (For this approach to Cauchy’s Theorem, cf. 
Nehari [16], Section 3.3, or Kaplan [13], Sections 9.10 to 9.12.) The proof of 
Cauchy’s Theorem in its full generality, as we have stated it here, requires 
different methods and somewhat more effort; however, the proof does not use 
special results from advanced calculus, and is self-contained. 
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Note: Cauchy’s original result was proved assuming continuity of df/dz. 
The modifications necessary to prove the theorem in its general form are due 
to Goursat, and Theorem 5.16 is often referred to as the Cauchy-Goursat 
Theorem . 


There are two main steps in the proof of Theorem 5.16. First we will 
show how Cauchy’s Theorem can be proved if we can establish the following 
simplified version of the main result. 

Assertion Suppose f(z) is holomorphic on an open set that includes the boundary 
and interior of some triangle A. If we parametrize the sides of A to form smooth curves 
y v y 2 , and y 3 joining the vertices p v p 2 , and p 3) we get 

(26) [f(z)dz = 0 

Jy 

for the closed contour y = y x + y 2 + y 3 obtained by traversing y v y 2 , and y 3 in 
succession. 

The second step in the proof consists of establishing this simple assertion. It is 
rather technical, and of secondary interest to readers interested in applications, 
so these details may be omitted without danger of misunderstanding later 
discussion. 

Step 1. Once the Assertion has been established, our task is to use it to 
construct an antiderivative for f (z) on a typical convex open set E. The idea is 
similar to the one used in Theorem 5.13. 

Let us fix a base point p in E and for each z in E let us define 

(27) F(z) = f f(w) dw, 

Jy(p.z) 

where y(p , z) is the parametrized line segment from p to z. Since E is convex, 
this segment lies within E. The function F(z) is unambiguously defined, since 
we are taking a very definite contour for each z in E to get the value (27). We 
will show directly that F(z) has derivative f(z) on E , and this will complete 
our work in Step 1. 

Consider 


(28) 


A F F(z') - F(z) 

A Z z' — Z 


= —(f fiz- f fdz\ 
Az \ J y(p.z') Jy(p.z) ] 


where z' = z + Az ^ z. If y{t) is the parametrized line segment from z to z', 
as in Figure 5.11, then 


y(t) = tz' + (1 — t) = z + t Az for 0 < t <> 1 
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Figure 5.11 Constructing the antiderivative $y(v,z) f{w) dw on a convex set E . 

and y'(t) = Az (a constant). The pieced-together contour rj = y(p , z) + 
7+ (—y(P>z')) is the parametrized boundary of the triangle A shown in 
Figure 5.11, and this triangle (including its interior) lies entirely within the 
convex set E. t The Assertion is applied to give 

0 = [fdz = [ fdz + [fdz — [ fdz , 

Jrj Jy(p.z) Jy Jy(v.z') 

so that, by substituting this in (28), 


AF 
A z 



J # 7(y(0) 




dt. 


Just as in the proof of Theorem 5.13, the values f(y{t)) for 0 < f < 1 
are all close to the value f(y( 0)) = f(z) provided that |z' — z\ = |Az| is 
sufficiently small; this forces the integral 


AF 
A z 



dt 


to be very close to Jo/(^) dt —f{z) • JJ dt =f(z) • 1 =/(z). Thus, 


rfz z'-z z' — Z 


exists and is equal to f (z) 


at every point z in F, so that F(z) is an antiderivative for/(z) on £. | 


t The vertices />, z, and z' are in so the boundary segments of the triangle must also be in 
E. Any point in the interior of the triangle lies on a segment whose end points are on the 
boundary of A, so by invoking the definition of convexity once more, we see that the interior 
points of A are also in E. 
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Step 2. We prove the Assertion by examining the consequences which 
accumulate if we actually had J y /(z) dz = <x ^ 0. 


It makes no difference in the reasoning whether we label the vertices of A so 
the contour y traverses the boundary in a clockwise or counterclockwise 
direction; let us assume that y moves counterclockwise, to be definite. The 
triangle A is a closed bounded set in the plane, so that any continuous 
function such as g(z) = |/(z)| must be bounded on A; i.e., there is a 
constant K such that 

(29) |/(z)|<A: for all z in A. 

Let us subdivide A into four triangles A n , A 12 , A 13 , and A 14 by con¬ 
necting midpoints of the sides of A, as shown in Figure 5.12. Let y 1Jc (k = 
1, 2, 3, 4) be a contour which traverses the boundary of the triangle A lk 
in a counterclockwise direction. Then 

(30) I fdz = I fdz +| fdz + I fdz+ f fdz. 

Jy Jy n Jvi2 Jy is Jyu 

To see this, we may break each contour y lk into three parametrized straight 
line segments; the segments forming the sides of the inner triangle A 14 are 
traversed in directions opposite those along the sides of the outer triangles 
An, Ai 2 , and Ai 3 . The line integrals in opposite directions along these 
segments cancel, while the integrals along the remaining segments clearly 
add up to the integral along the sides of A, giving formula (30). Note that 
we are making free use of the formulas set forth in Section 5.5. 

For at least one of the triangles An, A 12 , Ai 3 , and A i4 , the inequality 

(31) f fdz f fdz 

Jy\k * Jy 

must hold, because four complex numbers w v w 2 , w$, and h; 4 cannot have 
w = w x + * • * + and also \w k \ < |w|/4 for £ = 1,2, 3, 4; this, together 




Figure 5.12 The subdivision procedure in A. 
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with the triangle inequality, would give the absurdity |w| <1^1 + • • • -f 
|w 4 | < |w|. Pick one of the triangles A u , . . . , A 14 for which inequality (31) 
holds and label it A x ; at the same time, label its parametrized boundary as 
y v Figure 5.12 shows the possibility Ai = A 12 . Now we repeat the sub¬ 
division process, starting with the triangle A 1 instead of A; thus A x splits into 
triangles A 21 , A 22 , A 23 , and A 24 with counterclockwise parametrized bound- 
aries y 2V y 22 , y 23 , and y 24 , and we have 



L 


fdz + 



Again, we must have 


(32) 



> 



4 2 


for at least one of the triangles A 2 *; otherwise we would violate the triangle 
inequality. Let us pick one of the triangles A 2fc that satisfies (32) and label it 
A 2 (with counterclockwise parametrized boundary y 2 ). 

Obviously, we may continue this subdivision process to get a nested 
sequence of progressively smaller triangles A =2 A x =2 A 2 2 • • • 2 A n 2 
A w+1 ^ . The triangle A n and its parametrized boundary curve y n have 

diameter and length 


(33) 


diam(A„) = - diam(A„_ 1 ) =•••= — diam(A) 

1 1 

length(y„) = - length(y n _ x ) = • • • = — length (y) 


for n = 1, 2, 3, . . . due to the nature of the subdivision process. These tri¬ 
angles have been selected so that 

(34) I f fdz > \ I f fdz 

\JVn * \JVn-l 

for n = 1,2,.... 

Now we shall obtain another estimate on these integrals, which gives us 
upper bounds 


2 - -41 


|a| 


(35) 



IVJL n 

< -^r • diam(A) • length(y), 


where M n -► 0 as n -> oo. Estimates (34) and (35) together will lead us to 
the desired conclusion that a = dz = 0. 

The diameters of the triangles \ ^ A 2 => A 3 =2 • • • go to zero as 
n -* oo in view of (33), so that these sets close down upon a single point z* 
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in the sense that {z*} = n\, .f Obviously, the point z* is in A since it is 

n=l 

in each triangle A n and A n £ A; thus/(z) is differentiable at z*. This 
allows us to write /(z) in the form 

/(z) = /(z*) + /'(z*)(z - z*) + £(z) for all z near z* 

where |£(z)|/|z — z*| -► 0 as z z* (recall Section 2.8). Since/(z*) and 
are constants in this formula, we get 

f fdz =/(z*) f 1 dz +f'(z*) I (z - z*) dz+ f £(z) <fz 

Jyn •'Vn •'Vn 

for n = 1,2,.... The integral of a polynomial along any closed contour is 
zero, so the first two terms drop out, and we get 

I fdz = I E(z) dz for n = 1, 2, . . . . 

JVn JVn 


Since \E(z)\/\z — z*| 0 as z -► z*, and the triangles A n shrink down to 

the point z*, the maximum value of this quotient on T n = bdry(A n ), 


M n = maximum of 



for z on r n , 


must approach zero asn co-, thus, M n 0 as n -► oo. For each triangle 
A n , the boundary T n is just the trajectory of y n and 


E(z) 


< M n (or equivalently, \E(z)\ < M n • |z — z*|) 


for z on r n , n = 1,2,.... Therefore, 

M n 

|£(z)| < M n ■ \z - 2*1 < M n ■ diam(A„) = — diam(A) 


for all z on T n , and by Theorem 5.9 we get 


(36) 



1 : 


E(z) dz 


< ^ ■ M n ■ diam(A) • length (y n ) 


< ^ • M n ■ diam(A) • length (y). 


oo 

t The sets A n are all closed bounded sets in the plane. The intersection Aoo = p| A n 

n=i 

(the set of points common to all of these triangles) is a subset of A„ for n = 1, 2, . . . , so its 
diameter must be zero; thus Aoo has at most one point in it. It might, however, be empty (with 
no points in it at all). To see that this can’t happen, we must invoke a result from advanced 
calculus, the Heine-Borel Theorem, which states that the intersection of any nested sequence of 
sets in the plane A 2 3 A 3 => . . . is non-empty if the A n are each closed and bounded. We 
will not have time to go into this theoretical point in this book. (Reference: Buck [2], Section 
1.6, or Ahlfors [1], Section 3.1.4.) 
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Now compare the estimates (34) and (35) ; clearly 
n l a l If , , I ^ diam(A) • length (y) 

0 - r - |J r /*| - -5=- M - 

for n = 1,2,.... After both sides are multiplied by 4 n , the right side goes 
to zero as n -* oo, while the left side is always equal to |a| = | J y f dz\. Thus 
we are forced (indirectly, but inevitably) to conclude that J y fdz = 0. | 


The proof of the Cauchy Theorem is now complete. 


EXERCISES 

1. Which of the following sets are convex? 

(i) \z\ < 1 (open disc). 

(ii) |z| > 1 (exterior of disc). 

(iii) The cut plane with ( — 00 , 0] removed. 

(iv) The wedge — </> < arg z < -{-(f) with (f> = Ztt\\ 

(v) The semi-infinite strip Im(z) > 0 and —tt < Re(z) < +7 t. 

2. Explain why the following integrals are zero. Parametrize each 
locus as a counterclockwise oriented simple closed contour 


(i) 

(ii) 

(iii) 

(iv) 

(v) 


1 

l 

I 


sin z dz, 

ze z dz, 
e z 

(z - 2 i) 


|z| = R with R > 0 

|z| = R with R > 0. 

^z, z on the boundary of the square 

— 1 < x, y < 1. 


1 

l 


1 


1 +z 2 

tan z dz, 


dz, 


|z| = R with 0 < R < 1. 
z on the ellipse 4* 2 + y 2 = 4. 


3. Verify that f(z) =-- has locally defined antiderivatives 

1 -f~ z 

on its natural domain E = C /—' {+z, — i) using the Cauchy Theorem. 
How would you prove this without use of Cauchy’s Theorem? How 
would you prove it without invoking Cauchy’s Theorem or the (yet 
unproved) Theorem * of Chapter 3 ? 

Note: From Theorem * we know that f is analytic and there are 
locally defined antiderivatives, but invoking Theorem * is not entirely 
legitimate because Theorem * will not be proved until later in this chapter. 
Its proof is based on Cauchy’s Theorem. 
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4. A domain E is said to be star-shaped if there is a point p in E 
with the property that, for every other point z in E , the connecting seg¬ 
ment [ p , z] lies entirely within E. Check through the details of Cauchy’s 
Theorem, making slight modifications in the reasoning where necessary, 
to prove the more comprehensive result below. 

Theorem: If f(z) is complex differentiable throughout a star-shaped 
domain E, there is a globally defined antiderivative on E , and line 
integrals along contours in E are globally path independent. 

5. Exhibit four domains which are star-shaped but not convex. 
Is every convex set star-shaped ? 

Hint: Try the cut plane E = C ~ ( — oo, 0] for one example. 

5.8 THE CAUCHY INTEGRAL FORMULA 

If f(z) is analytic on a domain E, the behavior of /(z) in one part of E 
determines the behavior of/(z) elsewhere. Cauchy’s Integral Formula, proved 
below, shows that functions of a complex variable that are merely holomorphic 
on E have a similar property. This foreshadows the even more remarkable 
fact that holomorphic functions are actually analytic (which will be proved 
using the Cauchy Integral Formula). 

Theorem 5.18 (Cauchy Integral Formula) Letf(z) be holomorphic on an open set 
E that includes a disc D = {z: \z — p\ < r) and also its boundary circle F. Let us 
parametrize F as a closed contour y{t) = p + re il , defined for 0 < t < 2tt , which 
traverses F once in the counterclockwise direction. If £ is any point in the disc, the value 
of f at £ is given by the integral 

(37) /(£) = f. f LLL dz for a u £ such that |£ - p\ < r. 

Z7TI Jy Z — £ 

Since line integrals along y depend only on the behavior of the integrand 
h{z) = f(z)/(z — £) at points z on the trajectory F, the value of the integral 
for fixed £ is completely determined once we know the values of f(z) on the 
boundary circle F. Therefore, the behavior of f(z) on F completely determines 
/(£) for each £ in the disc bounded by F —to get/(£) we simply multiply f(z) 
by the standard function l/(z — £) and integrate along y. Not only is the 
behavior of f(z) “propagating” from the boundary circle F into the enclosed 
disc, but formula (37) plainly exhibits the integration process by which this is 
accomplished. 

Before we take up the proof of Theorem 5.18, let us indicate a few variants 
of the result we have stated. Any contour obtained from y by an order preserv¬ 
ing reparametrization must give the same result, by Theorem 5.11, so the 
particular parametrization of F we use is not very important. Furthermore, 
we have taken y to have p + (r + z'0) as its base point (initial/final point), 
but the proof is unaffected if we take another point on F as the base point; the 
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value of the integral is the same for the closed contour y(t) = p + re tii+e \ 
defined for 0 <, t < 2*77*, which has p 4" re if * as its base point, or for any contour 
obtained from this one by making an order preserving change of variable. 
Notice that the integrand/(z)/(z — £) in (37) is unbounded as the variable z 
approaches the point £, since the denominator approaches zero. But £ lies a 
positive distance from the circle T, so that l/(z — £) and /(z)/(z — £) are 
continuous functions of the variable z as z varies on T, and the integral is well 
defined. 

Naturally Cauchy’s Theorem, used with a little sophistication, will be the 
key to the integral formula. We will prove the following intermediate result. 

Theorem 5.19 Let E be any open convex set and f(z) a function which is differentiable 
throughout E except at one point z*, where /(z) is only assumed to be continuous . 
Then f(z) has an antiderivative on E , and the line integrals of f(z) are path indepen¬ 
dent for contours in E, in spite of the presence of the exceptional point z*. 

Once this has been established, the integral formula emerges from the following 
reasoning. Let us assume, for the moment, that Theorem 5.19 is established; 
then consider the function 


im -m 


g(z) = 


Z~£ 

.no 


for z 4 J 
for z = £ 


and apply Theorem 5.19 to it. This function is obviously differentiable at 
points other than £, and although we cannot say it is differentiable at £, it is 
certainly continuous there by definition of the derivative at £; lim {g(z)} = 
/'(£) = £(£). We may write s ~^ 


M 

z — £ 


_ f(z) -m 

z — £ 


+/(£) 


z — £ 


= g(z) +/(£) 


z — £ 


for all z ^ £ in E, and since £ does not lie on the trajectory of y we have 


_l r m 

2ni JyZ-£ 




dz 


= 0+/(£) —=/(£). 

2m 


The first integral on the right vanishes, by Theorem 5.19, and the last integral 
(of l/(z — £) around a circular contour) has been evaluated in Example 5.13. 
This proves the Cauchy Integral Formula in full. 

Proof of Theorem 5.19: We want to show that /(z) has an antide¬ 
rivative F(z) on E . Let us define 


F{z) = 



dw 


for each z in E , 
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where y(z*, z) is the parametrized line segment from z* to z (it lies in E since 
E is convex). Thus, F(z) is well defined for each z. Exactly as in Step 1 of 
Cauchy’s theorem (we will not repeat these details here), we can show that 
dF/dz exists and is equal to f(z) once the following assertion is proved. 

Assertion * If A is any triangle with the exceptional point z * and two other points 
z and z in E for its vertices (so A lies within E ), then $ y f(z) dz = 0, where y is 
obtained by traversing the parametrized line segments connecting {z*, z, z'j in succession . 

Proof of Assertion *: Consider such a triangle A, as shown in Figure 
5.13; on the segments [z*, z] and [z*, z'] mark off points z n and z n ' such that 




1 


n 


The triangle A n with vertices {z*, z„, z n '} is similar to A, but with dimensions 
scaled by the factor 1 / n . If y n traverses the sides of A n the same way y traverses 
the sides of A, we get 


f f(z) dz = f f(z) dz for n= 1,2, ; 

Jy Jy n 

for, if we subdivide A into A n and a trapezoidal region Z) n , as in Figure 5.13, 
we get 

f f(z) dz = f f{z) dz + [ f(z) dz 
Jy Jyn j<t>n 

due to cancellation of integrals in opposite directions along the segment 
[ z n> z n~\ • W e can find a slightly larger open trapezoid that contains D n and 
excludes z*; then/(z) is holomorphic on this larger domain, which is a convex 



E 


Figure 5.13 The situation 
in Assertion *. 
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set. Cauchy’s theorem guarantees that 



for 


n = 1,2 ,.... 


Now j\ being continuous at z*, is bounded there, so that \f(z)\ <M 
for all z near z*; consequently, 


0 < 



dz 



< M • length (y n ) 


M • length (y) 
n 


for n = 1,2,.... Clearly, the integral along y must have the value zero. 
This reasoning works for every triangle A, so Assertion * is proved. | 


Suppose that /(z) is holomorphic on an open set that includes a disc 
D = {z: |z — p\ < r} and the boundary circle T = {z: \z — p\ = r }. What 
happens to the integral 


(38) 


2ni J y z — £ 


as we let £ vary throughout the complex plane ? If £ happens to lie in the open 
disc D , this integral reproduces the value of/at £ 


/(£) = —f dz for all £ such that |£ — p\ < r. 

2ni J y z — £ 

If £ is on the circle T, the function l/(z — £) blows up as z approaches £, so the 
integrand in (38) is not continuous, and the integral is not defined. If £ lies 
outside of T, so that |£ — p\ > r, the integrand is again a continuous function 
of z on the trajectory T, and (38) is well defined. But for £ exterior to T, 
formula (38) does not reproduce the value/(£). Our suspicions should be 
aroused by the fact that the integral makes sense for all £ exterior to T, even 
ones where the original function/is not defined! In fact, if |£ — p\ > r, then £ 
is a positive distance from the closed disc D = D U T = {z: |z — p\ < r} and 
we can set up a slightly larger open disc D' centered at p, that contains D and T 
but excludes £. Then the functions (of variable z) l/(z — £) and/(z)/(z —£) 
are holomorphic on D ', which is a convex domain containing the integration 
contour y. Cauchy’s Theorem assures us that 


— f dz = 0 for all £ such that |£ — p\ > r. 

2iri Jy z — £ 

Notice that Theorem 5.16 was quite adequate for the last computation; the 
Cauchy Integral Formula was not required. 

Example 5.14 Let T be the unit circle and let y(t) be a closed contour that 
traverses T once in a counterclockwise direction. If we take f(z) = e z , the 
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integral (38) starts with the values of f(z) on T and gives us a new function /(£) 
defined at every point £ in the complement E = C -—' T = {z: \z\ 1}, 


Clearly, 



’ /(*) 

yz-i 


dz. 


M)=f(t) = * ^ m<i 

/(£) = 0 if |£| > l. 


The reader will find it instructive to try evaluating these integrals by direct 
calculations based on the defining formula (15) for line integrals. This exercise 
should provide a keen appreciation of how much effort is saved by an appeal to 
Cauchy’s Integral Formula (or Cauchy’s Theorem) in evaluating line integrals. 


The integral (38) can be viewed as an “integral operator” by writing it in 
the form 


(39) 

where 


m = jm, z)f(z) d Z> 


m, z) = 


J_1_ 

2 7 ri z - £ * 


Here K (£, z) is a function of two complex variables z and £, defined except 
when z = £. Formula (39) transforms a function /(z) defined on T to a 
function /(£) defined on the complement of T. This operation is called an 
integral operator because the transformation from f to / is effected by inte¬ 
grating/^) against the fixed function K (£, z) of two variables, holding the first 
variable fixed during the integration. The function J^(£, z) is called the 

kernel function, and the particular function K(£> z) = —-- is called 

2 TTX Z Cj 

the Cauchy kernel function. Transformations that have the general form (39), 
but perhaps a different kernel function, frequently turn up in applied mathe¬ 
matics. Further comments will be presented in Section 5.10; for the moment 
the student should appreciate the general way in which such an operator acts. 
We present it with certain data, namely the values of/on T; it takes these 
data and converts them into a new function/ defined on a large portion of the 
complex plane. 


EXERCISES 


1. Write out the Riemann integral you would have to evaluate to 

f 1 

prove that I - -dz = 2m for points £ such that |£| < R, where 

Jy z — £ 

y(t) = Re u . How have we avoided this difficult direct calculation in 
Theorem 5.18? 
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2. Calculate the contour integrals shown, using Cauchy’s integral 
formula or Cauchy’s Theorem. The contour is to be a counter-clockwise 
parametrization of the trajectory indicated. 


(i) 

(ii) 

(iii) 

(iv) 

(V) 


I 

I 

I 

J, 

I 


y z + \ 
sin z 
y z + \ 


dz , |z| = 10 

dz, \z\ = 10 


Arc tan z 


y Z — 1 

e z z 


dz , along the circle \z — 1| = 1 


z + 1 


</z, | z — i\ = 3/2 


cosh z+ ' dz, |z + 2i| = 3/2 
z -j- i 


Answer: (i) 2m; (ii) sin( —£); (iii) Arctan (1) = xr/4; (iv) 0; 
(v) 1 + cosh (—i) = 1 + cos(l) 


3. Verify that /(z) = l/(z — £) is continuous on the circle \z — p\ 
= R, provided the point £ does not lie on the circle. Give an upper 
bound M = M(£) for the values |/(z)| as z varies through the circle (the 
bound will depend on the location of £). 

Answer: = 1 /(R — |£ — p\). 

f sin z 

4. Calculate —- dz along the counterclockwise oriented circles 

J y Z 2 + 1 5 

|z| = 2 and |z| = 

1 A B 

Hint: For |z| =2 write —- =- .-\ -: with suitably 

Z 2 + 1 Z + l z — l 

chosen constants (this is the partial fractions decomposition of the rational 
function 1/(1 + 2 2 ). 

Answer: 2m sinh(l) for |z| = 2; 0 for |z| = 

5. Evaluate the following integrals using Cauchy’s Theorem or the 
Cauchy integral formula, as appropriate. 


(i) 

---- 

N 

II 


Jy Z 2 + Z + 1 

(ii) 

f ^ 

\z -i | = 1 

Jr z 2 + 1 


(iii) 

f ^ dz 

Jy Z 2 — 1 

\Z- 11 = 2/3 
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Hint: In (ii) set ( z 2 + l) -1 = A(z)/(z — i ), takingA(z) = l/(z + i). 
In (iii) write integrand as A(z)/(z — 1), where A(z) = Vz/(z + 1). 

Answer: (i) 0; (ii) +77; (iii) 

6. Calculate the integral J y tan z dz counterclockwise along circle 
| z — 7t/2| = 1. Note the presence of a singularity of tan z at the center 
point p = 7 t/2 + i0. 

//in*: Write cos z =■ A(z)/(z — tt/2) where h is holomorphic on the 
plane and nonvanishing at 77 / 2 . (Use series expansion sin z = z — 
z 3 / 3! + . . . and the relation cos(z) = — sin(z — tt/2) to get a series 
expansion of cos z about 77 / 2 .) Then tan z = g(z)/(z — 77 / 2 ),. where 
^(z) = sin(z)/A(z) is holomorphic for |z — 77 / 2 I < 1. Use the Cauchy 
Integral Formula. 

Answer: —2iri. 


7. Using the idea introduced in Exercise 6 above, calculate the 
integrals 


(i) y z + 1 tan z dz 

(ii) Log(z — i )sec z dz. 
Jy 


counterclockwise along the circle |z — 77/2 1 = Sketch the location of 
discontinuities of Vz + 1 and Log(z — i) and exhibit a convex set 
containing the disc |z — 77/2 1 < 1 on which these functions are holo¬ 
morphic. 

Hint: Again write cos z = h(z) • (z — 77 / 2 ) with h(z) holomorphic 
and nonvanishing on the disc | z — 77/2 1 < 1 . 


/ 77 / 77 

Answer: (i) —277 i I- + 1; (ii) —277z'Log^- — i 


5.9 APPLICATION: THE PROOF OF THEOREM* 
(HOLOMORPHIC FUNCTIONS ARE ANALYTIC) 

We shall prove Theorem * and several other useful results at the same time. 

Theorem 5.20 Letf(z) be differentiable throughout an open set E and let p be a point 
in E. Then 

(i) The function f is analytic at p. 

(ii) Let d be the distance from p to the boundary set bdry(E), so that 0 < d < -f 00 . 
The Taylor series for f about the base point p converges at least on the open disc 
of radius d about p. 
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Figure 5.14 Locations of 
the variables z and £ in the proof 
of Theorem 5.20. 


Corollary 5.21 From (i) we get Theorem * of Chapter 3. 


Proof of Theorem 5.20: If d is the distance from p to the boundary of E , 
then open discs D r about p of smaller radius r < d all lie within E ; in fact, D d 
is the largest open disc about p lying entirely within E , by definition of d 
(Figure 5.14). Also, the boundary circles T r lie within E since r < d (this might 
not be true if r = </), and we may parametrize them to get closed contours y r 
which move once counterclockwise around T r . 

Let us fix our attention on one of these discs D r . If £ is in this disc, then 
|£ — p\ < r and 


/(£) 


_l r n± 

2ni Jy r z — £ 


dz . 


But l/(z — £) can be written as the sum of a geometric series 


1 1 

r i i 

1 

N 

II 

1 

N 

H 

-1 

1 1 

N 


Z — p n=0 \Z p! 


£ (j - PY 

n=0 (Z - P) n+1 


which converges because 


t-p 


\C-P\ 


< 1 for z on T r . 


each term in this series by the number f(z) gives 


Multiplying 


(40) 


/(z) 

z — l 


00 


= 2 f(z) 


(A - 

(z - pr +i 


for all z on T r . 


If we keep £ fixed, the series (40), taken as a function of z, converges uniformly 
on the circle r r . This is easily verified via the Weierstrass test: since f is 
continuous on T r it is bounded, so that \f(z)\ < M for all z on T r . The terms 
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in series (40) have corresponding bounds 


/(*) 


(S - p) n 

(z - p) n+1 


M 


<X - PT 

(z - p) n+1 


= ^\C-p\ n = M n 


for all z on T,, and the sum of these bounds is finite, 


n=0 r n=o\ r / 


< +00 


because |£ — p\ < r. 

Since the series (40) converges uniformly to its limit on r r , we may 

substitute this series into the integral and interchange the operations J y (• • •) dz 

00 

and ^ (’ * •); we showed that such an interchange is valid earlier (see Theorem 

n =0 

5.10). Thus we obtain 


(41) 


/(£) = — f \y —— (£ - py] dz 
J 2 t ri J Vr Ln=o (z - P) n+1 { P) J 

= i (— f a - py — — dz\ 

„r 0 \27 riJn o z-py +1 ) 

= |M r_AfL_ \ 

„=o\2t TiJy r {z-py +1 / 


00 


= 2 *n(i-py- 


The variable z is being integrated out of existence, so the coefficients of the 
terms (£ — p) n are just constants that do not depend on £. This formula is valid 
for each £ in the disc D r . 

Formula (41) exhibits a power series expansion for /(£) about the base 
point /?, convergent at least on D r . This proves (i). The coefficients of the terms 
(£ — p) n in (41) must agree with the usual Taylor series coefficients, by unique¬ 
ness of power series coefficients, so that 


f M (p ) 


for n = 0, 1, 2, ... . 


We get the same conclusion for each of the discs D r such that r < d; the Taylor 
series for/(£) about the base point p converges to /(£) at every point in each 
disc D r . Obviously, this Taylor series must then converge (to/) at each point 
in the disc D d which is the union of the smaller discs D r as r increases with 
r < d. This proves (ii). | 
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EXERCISES 


1. Calculate the radius of convergence of the Taylor series for the 
following holomorphic functions, taking base points p as indicated. 

(i) —-— about p = +1 

(ii) Vz (principal determination) about p = 1 + i 

(iii) yjz (principal determination) about p = — 1 — i 

(iv) e z ctn z about p = 7t/2 + *0 and about p = +i 

(v) Log(z + 0 about p = — 1 + iO. 

In each case explain why the radius of convergence cannot be any larger. 

Answer: (i) V 2; (ii) y[2; (iii) \/2; (iv) 7 t/2 and 1; (v) \/2. 

2. Prove the following result, a converse to Cauchy’s Theorem, 
frequently used to prove that functions resulting from certain construc¬ 
tions are analytic. 

Theorem ( Morerci!s theorem): Suppose f(z) is continuous on a domain E 

and we have J y /(z) dz = 0 on integrating around the parametrized 

boundary of every triangle whose sides and interior lie within E. 

Then / is analytic in E. 

Hint: First prove /has an antiderivative F near any point p in E; 
imitate the proof of Cauchy’s Theorem, using our hypotheses in place 
of the Assertion. Then use Theorem * on the antiderivative F; obviously 
f = dFjdz is analytic too. 

3. Prove the following useful theorem: 

Theorem: If functions/ n (z) are analytic on an open set E and converge 

uniformly on E to a function/(z), then/(z) is analytic on E. 

Hint: We showed that f(z) must be continuous in Chapter 3. Use 
Morera’s theorem to show that f is analytic on each disc contained in E , 
hence analytic on E. Recall Theorem 5.10. 


5.10 USING INTEGRAL FORMULAS TO GENERATE 
ANALYTIC FUNCTIONS 

Let us consider a contour y that is not necessarily closed . Any continuous 
function/(z) defined on the trajectory T gives us a function 



( 42 ) 
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that is well defined for every point lying off T. Because £ is a positive distance 
from the closed bounded set T, the integrand is continuous for z on T, and/(£) 
is well defined unless £ lies on T. There is no need for the function f(z) we 
start with to be differentiable or analytic at points on T, as was the case in the 
Cauchy Integral Formula, which has obviously inspired our choice of integral 
in (42); the function/(£) is well defined whether f(z) is holomorphic or not. 
Nor is there any need for f(z) to be defined off of T. We will now show that the 
new function /(£) is analytic on the complement E = C ~ I\ Thus, the 
integral formula (42) provides us with an important means of systematically 
generating analytic functions. 

Theorem 5.22 Iff(z) is continuous on the trajectory T of a contour y, then the 
function 



is defined and holomorphic (hence analytic) on the complement E = C ~ T. Its derivative 
dfjd £ is given by a similar integral formula 


£ {l) = ± 
d{ 2m J, (z - If 

for all £ in E , and the higher derivatives are given by 

( 43 ) / n> (£) = — f - dz for n = 0,1,2,... 

2mJy{z-C) n+1 

for all £ in E. 

Proof: The case n = 0 is just the definition of f (remember that 0! = 1). 
To derive the case n = 1 from n = 0, consider a typical point £ in E and 
examine difference quotients for £' = £ + A£ near £, 


(44) 


A/_ /(n -/(£) = r n± dz _j_[ n± 

A£ A£ A£|_2 wi J, z - Z 2m J y z-£ 

- i_i* 

2m J, A£ lz - {' z - jj 

=-L f/ (z) r-!--I*. 

2 nij, ; L(z - C')(z - {)J 



Let us consider any sequence of points tj n , distinct from £, that approach £ 
from within E = C ~ T. Since £ is a positive distance 6 away from the tra¬ 
jectory T, the functions h n (z) = 1 j(z — tj n ) converge uniformly on T to the 
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limit function h(z) = l/(z — £) as n —► oo (details in Exercises 5 to 8).t 
It follows that the product 


h n (z) ■ h(z) 


- converges to h(z) • h(z) 

(z-Cn')(z-0 


1 

(* - 0 2 


uniformly for z on T as n —► oo. Therefore, the integrand in (44) converges 
uniformly on T to the limit function/(z)/(z — £) 2 , so that 

/(u-/(£) _ i r /(z) dz t \ c f(z) dz 

tn'-t 27 ri J y (z - Cn')(z - i) Z ^27TiJy(z-0 2 Z 

as n — > oo, by Theorem 5.10. We get the same result for every sequence of 
points £' n —► £; therefore, 


/'(0 =lim- 


exists and is equal to 


2m J y (z - 0 2 


for every point ^ in the complement of the arc I\ 

The formulas for the higher derivatives are obtained in much the same 
way. For example, to obtain the formula when n — 2, we start with the 
formula for n = 1, examine difference quotients, and take limits using the same 
kind of reasoning just presented. | 


If y is a closed circular contour and f is holomorphic on the closed disc 
enclosed by y, the function /(£) agrees with /(£) within the disc and /(£) = 0 
outside the disc, by the Cauchy Integral Formula. But we can use any contour 
y, even one that is not closed, and any continuous function defined on T, in (42). 
If f(z ) is not related to a holomorphic function in the plane, we can expect 
that the transformed function /(£), defined off T, will bear little resemblance 
to f(z). This illustrated in Exercise 4. 


EXERCISES 


1. Outline the steps needed to prove the differentiation formula (43) 
for n — 2, once it has been established for n = 0, 1. 


2. If f{z) is continuous on the circle |z| = 1, prove that the 
contour integral 



along y(t) = e il (0 < t < 27t) is an analytic function of £ in the domains 
|£| < 1 and |£| > 1. 


t In fact, the convergence h n h is uniform on the set S = {z:\z- £| > 6}, which con¬ 
tains r. The precise shape of T is irrelevant; uniform convergence on S insures uniform con¬ 
vergence on any subset X S (Section 3.1). 
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Note: This is essentially the Poisson integral , used to solve boundary 
value problems for harmonic functions (in Chapter 7). 

2 + £ 22 f(z) . 

Hint: Divide out-- = — 1 H--is continuous on the 

* . r 2 — £ . 2 — £ 2 

trajectory oi y. 

3. Let y be the semicircular (non-closed!) arc y(t) = e xt defined 
for —7 t/2 < t < 7t/ 2, and consider the analytic function 


=-f- 

2lTi Jy Z — 


defined on the complement C /—/ V of this arc. Use the general principles 
for handling line integrals outlined in this chapter to verify the following 
properties of this function. 

(i) lim M(r) = 0, where M(r) = maximum of |/(£)| on the 

r ^°° circle |£| = r. 

(ii) /(o) = * 

(iii) V ,n, (°) =/-.[! -(-!)"] for 

n\ lirm 

(iv) / has a series expansion about the origin given by 

/(O^ + ^-r^ + T-r-• 

2. 7T 57T J77 

What is its radius of convergence? 


4. Consider the analytic function /(£) 


=—c— 

2iri Jy z — 


dz defined in 


Exercise 3 above. Using the analytic continuation principle, show that f 


is a determination of log 


Prove that Log 






defined throughout the domain C ~ T. 


well defined on the disc |£| < 1, and agrees 


with /(£) there. 

Hint: For |£| < 1 , H(z) = Log (2 — £) is analytic near T, with 
dH/dz = 1/(2 - {). Then /(£) = Log(i - {) - Log(-i - £) (why?), 


which is congruent to 
equality for |£| < 1 


; Log (f+i) 


modulo 27n. Show the congruence is an 


5. Let £ be a point in the plane and let <5 > 0 be given. If a 
sequence {£ n } converges to £, show that 


h n (z) =--— converges uniformly to A (2) = —-— 

Z - in Z-i 


(as functions of 2) on the set E = {2: \z — £| > d}. 
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6. Let A be any set in the plane and let f n (z) be functions that are 
well defined and converge uniformly on A to f(z). If g(z) is any bounded 
function on A, show that f n (z) • g(z) converges uniformly to f(z) • g(z) 
on A 9 as n —► oo. 

7. If A is a closed bounded set in the plane, and if £ is a point 
outside of A , show that 

--- converges uniformly to ---on A 

(z-U(z-C) (*-£)* 

as n -+ oo, if £„ -> £. 

Hint: £ lies a positive distance 8 from A; now use Exercises 5 and 6. 


8. The trajectory T of a contour is a closed bounded set in the plane, 
and any continuous function f(z) defined on T must be bounded, so that 
\f(z) | < M for z on T. If £ lies off T, and if £ = lim £ w , show that 

»-► oo 


m > fjz) 


as 


n 


oo 


(ii) 


m 

(z-U(z-i) 


fjz) 

(Z - 0 2 


as 


n 


00 


uniformly for z on T. 

Hint: Use Exercises 5 to 7. 
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The Cauchy Integral Formula determines values /(£) of a holomorphic 
function defined on a disc \z — p\ < r from its values on the boundary circle. 
Actually, there are similar formulas which determine the values of each 
derivative / (n) (£) on the disc, starting with the boundary values of f(z). 


Theorem 5.23 (Cauchy’s formula for derivatives) Let f(z) be holomorphic on 
an open set that contains the disc D = {z: \z — p\ < r) and its boundary circle T = 
{z:\z-p\ = r}, and let y be a parametrization of T which traverses this 
circle once in the counterclockwise direction. Then 


(45) 


/ n \Q 


2t ri Jy (z - £) n+1 


for all £ such that |£ — p\ < r. 


n = 0, 1, 2,. . . 


Proof: Since/(z) is continuous on T, the formula 



dz 
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defines a function that is analytic on the complement E = C ~ T, as explained 
in Section 5.10. The derivatives of/(£) have already been calculated by direct 
methods: 


/"’a)= 


ji r /to 

2ni Jy (z — £) n+1 


dz 


for £ lying off T, 


for n = 0, 1, 2, ... . However, y is a circular contour, and f(z) is actually 
analytic on the disc |z— p\ < r, so the Cauchy Integral Formula insures that 


m=M) for \l-p\<r. 


Obviously, then, we also have / (n) (£) = / (n) (£) on the disc |£ — p\ < r, and 
formula (45) is proved. | 


Notice that the boundary values f(z) are multiplied by a different kernel 
function 


n\ 


K n & z) = 


1 


2t ri (z - £) n+1 


n = 0, 1, 2,. 


in the integral (45) to get each derivative. The integrals (45) in Theorem 5.23 
also make sense if £ lies exterior to the circle T (but not if £ lies on T). The 
comments presented after the proof of Cauchy’s Integral Formula apply just as 
well to the present situation to show that 


(46) 


_l r m 

277 i Jv (z - 0 n+1 


dz = 0 for n = 0, 1, 2, . . . 


for all £ such that |£ — p\ > r. Why is there this difference between points 
lying interior to and exterior to T ? Qualitatively, the integrals differ in that y 
loops once around the point £ where the integrand is singular when |£ — p\ < 
r, while y does not enclose this singular point otherwise. More will be said 
about this when we discuss the “winding number” of a closed curve with 
respect to a point £ (Section 5.15). 


Example 5.15 Integrate f(z) = (sin z)/z 2 along the counterclockwise 
parametrized circle |z| = R. This function is holomorphic (analytic!) on the 
punctured plane £ = {z:z^0}. The circle can be parametrized in the form 
y(0 = Re 2nit , for 0 < t < 1. Now 


1 f sin z 

27 ji Jy Z 2 


dz 


is a special case of Cauchy’s formula for the first derivative — (sin z) = cos z, 
taking £ = 0; thus, 


dz 


C sin z . 


2ni • cos(0) = 2ni. 


The reader might try to obtain this result by direct calculations not involving 
the Cauchy formulas. 
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These formulas for derivatives give us a set of inequalities which show that the 
size of the derivatives f {n) {p) of an analytic function at the center of a circle are 
limited in a systematic way by the size of the values |/(z)| on the boundary 
circle. 

Theorem 5.24 (Cauchy's estimate for derivatives) Iff{z) is analytic on an open 
set that includes a circle T centered at a point p, together with the disc bounded by T, then 

( 47 ) \f M (P)\^^ for n = 0 , 1 , 2 ,... 

r 

where r is the radius of the circle and M is the maximum of \f(z)\ on T. 

Proof : Since 


M 

C z-p) n+1 


!/(*)! . M 

y.n+1 ytt+l 


for all z on r, 


and length(r) = 2i rr, we may apply Theorem 5.9 to the Cauchy formula for 
derivatives to get 


\f {n \p)\ < 


2irrn\ M 
2irr n+1 


n\M 


for n = 0, 1, 2, . . . . | 


If the circle T is fixed, these estimates also show that the derivatives f (n) {p)> and 
the associated Taylor series coefficients a n = f {n) (p)ln\ , cannot grow too 
rapidly asn-> oo. 


1. Use Theorem 5.23 to evaluate the following integrals along 
counterclockwise oriented circular contours. 



sm z 


dz 


yJ z 

(z - l) 3 
tan z 


dz 


z 2 + 2z + 1 


dz 


|z| = 1 

|z- 1| = * 

\z+ 1| = TO. 


Answer: (i) iv; (ii) —iirj 12; (iii) rrijcos 2 (l ). 


2. Calculate integrals along the counterclockwise parametrized 
circles shown. Sketch the location of the contour and the singularities 
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of the integrand. 


sinh z 


(*) f S . 

Jy Z 

>1 


dz 


(iii 


sin z 


\z—\\ = 2 

dz |z-l| = l 


y (z — l)(z 2 + Z + 1) 

( iv ) f ~T~, dz M = i 

Jy Z* — 1 

(v) 1731 * 


z\ = 10 


/ft/rf; In (v) write out a “partial fractions” expansion —-- = 

4 a z 

V--— where {/?*.} are the fourth roots of 1, and {A k } are suitable 

k=iz-p k 

constants. 

2iri irr 

Answer: (i) — ; (ii) — — ; (iii) Jsin(l); (iv) 0; (v) JTrsinh(l) — 
irr sin(l). X 4 


3. Evaluate the function of £ defined by 


F(0 = f 

Jy 


v (z + 2)(z — £) 2 


dz 


for |£| < 1 and |£| > 1. Here y is the circle |z| = 1 parametrized 
counterclockwise. 

Answer: 


F(£) = 2m'/for |£| < 1; F(Q = 0 if |£| > 1. 

00 

4. Suppose that the series of holomorphic functions ]£/ n (z) 

71 = 1 

converges uniformly on an open set E to a function /(z). Prove that 
(i) f(z) is holomorphic on E 

(ii) The derivative of/is given by term-by-term differentiation 
of the series, 


df " df n 

— = 2, — at every point m E. 
dz n=i dz 

The series is not assumed to be related to a power series; the f n can be 
arbitrary holomorphic functions. Thus, it is not obvious that the sum 
f(z) is holomorphic. 
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Hint: Let p be a typical point in E> let the points z such that |z — p\ 
< r be a small disc in E about p , and let y(0) = p + re te for 0 < 6 < 2n. 
The series converges uniformly on the circle \z — p\ = r; justify the 
following equalities for |£ — p\ < r: 


00 


M)=2fn(Q = 

n=l 



dz 


The right-hand integral always produces a function that is holomorphic 
on the disc (Theorem 5.22); thus,/is holomorphic at any point p in E . 
Once this is established, use the Cauchy formula for first derivatives on / 
to get (ii). 


5. In Exercise 4 we do not really need uniform convergence of the 

00 

series ]£/ w to the function f uniformly on E. It would be sufficient that the 

n=i 

series converge uniformly to/on every closed subdisc in E. Why? 

oo 

Note: For example, if/ n (z) = z n /n\, the series e z = ^ f n ( z ) con “ 

n=0 

verges uniformly to its limit on every closed subdisc in the set E = C, but 
it does not converge uniformly on E itself. 


00 

6. Show that the series / = ]£/ n are uniformly convergent on 

n=l 

every closed subdisc in the domains E indicated. Applying Exercises 
4 and 5, explain why the derivative dfjdz exists and calculate df/dz as a 
series. Can you verify that df/dz exists, in any of these examples, without 
appealing to Exercises 4 and 5 ? 

(i) 2 —2 £= ( z:z 7* n; n = ±1, ±2, . . .} 

n=l z 4 — n 

oo Anz 

(ii) 2 — E = {z:Im(z) > 0} 

n=l n 
oo 

(iii) ^ n ~ z E = ( 2 :Re(z) > l}(Riemann zeta function) 

n =1 

Hint: For (iii) remember that n~ z = e~ z,Jj0gn ; recall Exercise 17, 
Section 3.3. 
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5.12 APPLICATION: THE MEAN VALUE PROPERTY OF 
ANALYTIC FUNCTIONS 


Let f(z) be a continuous function defined at and near p , and consider the 
small circular contours around p given by 

y r (t) = p + re u for 0 < t <L 2 tt. 

Evidently, f(z) is defined on the circular trajectory F r = {z: \z — p\ = r} 
and on the interior disc D r = {z: \z — p\ < r } for all small radii r > 0. It is 
natural to regard the Riemann integral 

(48) - 1 f/(y r (/)) dt 

Itt Jo 

as the average value of f(z) on the circle F r . This interpretation of (48) 
as an average is clear if we examine the Riemann sums associated with (48). 
For the partition 7 r v which divides [0, 2n] into N equal length segments 
/j, . . . , I N we select points t * in I k so that t* is the midpoint of the subinterval 
I k9 and then write z* = y r (t*). The points {z*, . . . , zy} are equally spaced 
around T r , and the average of the values of f(z) at these points is just 

( 49 ) 7 2f(z*) = 7 (f(z*) + ■■■ +f(z N *)). 

Nk =i N 


But this is also the Riemann sum associated with the partition n v (and selected 
points t*, . . . , ty): 


N 


7 IfM = T I/M ■ ^ = T If MS)) ■ length (4), 
iV fc=l 27 Tfc=l Jv 27 T)fc=l 


and these Riemann sums converge to the integral (48) as N oo. The integral 
(48) is thus the limit of the averages (49) as the evenly distributed sampling 
points {z*, . . . , z]v} are increased in number without limit. There seems to be 
no other choice than to assign the value of this limit as the average of the values 
of f(z) on the circle F r . 

Analytic functions have a remarkable average value property; if we aver¬ 
age over any small circle about a given point p i these averages all agree and 
always give the value at the center point f (p ). 

Theorem 5.25 Let f(z) be analytic on an open set that includes p. Then for all small 
r > 0 we get 

f{p) = ~ f7(y r (0) dt 

Z7T JO 

where y r is the circular contour around p given by y r (t) = p + re il yfor 0 <, t < 2n. 
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Proof: This is a simple variant of the Cauchy Integral Formula. Since 
y' T (t) = ire il and y r (l) — p — re u , we get 

/(/>> = f f - jz = — f ! / frr (0) K, di ■ 

2ni Jy r (z — p) 2rri Jo re lt 

1 f 2 * 

= r- fir ,(0) dt. I 

Irr Jo 


5.13 APPLICATION: ENTIRE FUNCTIONS AND LIOUVILLE’S 
THEOREM 


Functions that are analytic throughout the complex plane, such as e z 
and sin z, are of special interest in complex analysis and are referred to as 
entire functions or integral functions. These functions suffer a curious 
dichotomy; if we let the variable z approach infinity, then the absolute values 
|/(z)| either grow very rapidly (like the exponential function e ,2 ') as z —► oo 
in certain ways, or else f (z) is a polynomial in the variable z. There are no 
intermediate types of behavior for entire functions. This contrasts strongly with 
the behavior of analytic functions of a real variable; the function f(x) = cos x 
is one of many analytic functions defined on the real line that do not grow 
rapidly as * —► oo, and yet are not polynomials in the variable *. A detailed 
study of entire functions is left to more advanced texts. We will only prove 
one basic result, Liouville’s theorem; an extension of Liouville’s theorem will 
be found in Exercises 4 and 5. 

If/(z) is analytic throughout the plane, the function M(r) defined by tak¬ 
ing 

M(r) = maximum value of \ f(z)\ for z on the circle |z| = r 


gives a convenient measure of the growth of |/(z)| as z approaches infinity. 

Theorem 5.26 (Liouville’s theorem) If f is entire and bounded , so that 

\f{z)\ < M for all z, 

then f{z) is a constant . 


Proof: Here \f(z)\ < M for all z, so that M(r) < M for all r > 0. 
Take y r (t) = re il for 0 < t < 2i r, and apply the obvious estimates to the 
Cauchy Integral Formula for f {n) ( 0), using the contours y r . We get 


/ <n, (0) 

II 

' n ' 

n! 

1 2ni jy r z n+1 i 




for all 


r > 0 


for each n = 0, 1, 2, ... . Except when n = 0, the right side decreases to zero 
as r—► +oo, while the left side does not depend on r. Obviously this means 
that f {n) ( 0) = 0 for n > 1. Since/ is analytic throughout the plane, it is 
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represented everywhere by its Taylor series about p = 0, 


* / (n) (0) 
/(*) = 2 —r 2 

n= o n! 


=/( 0 ) 


for all z, 


and f is constant. | 


EXERCISES 


1. The growth indicator, M(r ) = maximum value of|/(z)| on the 
circle |z| = r, is extremely useful in discussing the behavior of |/(z)| as 
z —► oo. Calculate Af(r) as a function of r for the functions listed, and 
indicate where on the circle |z| = r the absolute value |/(z)| is equal to 
M(r). 

(i) fi z ) — «* 

(ii )/(z) = z» (« = 1,2,...) 

(iii) /(z) = z 2 + 1 (for r > 1) 

(iv) /(z) = cos z 

Answer: (i) e r ; (ii) r n ; (iii) r 2 + 1 at z = r + iO; (iv) cosh (r) at 
z = 0 + zr. 

2. Define the lower bound m{r) = minimum value of |/(z)| on 
the circle |z| = r. Obviously m(r) < |/(z)| < M(r) on the circle |z| = r, 
so m(r) is also useful in studying the growth of function values as z —► oo. 
Calculate m(r) for functions (i) to (iii) in the last example, and indicate 
where on the circle |z| = r the value m(r) is achieved. What can be said 
for/(z) = cos z? 

Answer: (i) e~ r ; (ii) r n \ (iii) r 2 — 1 at z = ir\ (iv) m(r) = 0 
frequently; m{r) = |cos r|. 

3. Let P(z) = a n z n + 0 n _iZ n-1 + • • • + a x z + a 0 be an nth degree 
polynomial (so a n 0); write P(z) = a n z n + (lower order terms) = 
a n z n + Q(^). Prove that 

(i) iKz"|>|Q(z)| for all \z\>R 

if the radius R is chosen large enough. Use this (and the same radius R) 
to prove the following estimate on the size of \P(z) \ for large |z|. 

(ii) £ |tf n |r n < \P(z)\ < ■§ \a n \r n on the circle |z| = r 
provided r > R. 

Hint: Use L’HospitaPs rule to compare the real polynomials \a n \r n 

and |a n _!| r n ~ l -\ -+ | a^r + |a 0 | as r oo. 

Note: Obviously ^ |a„|r" < m(r) < \P(z)\ <, M(r) <, -f |a n |r" for 
r ^ R. 
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4. We say that a function f(z) defined for all large |z| has poly¬ 
nomial growth at infinity provided its growth indicator M(r) is 
bounded by the function r n for some n\ that is, we can find A > 0 and an 
integer n = 1,2,... such that M(r) < Ar n for all large r. Which func¬ 
tions in Exercise 1 have polynomial growth at infinity? 

5. I f/(z) is entire, and if/has polynomial growth of degree at most 
n at infinity* prove that f(z) is a polynomial of degree less than or equal 
to n. 

Hint: Use the Cauchy estimates to estimate the size of |/ (n) (0)/«!| in 
terms of M(r) ; then let r —► oo to show that all higher order derivatives 
are zero in the Taylor series. 

6 . Exhibit functions defined and holomorphic on the half plane 
Im(z) > 0 which are not polynomials, but have polynomial growth at 
infinity in the sense that \ f(z)\ < A \z\ n for |z| > R in the half plane. 

Answer: e iz ; Log z. 

7. If /(z) is defined for all large |z| we could define a growth 
indicator with respect to a base point p other than the origin, Af'(r) = 
maximum of \ f(z)\ on the circle |z — p\ = r. This is particularly useful 
if /(z) behaves symmetrically with respect to p. Calculate M(r) and 
M'(r) for /(z) = l/(z — p) 2 . Compare the behavior of these indicator 
functions as r —> oo. 


5.14 APPLICATION: THE FUNDAMENTAL THEOREM OF 
ALGEBRA 

A polynomial p(x) with real coefficients and a real variable may fail to 
have any real roots (real numbers x solving the equation p(x) = 0); for 
example, the polynomial p(x) = 1 + x 2 has no roots in the real number system. 
But it does have two roots, z = -\-i and z = — z, if we regard p as a function of a 
complex variable. The reader is probably familiar with this idea of looking for 
complex roots of a polynomial, even if the polynomial has real coefficients, and 
he may recall that, in some sense, the number of complex roots of a polynomial 
is always equal to its degree. This can be easily established once we prove a 
simpler fact: every polynomial that is not constant (degree zero) has at least one root 
in the complex number system. Using this result, one can then extract successive 
roots to obtain them all. 

Theorem 5.27 (Fundamental Theorem of Algebra) A non-constant polynomial 
p{z) with real or complex coefficients has at least one root in the complex plane . 

While this is a statement about a purely algebraic situation (existence of 
solutions of a polynomial equation), no purely algebraic proof exists for this 
important result. All proofs require a command of the calculus of functions of 
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several real variables, or of complex analysis. Our complex variable proof is 
based on Liouville’s theorem. 

Proof: Consider what happens when we form g(z) = 1 jp{z) if p(z) has 
no roots (is never zero). Evidently, g(z) is differentiable, hence analytic, 
throughout the plane. We investigate the growth of |g(z)| as |z| —► + oo by 
writing p(z) in the form 

P(z) = a nZ n H- \-a lZ + a 0 (n > 0, a n ^ 0). 

The lead term a n z n plays the decisive role in determining the growth of \p(z)\; 
it is not hard to prove that, for sufficiently large choice of R 0 , we have' 

\p{ z )\ > \ K 2 "l = i Kl l Z | n for aI1 2 such that l Z l ^ R 0> 

so that 

fe(z) =-<-<-, 

\p{z)\ \a n \ \z\ n \a n \R 0 " 

provided that |z| > R 0 . Thus |g(z)| is bounded by the constant 2/|aJ/?o 
outside of the closed disc |z| < R 0 . On the other hand, any continuous function 
is bounded on a closed bounded set in the plane, so that \g(z) \ is bounded both 
on the disc and on its complement; therefore, |^(z)| is bounded throughout 
the plane. By Liouville’s theorem, g(z) = c and p(z) = 1 /c (a constant) if 
p(z) is a polynomial without roots. | 

Given any root £, we can split a factor (z — £) out of the polynomial p(z) 
and write p(z) = (z — £)q(z) for all z, where q(z) is a polynomial one degree 
lower than p(z). To see that this splitting is possible (and how to compute 
q{z)) we write the variable z as z = (z — £) + £, which gives 

P ( Z ) = a n(( Z “£) + ?)“ + •••+ a i(( Z — £) + £) + ^0 

= a n( Z — £) n + ' * * + { a ,£ H + * * * + a l£ + a 0 ). 


The constant term left after this rearrangement of terms is zero, a t £ n + • • • + 
a i^ + #0 — P(0 = 0 since £ is a root, and all other terms have a common 

factor (z — £), which can be split off. The lead term in the polynomial q(z) 

which remains is a n (z — £)" -1 > an d a n ^ 0, so that degree^) = degree(/>) — 1. 

For complex polynomials, every polynomial of degree greater than zero 
has a root, so we can split another factor off of q{z) unless degree^) = 0. 
Repeating this process n times, we get a factorization of p(z) into linear poly¬ 
nomials 

P( z ) = a n • ( z ~ £l) ' ( z - It) . ( z ~ U for a11 Z. 

The numbers {^, . . . , £„} we get are each a root of p(z)> since at least one 

factor in this product is zero if we set z = £ k ; furthermore, these numbers 
C k include all roots of p(z), because if z ^ for k = 1,2,...,/* this insures 
that each factor is nonzero, so that p(z) ^ 0. The collection of numbers 
{£u ■ • • ? £, t } may include certain roots several times; if we gather together the 
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£ k ’s which are the same, we can write the product in the form 

P(z ) = o n • ( z “ Ci) mi . ( z ~ Ci )”*' for a11 z 

where the numbers {£ 1? . . . , are the distinct roots of p(z). The number m k 
associated with the root is called the multiplicity of the root, because 
must appear m k times in the factorization. Obviously, m 1 -f- • • • + m x = 
degree(/?) = n, and if we agree to the convention of counting each distinct root 
of p(z ) as many times as its multiplicity, we arrive at the result: 

(50) Every polynomial of a complex variable has as many roots as its degree. 

This would be false if we counted only distinct roots, or if we allowed only a 
real variable in the polynomial. 

EXERCISES 

1. Calculate the roots of the following polynomials. 

(i) z 2 + iz — 1 (ii*) z 3 + z 2 — z — 1 

(ii) z 3 + i (iv) z 4 + z 2 — 2 iz — 1 

(V) z 4 + 1 

What are the multiplicities of the roots? Write out each polynomial in 
factored form. 

2. If a polynomial P(z) = a n z n + • • • + a i z + a o has real coeffi¬ 
cients, show that: 

(i) If £ is a non-real root of P(z), so is its conjugate £. 

(ii) There are an even number of non-real roots (regard 
n = 0 as even, if the roots are all real). 

Thus the non-real roots occur in conjugate pairs, if there are any at 
all. 

Hint: a n {t) n = ( a r X n ) if a n is real; recall definition of a root of P. 

3. Prove that every polynomial with real variable and real 
coefficients P{x) = a n x n + • • • + a x x + can he factored as P(x) = 
A • fi(x) */ 2 (*) * * • f m (x) where each factor is a linear or quadratic 
polynomial with real coefficients: 

f{x) = x — r (linear factor) 

f(x) = x 2 + rx + s (quadratic factor) 

m 

At the same time, show that degree(P) = degree(/J. 

k= 1 

Hint: Factor the corresponding complex polynomial with real 
coefficients P(z). For each conjugate pair of roots £, ^ we have a factor 
(z- t)(z-S)i multiply this out and verify that it has real coefficients. 
Once P(z) has been written as a product of linear and quadratic factors 
with real coefficients, restrict attention to real z. 
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4. Show that every cubic polynomial ax 3 + bx 2 + cx + d with real 
coefficients has at least one real root. Exhibit a real cubic polynomial with 
just one real root. 

Hint: Use Exercise 2 above. 


5.15 THE WINDING NUMBER (OR INDEX) OF A CONTOUR 

If y is a closed contour it is very helpful to take into account the number of 
times y(t) winds around various points £ lying off its trajectory I\ If y(t) is 
defined on an interval / = [ a , b ] and if £ is fixed, then for each t such that a <; 
t <> b the function arg(y(£) — £) is well defined up to an added integral multiple 
of 277, and measures the angle between the directed ray from £ parallel to the 
positive real axis and the directed ray from £ through the point z = y(t) 3 as 
shown in Figure 5.15. We would like to define the winding number, or 
index, I(y , £) of £ with respect to y to be 1/277 times the cumulative increment 
in arg(z — £) as z = y(t) moves through the closed curve. This index is often 
indicated by the suggestive symbol 


*(y» 0 = ^ A y [arg(z - £)]. 

A geometric interpretation of the winding number is obtained if we think of an 
observer stationed at the point £ who keeps turning to face the moving point 
z = y(t) as t increases. The index is the total number of rotations he has made 
when t reaches t = b and y(t) returns to its starting point y(a) = y(b). We 
adhere to the convention that counterclockwise rotations are counted positively 
and clockwise ones negatively. Thus, a negative value for I(y } £) means that 


(to oc) 



(to x) 


Figure 5.15 The significance of arg(y(f) — £) = 6. This angle, measured in radians, 
is ambiguous up to an added term 2777*. 
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Figure 5.16 A contour 
and the index / = I(y, £) in 
various parts of the complemen¬ 
tary set E = C ^ r. 



y(t) loops around £ more times in the clockwise direction than in the counter¬ 
clockwise direction; zero index will signify that the contour does not loop 
around £ at all, or does so an equal number of times in each direction. Figure 
5.16 shows how the winding number I(y> £) should be assigned for various 
points in the complement of T, and serves as a warning that the notion of 
winding number can be somewhat confusing if the contour is at all complicated. 
Therefore, our first task is to find alternative ways of calculating winding 
numbers. 

The contour y must be closed, so y(a) = y(b ), and we will never attempt 
to define a winding number for points £ which lie on the trajectory T. We 
might try to define the index to be 1/27r times the difference in arguments when 
t = a and t — b: 

(51) I(y, Q=± [ar g(y(b) -Q- arg (y(a) - £)], 

but we immediately run into the difficulty that arguments are indeterminate up 
to added terms 27 m (n an integer). Nevertheless, our intuition has suggested a 
way to extract a definite number out of this formula; once we decide upon a 
definite choice for the value of arg {y(t) — £) at the initial point t = a , there is 
only one way left to choose the values of arg(y(£) — £) for t > a to get a 
continuous function of t. This is the function we should use in (51). As indicated 
below, it is fairly easy to construct such a continuous determination of arg(£(/) — 
£) for a <L t <>b\ moreover, the construction process yields an important 
dividend, a surprising and extremely useful integral formula for the index. 

Theorem 5.28 Let y be a closed contour in the plane and let E be its complement , 
E = C ~ r. Then for every point £ in E we get 

(52) /(y,0=r L . f — r dz. 

27 Tl Jy Z — £ 

The details of the proof are somewhat technical and can be skipped without 
hindering the reader’s progress through the remaining discussion, and applica¬ 
tions, of winding numbers. 



322 INTEGRATION IN THE COMPLEX PLANE 



Figure 5.17 The proof of Theorem 5.28. Here z k = y(t k ) and the base point is z 0 = z m ; disc 
D k contains the arc from z k to z k+1 . 


Proof: Fix £. We will work from elementary facts about log(z — £) and 
arg(z — £) which should be clear from our discussion in Chapter 2. 

1. If D is any open disc that excludes the point £, there is a continuous 
determination of arg(z — £) defined on D. 

2. If Arg*(z — £) is a continuous determination of arg(z — f) defined 
on an open set E that excludes £, then Log*(z — £) = log|z — £| + 
i Arg*(z — £) is a holomorphic (hence analytic) determination of 
log(z — f) on E. 

This is all very trivial if $ =0, and for f ^ 0 we reduce it to this case by 
examining arg(w) and log(w) where w = z — 

Now let us partition the interval / = [a, b] on which y is defined into 
successive intervals I x = [7 0 , fj, . . . , I m = [ t m _ v t m ]. By making these 
subintervals sufficiently small we can insure that the corresponding tra¬ 
jectory segments T k , swept out by y(t) for t in 4 , each lie within a corre¬ 
sponding open disc D k which excludes $ (this is possible since y(t) is 
continuous and £ lies a positive distance from the trajectory T). The situa¬ 
tion is illustrated in Figure 5.17. 

On the first disc D x we take any continuous determination of arg(z — f) 
and call it 


Argj(z — £) for z in D v 

On the next disc Z) 2 there are various continuous determinations of arg(z — 
f), any two of which differ by an added constant 27rk, but only one of these 
will agree with Arg x (z — £) at the point z x = y(t x ), which is common to the 
discs D 1 and D 2 . Let us call the appropriate determination 

Arg 2 (z — £) defined for z in Z) 2 . 

Continuing this process, we get continuous determinations of arg(z — £) 


Arg fc (z — f) defined for z in D k (k = 1, 2,..., m) 
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which have the following compatibility property: 

(53) Arg fc-1 (z - £) = Argj.(z - £) at the point z k = y(t k ). 

Note that z k is common to the successive discs D k _ 1 and D k . 

Now consider the corresponding analytic determinations oflog(z — £), 

(54) Log fc (z — f) = log | z — £| + i Arg fc (z — f) defined for z in D k ; 
these satisfy a similar compatibility condition: 

(55) Log k _ x (z - £) = Log fc (z - £} at the point z fc = y{t k ). 

With these functions in hand we may construct a continuous determination 
of arg(y(/) — £) for a < t < b by taking 

A(t ) = Ar g k (y(t) — £) for t in the interval I k . 

We might be troubled by the fact that we have two different prescriptions 
for A(t) at the points t = t k where successive intervals overlap, but the 
compatibility condition (53) insures that they both give the same value. 
Since each of the functions Arg k (z — Q is continuous, A(t) will be a con¬ 
tinuous function of/, and it is certainly clear that A(t) is one of the values of 
arg(y(/) — £) for each t in [ a , b]. Thus, A(t) is a continuous determination 
of arg(y(/) — £) for a < t < b, and I(y, £) = (l/2n)(A(b) — A (a)). 

To prove (52), write y — y x + y 2 + ■ • • -f y m corresponding to our 
partitioning of the interval I = [a, b ]; it is clear that 

1 r 1 1 f 1 If 1 

— I - dz = — I - dz T * * * H-I - dz. 

2 niJyZ-C 2 niJ yi Z-C ^ ^2niJ ym Z-C 

But 

J z {Log k( z - 0} = Log; (z-£)-|(z-£) = on D k , 

and the trajectory of y k is just the curve segment T k , which lies within D k . 
Thus, 

dz = T [Log A (z A . - £) - Log A (z A _j - £)], 

and on adding up these terms we get a long sum in which successive terms 
(except for the first and last) cancel out because of the compatibility con¬ 
dition (55). 

2 ^. J JZTl = 2 ~- [“ Log 1 (z 0 - £) + Log 1 (z 1 - £) - Log 2 (z x - £) 
+ Log 2 (z 2 - £) - • • •] 

= 2- [~ Lo gl (z 0 - £) + Lo gl (A - £) - Log,(/! - £) 
"b ' ' * ~b Log m (z m £)] 

= [Log m (/> - 0 ~ Lo gl (p - £)]. 


-Lf -L- 

2m Jy k z — £ 
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Here/> = y(a) = y(b) is the base point of y (recall that / 0 = a and t n = b, 
so that p = z Q = z m in this formula). Now the integral takes the form: 

5 —. [Log !/►—€! + i Arg m (p - 0 - !°g \P ~ Cl ~ * Ar gi(^ ~ £)] 


= 2 L Ar S m (P - 0 ~ Arg iiP ~ i)] 

= [Arg ro (y(4) - () - Ar gl (y(a) - £)]• 

But, defining A(t) as above, this is just the identity we want: 

Before we turn to the uses of the winding number we list a few of its 
elementary properties. 

Property 1. If —y is an order reversed reparametrization of y , then 
/(—y, £) = —/(y, £) for all £ (this is clear from the integral formula of 
Theorem 5.28). 

Property 2. /(y, £), defined on the complement E = C~ T, is holo- 

morphic (hence analytic) on E (see Theorem 5.22). 

Property 3. Since /(y, £) is analytic and can take only integer values, it 
must be locally constant—taking the same value at all points near a given 
point £ 0 —and /(y, £) must be constant on any domain that does not meet T (see 
Theorem 2.17). 


Example 5.16 Consider the contour y(t) = p + re u , defined for 0 <* 
t < 27t, which moves once counterclockwise around the circle T = {z: \z — p\ 
— r}. We could determine the index for points off T by noting how the angle 
6(t ), shown in Figure 5.18, varies as y{t) traverses T. It should be clear that the 



Figure 5.18 The cumulative 
change in angle d(t) as t increases 
is 7(y, £)> which is zero if|£ — p\ 
> r as shown. Here V > t and 
Ad is negative (clockwise). 
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Figure 5.19 The closed contour of 
Example 5.17. I(y, £) = 0 for every point 
off of r. 



net change in this angle as t increases is 


I(y, £) = -— A y [arg(z — £)] = 



if \1-P\>r 
if \C-p\<r. 


On the other hand, we would also obtain this result using the integration 
formula (52); for circular contours, the integral 


I(y, 0 = — f —— dz 

y ' 2m Jyz-C 


is a special case of the Cauchy Integral Formula. 


Example 5.17 Perhaps the following contour will give the reader more of 
a challenge. Form y by piecing together the parametrized line segments made 
up of certain sides and diagonals of the square ABCD shown in Figure 5.19, 
moving through vertices in the order ADBCABDACBA (the initial/final point 
is A). This contour has zero index at every £ in the complement E = C <—> T. 
Notice that each segment in y is covered once in each direction, so it is obvious 
that integrals cancel, giving 

I —-— dz = 0 all £ in E. 

277 ri Jy z — £ 

We leave the reader to arrive at the same conclusion by keeping track 
of increments of arg(y(f) — £) as t increases, as in the last example. In 
this particular example it is clearly advantageous to calculate winding 
numbers via the integral formula (52), although there are other situations in 
which the integral is much harder to evaluate than the cumulative increase in 
arg(y(<) - £)• 

A contour has a trajectory that is a bounded set in the plane, t and therefore 
it can be enclosed within a sufficiently large disc, say D = {z: \z\ < J?}. For 

t A contour is a continuous mapping y :/—► C of a closed interval I = [a, b ] in R into the 
complex plane. The function f(t) = |y(0l is continuous and real valued on [a, b], and therefore 
must have a (finite) maximum, achieved at some point in the interval. Take R greater than this 
maximum. 
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all £ outside D we have I(y, £) = 0 because the integrand l/(z — £) appearing 
in (52) is holomorphic throughout D ; D is a convex open set and Cauchy’s 
Theorem gives 

/(y,S) = r L . f—= 0 

2772 Jy Z — £ 

In other words, winding numbers have another basic property: 

Property 4. We have 7(y, £) = 0 for all points £ sufficiently far re¬ 
moved from the origin. 

This allows us to define the winding number of the point at infinity to be 
7(y, oo) = 0, and makes the winding number a continuous function of £ on the 
complement of T in the complex sphere. 


EXERCISES 

1. Verify the winding numbers assigned to points in different parts 
of the plane in Figure 5.16, by keeping track of angle increments. 

2. Let E be any domain that includes the closed disc |z — p\ < r. 
Let y be the boundary circle \ z — p\ — r, parametrized as y(t) = p + r ^ il 
for 0 < t < 277. Prove that y has zero index I(y , £) = 0 at any point y 
lying outside of E. 

Hint: Use formula (52) for winding numbers. Invoke Cauchy’s 
Theorem as in the discussion of Property 4. 

3. If E is any domain that includes the closed disc \z — p\ < r, 
prove that every closed contour y whose trajectory lies inside this disc has 
the property: 7(y, £) = 0 for all £ in the complement C ~ E of E. 

4. Show that a closed contour lying within the square — 1 < x, 
y < 1 has zero winding number about any point £ lying outside of this 
square. 

Hint: If £ is not in S , we can choose a determination of log(z — £) 
that is analytic at least on S. 


5.16 THE JORDAN CURVE THEOREM 

If y is a simple closed contour, so that y never crosses over itself except at the 
initial/final point where y{a) = y(b), our intuition strongly suggests that T 
must divide the plane into two disjoint domains (connected open sets) E x and 
E 2 , which consist of the points which lie “inside of” T and the points which lie 
“outside of” T, respectively. Of course this is only to be expected for simple 
contours; the contour shown earlier in Figure 5.16 defies such analysis. 
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Figure 5.20 The curve in the discussion of “interior” points for a simple closed curve 
in the plane. The shaded parts are the exterior points. 


Although our expectation is borne out by experience, it is surprisingly 
difficult to prove this result. Part of the problem is to define just what we mean 
by saying that a point £ is “inside” or “outside” of the simple closed curve y; 
another difficulty is that our considerations must work for every conceivable 
simple closed contour, no matter how intricately it moves around in the plane 
(the reader might consider the contour shown in Figure 5.20 with this in mind). 
The notion of winding number provides the key to this classification of points 
lying off T into categories of “inside” and “outside” points. Even with this, 
there is still too much to be done for us to attempt a proof of this result; we will 
occasionally refer to the Jordan Curve Theorem later on, but these uses will 
be rather superficial, and could be avoided entirely by modest rewording of the 
text here and there. In fact, one can give a full account of complex variable 
theory without ever invoking the Jordan Curve Theorem, and so there is no 
compelling reason to go into the difficulties of its proof; the much more 
elementary notion of winding number (and the idea that a curve “encloses” a 
point £ if the index is nonzero) is adequate for all of complex analysis. 

Theorem 5.29 ( Jordan Curve Theorem) Let y be a simple closed contour in the 
plane and let E be the complement of its trajectory , E = C ~ T. Let us define the interior 
and exterior points with respect to y to be 


E int(y) = Z) =£ 0} 

E ext(y) = {z-i{y> z) = o}. 


Then these sets are disjoint and together fill up E. The set of exterior points E cxt(y) « 
an unbounded set which contains all points sufficiently far removed from the origin , while 
the set of interior points E int (y) is a bounded set. Both sets are domains ( connected ), so 
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that r divides the plane into disjoint connected pieces , one bounded and the other unbounded. 
On E int the index is either +1 everywhere , or else is — 1 everywhere. 

The main difficulty is in showing that the sets E int and ^ext are connected 
and that on the set E int where the index is noru-zero we must have either 
/(y, f) = -(-1 everywhere or 7(y, £) = — 1 everywhere, and these are the only 
possibilities. 

The fact that the index is constant on E in t, with +1 or —1 as its only 
allowable values, is often used to define the orientation of a simple closed 
contour; we say that y is positively oriented if the index is +1 and that it is 
negatively oriented if the index is —1. For elementary contours, like a 
parametrized circle, it should be clear that positive orientation corresponds to 
counterclockwise motion around the curve. However, it is not so easy to decide 
whether y moves clockwise or counterclockwise when we examine a really 
complicated contour like the one shown in Figure 5.20, and so we must make a 
precise (non-intuitive) definition of “orientation” if we want to handle quite 
general contours. We leave the reader to determine whether the contour in 
Figure 5.20 is positively or negatively oriented. Determining which points are 
in E int and which are in Eext also requires some thought in this example; but 
since E ext is connected and includes all points far from the origin, one sees that 
the exterior points make up the shaded area in Figure 5.20 (simply propagate 
the shading as far as it will go without crossing the trajectory T). 

5.17 WINDING NUMBERS AND THE CAUCHY THEOREMS 

We have already explained what we mean by — y, this being any order 
reversed reparametrization of y, and by the sum y = y 1 + y 2 + * * ’ + Yn 
of several contours whose successive initial and final points match up (recall 
Section 5.5). These definitions are somewhat ambiguous, but their ambiguities 
(which involve choosing reparametrizations) are irrelevant when we use these 
expressions in the line integral J y /(z) dz , which is really the only place we have 
used them. As long as line integrals are the objects of primary interest to us, we 
will often find that several isolated contours y l9 . . . , y m lying within the 
domain of definition of a function f(z) should be treated collectively as a single 
object, a sort of “generalized contour” </> = y x + * • • + y m ; then we may define 
the integral of f(z ) along this combination </> by the formula 

f f(z) dz = f f(z) dz -f-h f f(z) dz. 

J<t> Jy i Jy m 

For example, we might consider the set Jtf’(E) of functions that are defined and 
analytic on the domain E = C ~ {+*’, — i). We will soon find that there are 
natural reasons for regarding the contours y, rj l5 and r\ 2 shown in Figure 5.21 
as a single generalized contour <f> = y + % + indeed, we will soon 
demonstrate (in the general Cauchy Theorem below) that 

0 = f f( z ) dz=[ f(z) dz + i f{z) dz + ( f{z) dz 
J<p Jy Jrj i Jrj2 


(56) 
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Figure 5.21 Three contours which are 
being considered as a single “generalized con¬ 
tour” <f> = y + rj x + rj 2 in the domain E = 
C~{+*, —i}. 


iy 



for every analytic function on E. We can only get this surprising null result by 
combining the contours y, r\ ly and rj 2 as a whole into the generalized contour <f>; 
none of the ordinary contours which make up <f> can have the property that 
every analytic function on E has integral zero (see Exercise 7). We will give 
examples below, but first we take a moment to define our terms. 

A generalized contour (sometimes referred to as a chain in the literature) 
in a domain E is any expression of the form 

( 57 ) V - n lYl -f «m7m 

where y ly . . . , y m are contours lying within E and n ly . . . , n m are integers. 
The end points of the contours y k are not required to match up; the integer 
n k indicates the ‘‘multiplicity 5 * of y k in the formal combinations (57)—the 
number of times it is to be counted—and a negative multiplicity is interpreted 
as counting the order reversed contour — y k a positive number of times. These 
generalized contours will only appear in line integrals: 

f f(z) dz. 

Jniyi+ ... +n m y m 

We may integrate any function f(z) that is defined and continuous on E along 
a generalized contour y y by defining 

(58) f f{z) dz= nj f(z) dz H - b n m f /(z) dz. 

%/niyi+---+n m y m Jy i Jy m 

The trajectory of a generalized contour y = n 1 y 1 + • • • + n m y m is 
interpreted as the union of the points in the individual trajectories T ly . . . , T m 
of the ordinary contours involved. Furthermore, we call a generalized contour 
y a cycle (or generalized closed contour) if each contour y k appearing 
in the expression (57) is a closed contour. In applications, our main interest 
will be in integrating functions along cycles. 
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If y = n 1 y 1 + • • • + n m y m is a cycle, we can define its winding number 
or index at points lying off its trajectory to be the sum of the individual winding 
numbers, taken with coefficients n k : 


(59) I(y, 0 = nJ{ Yl , £) + ••• + n m I(y m , £). 

Obviously, 

m m n C 1 i r i 

(60) l(y, 0=2 0 = X * = — • - - t dz 

k =1 k=l lm Jy. Z — L Jy Z — L 


(we use our definition of the integral of a function along a cycle on the right 
side), so the integral formula for winding numbers has the same appearance 
whether we apply it to cycles or to ordinary closed contours. 

After a few computational examples we shall pursue our primary goal, 
which is to use generalized contours and cycles in order to state Cauchy’s 
theorems in their most powerful and useful form. In its ultimate form Cauchy’s 
Theorem says this: if £ is any domain and y any cycle which does not wind 
around points outside of E with nonzero index, then J y /(z) dz = 0 (or every 
analytic function f(z) defined on E. 


Example 5.18 Let y x and y 2 be the counterclockwise parametrized 
circular contours 


y x (t) = Rtf" y 2 (t) = R 2 e u (0 < t < 2tt) 

centered at the origin, as shown in Figure 5.22. As examples of generalized 
contours (in fact, cycles) that can be formed by combining y x and y 2 , we might 
consider 


4>1 = Yi + 72 (where n x = +1, n 2 = +1) 

<f>2 = Yi ~ Y2 = Yi + ( -Y2 ) (where n x = +1 , n 2 = - 1 ) 

<f> 2 = 2 y x (where = +2, n 2 = 0) 

The winding numbers are well defined in the open set E we get by removing the 

circles |z| = R x and |z| = R 2 from the plane; the values of the winding number 



Figure 5.22 The contours in the cycles <f> = y l ± y 2 in 
Example 5.18. 
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Table 5.1 The Index l(y, Q For Various Contours and Cycles 



0<|{| 

< \C\ < e 2 

< |£| < + 00 


Yl 

+ 1 

0 

0 


Y2 

+ 1 

+ 1 

0 


= Yi + Vi 

+ 2 

+ 1 

0 


= Yi ~ V 2 

0 

-1 

0 

^3 

= 2 Yi 

+2 

0 

0 


for each of these cycles, and for the original closed contours y x and y 2 , are 
shown in Table 5.1. 

To illustrate the calculation of integrals along these generalized contours, 
we will calculate the integral of f(z) = 1/z, which is continuous on the tra¬ 
jectories T 1 and T 2 . From previous calculations we know that 


and 


I 1 

Jy2 Z 


dz = 2ni, 


j - dz = 2rri 
Jn z 

and by using the defining formula (58) we see that 

f -dz = f - dz + f - dz = 4ni 
J<t> 1 Z Jy 1 Z Jy 2 Z 

f l -dz = ( l -dz-{ l -dz = 0 
J<t >2 Z Jyi Z Jy 2 Z 

j - dz = 2 • j - dz = Arri. 

J<t >3 Z Jyi Z 


We could perform similar calculations to evaluate the integral, along any one 
of these cycles, of any function/(z) that is defined and continuous on the circles 
f\ and r 2 . Notice that these cycles cannot be regarded as ordinary contours 
because they consist of two isolated arcs. 


Definition 5.6 Let E be an open set in the complex plane. We say that a cycle y is 
homologous to zero within E if I(y, t) = 0 for all points £ lying outside of E. 

Intuitively, y is homologous to zero in E if y does not wind around any point £ 
in the complement of E with nonzero index. 

If we are given two cycles in an open set E , say 

V = PiYi +-b PmYm 

V = Mi H-h 

and if 7(y, £) = I(rj, £) for all points outside of £, this means that y and 
have the same winding properties with respect to every point outside of E, and 
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Figure 5.23 The contours in Example 5.19. 
HereE = C ~ {+i, —i} and F = C ^ {+t, — i, 
0 }. 


we say that the cycles y and r\ are homologous (to each other) within E. 
Since the combined cycle cf> = y — rj has index I(<f >, £) = /(y, £) — I(rj y £) = 0 
for every point £ it follows that y and 77 are homologous within E if and only if 
the cycle (f> = y — rj is homologous to zero in E. In the special case when our 
set E is the whole complex plane, there are no points at all outside of E and we 
agree, by definition, that every cycle (or closed contour) is homologous to zero 
in this particular domain. 

Example 5.19 Consider the domain E consisting of the complex plane 
with the points +* and —i deleted, E = C ~ {+z, — i}. The parametrized 
ellipse shown in Figure 5.23 is homologous, within E , to the cycle r\ = r\ x + V 2 
consisting of two small counter-clockwise oriented circles r\ x and rj 2 centered at 
the points +i and — 1 , respectively. In fact, the complement C ~ E is just the 
pair of points {+*, —*}> an d by keeping track of angle increments as y(t), 
and r) 2 {t) move around their respective trajectories, the reader can easily 
verify that we have the winding numbers shown in Table 5.2 at £ = +i, —i. 
Since the cycles y and r\ have the same winding properties with respect to each 
of the (two) points outside of E, these cycles are homologous within E. 

It is not really necessary for the circles r) x and r\ 2 to be centered at + i and 


Table 5.2 The winding numbers of the cycles in Figure 5.23 



t = +* 

c = -* 

Vi 

+1 

0 

V2 

0 

+1 

V =Vi + V2 

+1 

+1 

y 

+1 

+1 
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— i y as long as they loop around these points with index +1; it isn’t even neces¬ 
sary to use circles for the contours r\ x and rj 2i and we could have used various 
other simple closed contours that stay inside of y and loop around the respective 
points +i and — i with index +1. In this example it is best to calculate 
winding numbers by keeping track of angle increments; evaluating integrals 
like (52) for an elliptical contour can lead to Riemann integrals which are 
extremely difficult to evaluate. 

The same contours y , rj l9 rj 2 when placed in a different domain F might 
not be homologous in F. Thus, the property of two cycles being homologous 
depends on the shape of the domain being considered (this should be clear from 
the definition). For example, if we also delete the origin in Figure 5.23, and 
consider y and r\ as cycles within the smaller domain F = C ~ {+i, — i, 0}, 
then these cycles are not homologous within F because the point £ = 0 is in the 
complement of F, and the cycles have different winding numbers there; 

I(y 9 0) = +1 while /(?y, 0) =0 + 0 = 0. 


EXERCISES 


1. Consider the circular contours shown in Figure 5.24. Calculate 
winding numbers at points in the sets Eli E 2 , and £ 3 for the following 
cycles. 

(i) <f> = Yl + y 2 

(“) 4> = Yi~ 2 y 2 

(iii) <f> = 2y 2 

Answer: (i) +1, +1,0; (ii) +1, —2, 0; (iii) 0, +2, 0. 


£3 



2. Let y x be the counterclockwise parametrized circle \z\ = 1 and 
y 2 the ellipse x 2 + 16j> 2 = 4, parametrized as in Figure 5.25. Tabulate 
the winding numbers I(<f> , £) for points £ in the domains E l9 . . . , £ 6 for 
each cycle (f> listed below. 

(i) <f> = y 1 + y 2 

(ii) <f> = y 1 -y i 

(iii) <f> = y 2 -y 1 


(iv) <j> = 2y 1 - 2 y. 

(v) <f> = y 2 + y 1 
(vi) <f> = y 2 - 3 Yl 
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7i 

Figure 5.25 


Answer: (i) + 1, +2, +1, +1, +1, 0; (ii) + 1,0, +1 > ——1)0; 
(iii) —1,0, —1, +1, +1)0. 

3. Calculate a table of values for the integrals 



for the cycles (f> in Exercise 2 above. 

Answer: First integrals always zero; (i) 2m; (ii) —2m; (iii) 2m; 
(iv) —4m; (v) 2m; (vi) 2m. 

4. Given (non-closed) contours shown in Figure 5.26, calculate 
z 2 dz for the generalized contours </> indicated below. 

(i) <f> = y 1 (vi) <f> = y 3 - y 4 

(ii) <f> = y 3 (vii) <f> = y t -y 3 

(iii) <f> = y 1 + y 2 + y 3 + Yi (viii) <j> = y 4 + y 3 

(iv) <f) = y t — 5 y 3 (ix) </> = y 3 - y 4 + 2 y x 

(v) <j> = yi -y 3 

Answer: (i) (ii) —f; (iii) Vi (iv) +Vi (v) 0; (vi) 0; (vii) 0; 
(viii) (ix) V- 



Figure 5.26 
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5. If y x = e i0 ; y 2 = 2e 2iQ ; y 3 = 3 ^ 2i0 for 0 < 6 < 2tt , verify that 
these contours have the winding numbers indicated in Table 5.3 on the 
domains E x = {z: \z\ < 1}; E 2 = {z: 1 < |z| < 2}; £ 3 = {z:2 < |z| < 3}; 
£4 = {z: |z| > 3}. 


Table 5.3 Winding Numbers in Exercise 5 



£ in 

£ in E 2 

£ in E a 

£ in E 4 

ri 

1 

0 

0 

0 

r2 

3 

3 

0 

0 

r 3 

2 

2 

2 

0 


Then tabulate the winding numbers for the following cycles (f >. 

(i) <f> = 2y 1 - y 2 (iv) <f> = y 2 - 3 y t 

(“) 4> = Yi + + Ya ( v ) <t> = 2y 3 

(iii) <£ = y 2 - 7i - y 3 

6. Which choices of integers /, m, and n give a cycle <f> = Z • y + 

miji + «7y 2 (formed from the contours shown in Figure 5.21) that is 
homologous to zero in the domain E {+*', -o? 

7 . For the contours y , and ?? 2 shown in Figure 5.21, verify the 
values for /(z) rfz for the functions and contours given in Table 5.4. 
The integrands f(z) are analytic on E = C ~ { + z, —i}; for each in¬ 
dividual contour, there is an analytic function on E whose integral is 
non-zero. 


Table 5.4 Values of the integral of f(z) over <J> 



l 

1 

1 

z — i 

z + i 

z 2 + 1 

Vi 

2ni 

0 

+ 7T 

V2 

0 

2iri 

—7r 

y 

— 2iri 

—2ni 

0 


Note: We will soon show that the integral of every analytic function 
on E is zero for the cycle <f> = y + Vi + ^ 2 - 

Hint: These integrals all reduce to versions of the Cauchy integral 
formula for circular contours. 


8. Using the contours y , and rj 2 from Exercise 7, tabulate the 
values of these integrals along the following cycles. 


(i) <f> = y + Vi + Vt 

(ii) <f> = y + 

(iii) <f> = y rj 2 

(iv) <f> = % + rj 2 


(v) <f > = rj 1 -r] 2 

(vi) <f> = y 

(vii) <f> = 2y - % - r] 2 
(viii) <j> = y - 2t] x 
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Could any of these cycles give the null result f(z) dz = 0 for all 
analytic functions/(z) on the domain E = C ~ {+*, — i}? 

9 . Prove that any closed contour (simple or not) in the domain 
E = {z:Im(z) > 0} is necessarily homologpus to zero in E. Explain 
why it follows that 

(i) Every cycle (f> in E is homologous to zero in E; 

(ii) If <f> and y) are cycles in E they must be homologous in E . 

10 . Repeat the discussion in Exercise 9 for the more complicated 
domain E = {z:Im(z) > 0 and |z| > 1}—a half plane with a semi-disc 
removed. 

Hint: If £ is in the complement of E , there is a well defined deter¬ 
mination of Log(z — £) in E. Then use Theorems 5.15 and 5.28. 


11. Suppose we have two domains E and F with E =2 F, and let y 
be a closed contour lying within F. Prove that if y is homologous to zero 
within Fy it is homologous to zero in the larger domain E . 


12 . 


The function tan z is analytic except at the points 



kir:k = 0, ±1, ±2, . . . . In the domain E obtained by deleting these 


singular points from the plane, consider the rectangular contour y and the 
small circular contours y k about z k shown in Figure 5.27. Which circles 
y k9 and multiplicities n k , should be used to form a cycle <f> = 2 n k y k 
which is homologous to y in the domain E? If ?7 is the circular contour 
rj(s) = l0e~ Ants defined for 0 < s < 1, how should the y k be combined 
to get a cycle homologous to rj in E? 

Note: rj has winding number —2 in places. 


Answer: (i) <f> = y_ 3 + Y-2 + Y -1 + Yo + Yi + Ya'> 

(ii) <£ = 2y_ 3 - 2y_ 2 - 2 y_ x - 2y 0 - 2 Vl - 2y t . 


-10 + i 

-flO-ht 

y-k-2 

r> \ 

y-t-i r-i 

7o Yk 

+ i 


... 

... 

'O' 

-1( 

)- i 

+ 1( 

) — i 


Figure 5.27 
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Figure 5.28 A multiply 
connected domain E. The closed 
contour y winds around certain 
points £ in the complement of E 
with non-trivial index; contour rj 
is homologous to zero in E. 



5.18 SIMPLY CONNECTED SETS IN THE PLANE 

The geometric property of simple connectedness for an open set E makes 
precise the intuitive notion that E has no “holes” in it. Observe that if E is a 
domain with a “hole”, such as the domain shown in Figure 5.28, it should be 
possible to devise a closed contour in E which loops around the hole to give 
nonzero index at points £ in the hole (these points lie outside of E). With this in 
mind, we shall take the following definition of simply connected sets. 

Definition 5.7 An open set E in the plane is simply connected if 

(i) The set E is connected (a domain ), and 

(ii) Every closed contour y in E is homologous to zero; thus , no closed contour in E 
can wind around points outside of E. 

If a domain is not simply connected, we say it is multiply connected. 
The set shown in Figure 5.28 is multiply connected; notice that some closed 
contours in E may be homologous to zero within E (such as the contour rj) y 
but there must be at least one contour which is not. 

Example 5.20 Every convex domain is simply connected. In fact, if y is a 
closed contour in E we may calculate its index at a typical point £ outside of E 
by formula (52): 



But the integrand f{z) = l/(z — £) is complex differentiable (analytic) on E , 
and must have a well defined antiderivative since E is convex (by our original 
version of Cauchy’s theorem—Theorem 5.16). Thus line integrals of f(z) are 
path independent in E and 7(y, £) = 0 for every point £ outside of E; i.e., y 
is homologous to zero in E. 
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Example 5.21 The domain we get by deleting a single point p from the 
complex plane, E = C ~ {/?}, is connected but is not simply connected because 
the parametrized circles about p of the form y^t) = p + Re il (defined for 
0 < t < 2 tt) evidently have non-zero index at the (one) point £ = p in the 
complement of E. The deletion of finitely many more points only makes the 
situation worse, as far as simple connectedness goes. Similar reasoning shows 
that an annulus —a ring-shaped domain like E = {z\ \ < |z| < 1}—is not 
simply connected, although it is connected. 


EXERCISES 

1. Prove that the domain obtained by removing the interval [£, 1] 
from the open disc |z| < 1 gives a domain E (a slit disc) that is not convex. 
Prove that E is, nevertheless, simply connected. Do likewise for the cut 
plane E = G —' (— oo, 0]. 

Hint: Find determinations of Log(z — £) on E when £ is in C ~ E. 

2 . Verify that the semi-annulus E = {z:Im(z) > 0 and 1 < \z\ < 
2 } is a simply connected domain. 

3. Prove that the domain exterior to the ellipse x 2 + 4y 2 = 1 is not 
simply connected. 

Hint: Do it by integrations along circular, not elliptical, contours. 
Use the index formula in Theorem 5.28. 

4. Prove that every star-shaped domain (definition in Exercise 4 
of Section 5.7) is simply connected. 

Hint: Use the more powerful version of Cauchy’s theorem cited in 
Exercise 4 of Section 5.7. 


5.19 THE GENERALIZED CAUCHY THEOREMS AND THEIR 
APPLICATIONS 

The notion of two cycles (or closed contours) being homologous within 
some open set E may seem a little subtle at first glance. But once the reader has 
mastered the notion of winding number he will find it quite easy in practice to 
verify, by inspection, whether cycles in a given set E are homologous or not. 
Not only are the concepts of winding number and homologous cycles easy to 
handle on an intuitive level, but they are exactly the notions we need to co¬ 
herently state Cauchy’s Theorem and the Cauchy Integral Formulas in their 
most general and useful form. It turns out that these notions allow us to state 
precisely, in a practically useful way, when two closed contours (or cycles) in a 
given set E give the same line integral for all analytic functions defined on E. Therefore, 
they tell us precisely when we may replace one contour by another contour (or 
cycle) in evaluating a line integral, a piece of information of the greatest 
practical importance. 
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Theorem 5.30 (Generalized Cauchy theorem ) Let E be any open set in the plane 
and let y be a cycle {or closed contour) which is homologous to zero within E. Then 

(61) [f(z)dz = 0 

Jy 

for every function f{z) that is defined and analytic throughout E. Hence if y and r\ are 
homologous cycles within E, then 

(62) f f(z ) dz = f f{z) dz 

Jy Jt] 

for every function f (z) that is defined and analytic throughout E. 

It is clear from the definitions that (62) follows from (61). The proof of this 
theorem involves a sequence of manipulations of integrals over cycles that is 
too complicated to include in this text; to the reader interested in the details 
of this result we recommend the account given in Pennisi [19], Sections 5.8 
and 5.9. Just one point about the proof will be relevant in the following 
discussion. The proof rests directly on the elementary Cauchy theorems 
(Theorems 5.16 and 5.18), and so applies only to integrals of functions f{z ) 
that are holomorphic (hence analytic) throughout the set E we are considering. 
It cannot be applied to the wider class of integrands that are merely continuous, 
but not differentiable. 

For simply connected domains we obtain a far-reaching path independence 
result for line integrals along arbitrary contours in E (not necessarily closed 
contours). 

Corollary 5.31 Let E be a simply connected domain. Then line integrals are globally 
path independent in E for any function f (z) that is analytic throughout E. Thus if y 
and r\ are contours in E with common initial and final points , we get 




for every analytic function on E. 


The proof from Theorem 5.30 is simple; (f> = y — r\ is a closed contour in E 
since the initial/final points of y and r\ match up. Also, <f> is homologous to zero 
in E because E is assumed simply connected. Therefore, 


and 



(because E is simply connected) 




(by formula (58), Section 5.17) 


for every analytic function on E . | 
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The generalized Cauchy theorem can be used to reduce the calculation of 
integrals along complicated contours to the use of Cauchy’s Integral Formula 
for elementary circular contours. This will be explained in great detail in the 
next chapter, so we only give a brief example of this reduction here. 

Example 5.22 Let f(z) = 1/(1 + z 2 ), which is analytic except at the 
singular points +£ and — £, and let us compute the integral 

r—i—^ 

Jr 1 + 2 ’ 

for various closed contours y. The integrand may be factored as a product of 
two simpler functions g(z) = l/(z + i) = l/(z — (— i)) and h(z) = l/(z — £), 
which are analytic except at the points —i and +£ respectively. Let y be the 
irregular closed contour shown in Figure 5.29; we can devise a cycle <f> which 
is homologous to y in the domain E = C ~ {+£, — i) by taking two small 
counterclockwise circular contours </> x and </> 2 about the points +z and —z, and 
forming <f> = + <f> 2 - From Table 5.5 of winding numbers at the (two) points 

£ = +£, — i which lie outside of E , we see that y and <f> are homologous within 
E. Therefore, 

f f(z) dz = f f(z) dz = f /(z) dz + [ f(z) dz 
Jy J (f> J(p i J <p 2 


Table 5.5 Winding numbers at +i and — i 



l = +i 

f = -« 

+ 1 

+ 1 

0 

$2 

0 

+1 

$ = <f>l + <f>2 

+ 1 

+1 

y 

+ 1 

+1 
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for any analytic function f(z) on E, by Theorem 5.30. The integrals along 
4>i and <f> 2 are simple examples of Cauchy’s Integral Formula (for circular 
contours): 


f -1 

Jf, z* 4 

f -> 

J<i>i z* 4 “ 1 


dz 


dz 



Combining these results we see that 


—-- dz = 2iri • h( — i) + 2 t ri • g(+i) = 0. 

JyZ 2 + l 

The result would be rather different if we had taken a contour that enclosed 
only one of the points and —i (such as the dashed contour rj in Figure 5.29). 
Since the methods used to reduce the computation to a case of Cauchy’s 
Integral Formula for circular contours would be the same as those above, we 
leave the reader to verify that 


f 1 — 2 dz = 2iri ■ g(+i ) = + 77 . 

J, 1 + z 2 

In the last example, Theorem 5.30 was coupled with the Cauchy Inte¬ 
gral Formula (for circular contours) to calculate the values of certain 
integrals along irregular contours. It can also be coupled with the Cauchy 
Integral Formula for higher derivatives, in the same way. 

Example 5.23 Let us take E = C. Using the rectangular contour y 
shown in Figure 5.30, we shall evaluate the integral 


(63) 


f — 5 — 

Jy (z+1) 2 



g 2 

z 2 + 2 z + 1 


dz. 


Figure 5.30 The contours y and rj 
in Example 5.23. 


iy 
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The integrand is not analytic at £ = — 1, since (z — £) 2 appears in the denom¬ 
inator. Let us introduce a small counterclockwise oriented circular contour tj 
about £, as shown in the figure. Regarding y and rj as contours in the domain 
E* = E ~ {£} = {z:z ^ — 1}, it is obvious that y and r\ are homologous 
within E *; both contours have index +1 at £, the only point in the complement 
of E*. Furthermore, the integrand in (63) is analytic on 2?*, since we have 
removed the point £ where it fails to be analytic. Applying Theorem 5.30, 
and the Cauchy Integral Formula, 

f 1--- dz = [ -~ ~ dz 

Jy Z 2 + 2Z + 1 Jr, (Z — £) 2 

= 2 t Ti\— (e‘)\ 1 = 2nie~ 1 = — . 

L dz | a =-iJ « 


This result is not a consequence of the elementary Cauchy Integral Formula, 
valid only for circular contours, and would be exceedingly difficult to obtain by 
direct calculations. This should illustrate the desirability of having the general 
Cauchy Theorem in hand as we turn to the applications of integration theory 
in the next chapter. 


Application 1 (A General Cauchy Integral Formula ) Let/(z) be analytic on 
a simply connected domain E, and let y be a closed contour in E. Then the 
following generalization of Cauchy’s Integral Formula for derivatives is valid. 


(64) 


±C^M- idz 

27TiJy (z-£)" +1 




/ (n) (£) 

n\ 


n = 0 , 1 , 2 , . . . 


for all £ in E ~ T. The Cauchy-type integral (64) is analytic for £ in C ~ T 
(recall Section 5.10); however, for points £ outside of£ the integral cannot be 
compared with/ (n) , which is not defined off E. 

For a concrete example, the reader might consider the contour in the right 
half plane E , shown in Figure 5.31, taking/(z) = tanh(z). 

To prove (64) for a typical point £ in E ~ T, take a small counterclockwise 
oriented circular contour rj centered at £, and regard y and rj as closed contours 
in E* = E '—' {£}. Now/(z)/(z — £) n+1 is analytic on E* (since £ is not in E *). 
Our basic task is to find a simple cycle <f> in E* that is homologous to y in E*, 


iy 



Figure 5.31 An example of the 
situation described in Application 1. 
Here E = {z : Re(z) > 0} and/(z) = 
tanh(z). Singularities of/(z) lie on 
the imaginary axis, out of E . 
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Table 5.6 Index of the Cycles in Figure 5.31 at 
Points Outside the Domain E* 



W = £ 

w ^ £ 

w outside of E 

V 

+i 

0 

<f> = 

k 

0 

y 

I (v, 0 

0 


so that the integral (64) along y can be replaced by the (hopefully easier to 
calculate) integral along cf >. 

The indices of y and r\ are listed in Table 5.6 for points in the complement 
of E*. Obviously I(r /, £) = +1 and I(rj, w) = 0 for points w lying outside 
of E; in fact, I(r] y w) = 0 for all points outside the disc enclosed by rj. Since 
E is simply connected, I(y y w) = 0 for w outside of E y but the value k — 
I{y y £) is not specified in our hypotheses and may be arbitrary, since £ is in E. 
Obviously, the cycles y and </> = krj = I(y y £) • rj are homologous within 
E*. The general Cauchy Theorem tells us that 


1 

2.7TI 


l 


m 

(z ~ o n+i 



m 

{z - D n+1 


dz = I(y, Q ■ 


/ (n> (0 

n\ 


which is the formula we want. 


Application 2 (Determinations of log z on simply connected domains) Let 

E be any simply connected domain that excludes z = 0. Then f{z) = 
1/z is analytic on E y and line integrals of/(z) are globally path independent, 
by Corollary 5.31. Therefore, just as in Theorem 5.13, we can define an anti- 
derivative throughout E by taking 

(65) F(Q = I /(z) dz for all £ in E, 

Jp 

where p is a fixed base point in E and (• • •) dz stands for the integral along 
any contour in E that connects p to £. The function F(£) is well defined in 
spite of the ambiguity of the particular contour to be used in (65), and F(z) 
is differentiable (hence analytic) on E y with 


( 66 ) 


dF 1 

— (z) = - for all z in E . 
dz z 


Now we want to see how close F(z) comes to being a determination of log z 
defined throughout E . This would be accomplished if e F(z) = zon£. Comput¬ 
ing the derivative, 


d\e F(z) \ 
dz\ z J 


F>{z)e 


,F(z) 


*F(z) 


e F(z) _ e F(z) 


Z 


= 0 all z in E y 



344 INTEGRATION IN THE COMPLEX PLANE 


we see that e F{z) jz is constant on the domain E , so that 

e F(z) __ c . z f or a j| z j n 

for some complex constant c (c ^ 0 because the exponential on the left side 
can never equal zero). Evidently, F(z ) comes very .close to being a determina¬ 
tion of log z; to get an actual determination of log z that is analytic on E , 
let us adjust F(z) by adding to it a complex constant a such that e a = \jc ; this 
is possible since e z takes on every complex value except zero. The new function 
G(z) = F(z) + a is analytic too, and satisfies the characteristic equation 

e oiz) = e F{z)+a = e F{z) • e a = z for all z in E. 

This result may be summarized as follows. 

Theorem 5.32 If E is any simply connected domain that excludes z = 0, we can then 
define an analytic determination of log z on E. Any pair of determinations of log z will 
differ by an added constant term of the form 2imi, where n is some integer. 

By taking the imaginary part of such a determination of log z we get a contin¬ 
uous determination of arg z defined on any simply connected domain that 
excludes the origin. 

With this result in hand it is easy to show that there are analytic deter¬ 
minations of various other multiple valued functions on simply connected 
domains. For example, we can set up analytic determinations of z M on any 
simply connected domain that excludes zero by taking a determination of 
log z and defining/(z) = ^' logz . This function is obviously analytic. There 
are many useful variations of this construction. 

The use of the generalized Cauchy Theorem in practical applications will 
be explained further in the next chapter. We conclude this chapter by observing 
that its uses all fit into the following archetypal situation, which may help 
clarify the reader’s thinking on these matters. 

Archetye Exapmple Consider a domain E consisting of the complex plane, 
or any other simply connected set, and let us delete a number of pieces H l9 . . . , 
to create “holes” in the original domain E. The contours y, y u . . . , y m 
shown in Figure 5.32 can be taken together to form a cycle <f> = y — y 1 — 
y 2 — * • • — y m that has winding number zero with respect to every £ in the 



Figure 5.32 The region E* 
is shaded; the domain E consists 
of E* U // x U • • • U H mi and is 
simply connected. 
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complement of E or in one of the holes H k . If E * is the domain we get by 
removing the subsets H ly . . . , H m from E, then <f> is homologous to zero in E*. 
The general Cauchy Theorem assures us that 

f/(z) dz = |/(z) dz — 5 ( f /(z) dz\ = 0 
J<t> Jy k =l \Jy k 1 

for every function that is defined and analytic on E*. This is more interesting 
when expressed in* the form 

f/(z) dz = f ( f /(z) dz\, 

Jy i \Jy k 1 

which shows clearly that integration along y can be replaced by integration 
along the separate contours y ly . . . , y m (or around the cycle y x + * • • + y m ) 
as long as we are considering integrands that are analytic on E*. 


EXERCISES 

1. The exercises of Section 5.8 were more or less limited to circular 
contours because they depended on the elementary Cauchy integral 
formula. Evaluate the following integrals using the general Cauchy 
theorems. 


... f sin z 

w j,— 


dz along the polygonal arc passing through 


vertices {+1, — i h ~~ * ~ b +!}• 

I Arctan z 

(ii) - dz counterclockwise along the ellipse 

Jy Z — 1 

x 2 + 16/ = 4. 

f 1 

(iii) —- dz along the rectangle passing through 

Jy Z 2 + Z + 1 

(iv) tan z dz along the rectangle {— i, + h i + 2 , 

Jy 

— i + 2 , — i}. 

C e z 

(v) —- dz along the polygonal arc {J — 10 /, \ + 10 /, 

J y z 4 — 1 

—i + 10/, —\ — 10/, J — 10/}. 


Hint: Replace these contours by cycles made up of circular contours 
which are homologous to y in the domain where the integrand is holo- 
morphic. Integrals for circular contours may be (or have been) calcu¬ 
lated as in Sections 5.8 to 5.10. 
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Answer: (i) 2tt\ , (ii) Arctan (1) = 7 t/4 ; (iii) 0; (iv) — 2m; (v) — in 
sin ( 1 ) 


2. Evaluate the integral -— : -- dz for ft = y 2 — y x , 

2m Jt z — 4 

where y 2 (0) = R 2 e 5 * 7 * * i0 and y\(0) = R x e l0 for 0 < 6 < 2n. Assume R 2 > 
R x > 0 and consider the cases |£| < R x ; R x < |£| < R 2 ; /? 2 < 1^1 < °°- 
Answer: 0 for |£| < R x ; t + 1 for R x < |£| < R 2 ; 0 for |£| > i? 2 . 


3. The general Cauchy Integral Formula (64) is not valid if we 
try to apply it to a domain E that is multiply connected. In E = {z: |z| > 
2}, take y{t) = 3e il for 0 < t < 2i r, and f(z) = l/(z — 1) (analytic on 
£). Show that the integral 


m 


_L fM 

27TZ Jy Z — ^ 


rfz 


does not agree with 7(y, -/(^) for £ in £ ~ T. Explicitly calculate 

F(£) for £ in the domains |£| < 3 and 3 < |£| < +°° which make up the 
complement of T in the plane. (Remember that F(£) is defined and 
analytic on C ~ T, by Section 5.10). 

4. If E is a multiply connected domain (one that is not simply 
connected) show that there must be at least one closed contour y in E , 
and one analytic function/(z) on E such that J y /(z) dz ^ 0 . 

Hint: Consider-where p is a point in the complement C ~ E 

z p 

such that I{y,p) ^ 0 . 

5 . Use the last result to prove that simply connected domains E 
are the only domains with the property § y f(z) dz = 0 for every closed 
contour y in E and every function f(z) defined and analytic on E. 

6 • Show that there are analytic determinations of 

(i) (z - py* 

(ii) log(z - p) 

(iii) (z — p) a (a any complex exponent) 

on any simply connected domain E that excludes the point p. 

7 . Use the general ideas of Application 2 to show that there is an 

analytic determination of arctan z on any simply connected domain that 

excludes the points +i and —i. 

Hint: Start with the (single valued) derivative 1/(1 + z 2 ) in place of 

the derivative 1 /z associated with log z. 
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8. On the domain E = {z: z ^ 0}, the contours y(t) = R x e il 
and r\(t ) = R 2 e it , defined for 0 <, t < 2n , are already homologous (refer 
to Figure 5.22). Use the elementary Cauchy Theorem to prove that 
§ y f(z)dz = § n f{z) dz for every function f(z) that is analytic on E. (Donot 
invoke the general Cauchy Theorem; see if you can give a direct proof 
based on Theorem 5.16.) 

Hint: Set up related closed contours y x and y 2 such that $ y f (z) dz + 
Sy 2 f( z )dz = $ y f(z)dz—$ rj f(z)dz after cancellations; the contours 
shown in Figure 5.33 do this. Now apply Exercise 4 of Section 5.7 (a 
useful improvement on Theorem 5.16). Each contour y k is contained in a 
star-shaped domain on which/(z) is holomorphic (the set avoids z = 0). 

Note: This calculation is a first step toward proving the general 
Cauchy Theorem. It can be varied to give direct proofs that j \ y f (z) dz = 
Ji;/(z) dz in many other situations where f(z) is analytic on a domain 
containing y and rj. 


9. Derive the following corollary of the generalized Cauchy 
Theorem. 

Theorem: A domain E is simply connected if and only if 

JV(z) dz = 0 

for every function f (z) analytic on E> and every closed contour y in E. 

Hint: That (s. conn.) implies (null integrals) is immediate. Con¬ 
versely, if integrals are null, the integrals that give 7(y, £) are zero for 
£ not in E (why?). 
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10. Let f:E-+F be an invertible analytic mapping between two 

V 

open sets, which has an analytic inverse f:F—>E. Prove that: 

Theorem 1: E is connected if and only if F is connected . 

Theorem 2: E is simply connected if and only if F is simply connected . 

Hint: E and F play symmetrical roles, so it suffices to prove that F 
inherits each property if E has the property. In Theorem 1, define 
connectedness in terms of connecting typical points by continuous para¬ 
metrized curves. In Theorem 2, use Exercise 9 and the change of variable 
formula for line integrals. 



6 SINGULARITIES 
AND RESIDUES 


The evaluation of integrals along closed contours can be reduced to an 
almost entirely algebraic procedure by introducing the notion of the residue of a 
function at its isolated singular points. The definition of residue is based on the 
Cauchy Integral Formula for circular contours. We will use the theory of 
residues to evaluate various classes of integrals that turn up in Calculus. For 
example, we will be able to evaluate 

f 00 sin* 

I - dx = 7t/2 

Jo * 

by relating this integral to certain contour integrals of the analytic function 
e iz /z'\; this integral, which is of importance in diffraction problems in optics, 
cannot be computed by any of the methods ordinarily used in Calculus. Finally, 
we will examine the general behavior of analytic functions near isolated singular 
points, and will develop the Laurent series expansion to represent analytic 
functions near such singular points (these series involve both positive and nega¬ 
tive powers of z). 


6.1 ISOLATED SINGULARITIES AND THEIR RESIDUES 

If/(z) is analytic on a punctured disc 0 < \z-p\ < r, but is undefined at 
/?, we say that p is an isolated singularity of f For example, if we take any 
polynomial, such as z 2 + 1, then the rational function f(z) = l/(z 2 + 1) is 
defined and analytic except at the points z = + z, —i where the denominator is 
zero. Likewise, the function f{z) = (sin z)jz is analytic everywhere except at 
z = 0, where it is not well defined. These are examples of isolated singular 


| The connection between the integrand (sin x)jx and the function e u jz is more apparent if 
we recall that sin z = ( e iz — e~ iz )/2i. 
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points. Analytic functions may exhibit other kinds of singularities, but we will 

study only isolated singularities in this chapter. For example,/(z) = tan 

is undefined at z = 0 and also at the points z n = 1/7772, which converge to zero. 
Each point z n is an isolated singularity, since /is analytic on a punctured disc 
about z n . But z = 0 is not isolated from the singular points z w , and is not an 
isolated singularity for/ There are also branch singularities; the functions 
z 1/2 and log z cannot be defined as single valued analytic functions on any 
deleted neighborhood o < \Z\ < r about z = 0. To get well defined analytic 
functions we must introduce a cut originating at z = 0, and the values along 
opposite sides of the cut will differ. 

Hereafter, “singularity” or “singular point” will mean an isolated singu¬ 
larity, unless otherwise specified. In certain cases we may assign a value to/at 
an isolated singularity /?, say f(p) = a, so that /becomes analytic at p. When¬ 
ever this is possible, / fails to be analytic at p only because it was not defined 
there. In such cases, p is said to be a removable singularity for/. 

Example 6.1 Let /(z) = (sin z)/z for z ^ 0. This quotient makes no 
sense at z = 0. Let us try to remedy this by defining the value at the origin to be 
/(0) = 1 (this choice is suggested by examining real values of z and using 
L’Hospital’s rule). There is a series expansion sin z = z — z 3 /3! + z 5 /5! — ■ • • 
for all z, and if z ^ 0 we can multiply each term in this series by 1/z without 
affecting the convergence. Therefore, 



sin z _ j z^ z 4 

~ 7 ” “ 3 ! ' 5 ! 


oo 2 n 

= V(-l)n+l-£- 

«=o (2»+l)! 


for z 0. The series on the right converges everywhere, even at z = 0, by 
the ratio test; therefore, its sum g{z) is analytic on the plane and agrees with 
/(z) for z^0. Obviously, then, z = 0 is a removable singularity for/ 

Example 6.2 The singularities of the rational function /(z) = l/(z 2 + 1) 
at z = + 2 , —2 are not removable. In fact, if/(z) could be made into an 
analytic function at z = +2 by properly assigning a value/(+ 2 ) = a, then / 
would be continuous at +2 and we would have lim /= a. However, if z n —► 

z —► i 

+ 2, then (z n + 2 ) —> 2 i and (z n — 2 ) -> 0; since (z* + 1) —► 0, it follows that 


l/OO I 


1 


1 


1 

*n+ 1 


z n + 


z n - * 


Since this happens no matter how the z n approach + 2 ,/ can not have a finite 
limit a at z = + 2 . A similar argument applies to the other singular point 
z = — 2 . 

Let p be an isolated singularity for an analytic function/(z), and let y r 
be the small counterclockwise oriented circular contour centered at /?, with 
radius r > 0. For sufficiently small radii r the trajectories of the y r all lie 
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within a punctured disc E = {z:0 < \z — p\ < R} on which f is analytic. The 
closed contours y T are all homologous within E, so the integrals 

~ f f[z) dz (0 <r<R) 

Z7Tl Jy r 

all have the same value. This common value we shall call the residue of / at 
the singular point p; it will be indicated by the symbol Res(/, p). If p 
happens to be a removable singularity, the elementary Cauchy Theorem shows 
that Res(/, p) = 0; however, it is possible to have Res(/, p) = 0 even if p is not 
a removable singularity. 

Now let us show how the evaluation of an integral J y /(z) dz along a closed 
contour can be reduced to the evaluation of the residues of the integrand at the 
various singular points p v ... , p N enclosed by y. The calculation is accom¬ 
plished by adding up the residues: 

(1) T-. f/(z)rfz = iRes(/, A ), 

ZTTl Jy k=l 

if y is a positively oriented simple closed contour, and by a slightly more com¬ 
plicated formula for more general closed contours. To derive this result we 
consider the following situation, illustrated in Figure 6.1. 

(i) Let f(z) be defined and analytic except at a finite number of points 

, p N in a domain E. These are clearly isolated singular points; 
about p k there is a disc \z — p k \ < r k that lies entirely within E , and f 
is analytic on the punctured disc 0 < \z — p k \ < r k . 

(ii) Let y be a closed contour in E that is homologous to zero, so that y 
does not wind around any points in the complement of E. Let us 
assume that none of the points p k lie on the trajectory of y . 

Notice that we regard p ly . . . p N as points in E. 

Theorem 6.1 If conditions (i) and (ii) are satisfied , then 

(2) f. f /(z) dz=l Restf, Pk) • I(Y, Pk) 

Z7TI Jy k= 1 

where I(y , p k ) is the index of p k with respect to the contour y. 


E 


Figure 6.1 The contours in *Y 

the residue formula. E* is E with 
the points {p Xi . .. y p N ) deleted. 
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Table 6.1 Winding Numbers of the Contours in Figure 6.1 at Points in the 

Complement of E* 



i=h 

a 

II 

£ 

II 

C ¥= P k 

(£ not in E ) 

Vi 

+i 

0 

0 

0 

72 

0 

+ 1 

0 

0 

7n 

0 

0 

...! +i 

0 

V 

i(y,P i) 

1 (y, Pi) ■■■■ 

1 (y, Px) 

0 

7 

i(y, Pi) 

I (y, p 2 ) .... 

■ ■■■ 1 (y> Px) 

0 


To verify this we form small counterclockwise oriented circular contours 
y l9 • • • j 7n centered at the singular points p v . . . , p x . If the radii of the 
trajectories 1/ are sufficiently small, these circles will be disjoint from T and 
from each other, and the circles F k together with the small discs they bound will 
lie entirely within E as indicated in Figure 6.1. Now consider the smaller 
domain E* = E ~ {p v . . . , p N ) obtained by deleting the singular points from 
the original domain E. By deleting the singular points we get/ (z) to be analytic 
throughout E*. Because the disc bounded by lies within E * except for its 
center point, it is clear that we have the winding numbers indicated in Table 
6.1 at the points £ = p l9 - . • , £ = p N and at points £ outside of the original 
domain E. 

By taking the indices of the original contour y at the singular points as 
multiplicities, we may combine y l9 . . . , y N into an appropriate cycle 

v = / (y>/’i)yi H-h i{y>Pn)yn 

which has the same winding numbers as y at each point outside of E *. Thus 
y and rj are homologous in £*, and /is analytic on E *, so the generalized 
Cauchy Theorem insures that line integrals along these cycles in E* 
are the same. 

/ f f(z) dz = / f f(z) dz=Z I(y k , Pk ) /. f /(z) dz 
J y lm Jrj k =i 2m J yk 

N 

= 2 I ( Yk> A)Res(/, p k ) 

k= 1 

If we agree to speak of a contour y as “enclosing” a singular point p k only 
if the index I(y, p k ) is nonzero, then it is only the singular points enclosed by y 
which contribute their residues to formula (2). When y is a simple closed 
contour, the situation most commonly encountered in applications, it divides 
the plane into disjoint connected domains: the points exterior to y (those with 
zero index) and the points 'interior to y (those with nonzero index). 
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The Jordan Curve Theorem says that the index is either +1 everywhere, 
or is —1 everywhere, on the set of interior points. We say that y is 
positively oriented if it has positive index with respect to its interior points, 
and that y is negatively oriented if these indices are negative. For simple 
closed contours, we get a simplified version of formula (2). 

Theorem 6.2 (The residue theorem) Let y be a positively oriented simple closed 
contour and assume that f(z) is analytic on the trajectory T and on the set E int (y) of 
interior points enclosed by y, except for a finite number of isolated singular points p v ... , 
p N which lie interior to y. Then 

(3) /. f f(z) dz=Z Res(/, A)- 

Jy k=l 

Here there is a domain E that contains T and E int (y ), and/is analytic on 
E except at the singular points p v ... , p N . Now y has index +1 at each p k , 
since these points are interior to y and y is positively oriented. If y were 
negatively oriented, we would have to multiply the right side of (3) by —1. 

EXERCISES 

1. Show that/(z) = sin(z)/z 2 has a non-removable singularity at 
z = 0. 


2. Decide whether the following isolated singularities are 
removable. (Use series expansions where appropriate.) 


0) 

ex p(l/z 2 ) 

at 

z = 0 

(ii) 

sin z 

at 

Z = 77 


Z — 77 



(iii) 

z ctn z 

at 

z = 0 

(iv) 

z ctn z 

at 

Z = 77 


Answers: (i) No; (ii) yes; (iii) yes; (iv) no. 

3. Calculate the residues at the following isolated singularities. 


(i) 

l _1_ 

at 

N 

II 

o 


z z 2 



(ii) 

sin z 

at 

O 

II 

N 

z 



(iii) 

1 + sin z 

at 

z = 0 

z 



(iv) 

e z 

at 

z = - 1 

z 2 + 2z + 1 

(v) 

1 , 1 

at 

N 

II 

+ 

z + 1 z - 1 
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Hint: In (iv), recall the Cauchy formula for derivatives. 

Answers: (i) +1; (ii) 0; (iii) +1; (iv) 1/* = * -1 ; (v) +1. 

4. Give an example of a non-removable singularity, at z = 0, 
whose residue is zero. 

5. Re-examine the details of Example 5.22, Chapter 5, to deduce 

that 

Res(—-— , + A = and Res( —- — , — A = —- . 

U 2 + r / 2 i \z 2 + 1 / 2 i 

6. The function arctan z can be defined by 

C z 1 

(4) arctan z = —- dw (integral along any contour from 0 to z). 

Jo w 2 + 1 

Calculate the values at z = +1 obtained by integrating along the con¬ 
tours y 19 y 2 , y 3 , and y 4 in Figure 6.2. Explain how the residues of 
l/(z 2 + 1) at -f-i and — i determine the systematic relationship between 
possible values of arctan z at z = 1. Note how they are responsible for 
the multiple valued nature of arctan z. Devise domains on which formula 
(4) must give a single valued analytic function; how are +z, —i related 
to such domains ? 

Answer: Values are 7 t/4 = Arctan (1) — Arctan (0); 7r/4; ( 77 / 4 ) — 
77; ( 77 / 4 ) — 277 (residue at +z is + 77 ; index of y 4 — y x is —2). 


6.2 EVALUATING RESIDUES: CLASSIFYING ISOLATED 
SINGULARITIES 

In order to calculate contour integrals we must develop practical method s 
for evaluating residues at isolated singularities. These calculations can often be 
done algebraically, in effect reducing the task of evaluating a contour integral 
along y to an algebraic problem of computing its residues at the singular points 
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enclosed by y. It is this phenomenon that makes the “Calculus of Residues”— 
that is, the systematic use of the residue formula—so useful in practical prob¬ 
lems. We will develop several methods for evaluating residues. All are based 
on the following analysis of just what can happen to the values f(z) as z ap¬ 
proaches an isolated singular point p. 

We know what happens if the singularity is removable; there is a well 
defined limit lim {/(z)} = a and Res(/, p) = 0. In particular, if we take a 

small disc about a removable singularity p the values \f{z)\ within this disc 
must be bounded, say |/(z)| < M , on this disc. We can actually show that the 
converse is true; if the values of |/(z)| are bounded on some punctured disc 
about an isolated singular point/>, then the singularity at p must be removable! 
In other words, the characteristic sign that we are dealing with a non-removable 
singularity is that |/(z)| —► + oo as z —> p in certain ways. 

Theorem 63 ( Riemann's Theorem ) Suppose that f(z) is analytic and bounded 
on a punctured disc 0 < |z — p\ < R. Then z = p is a removable singularity for f. 


Proof: We assume that p — 0 for simplicity. First multiply by z 2 to get a 
new function g{z) = z 2 f(z) defined for 0 < |z| < R, and define the value of g at 
z = 0 by setting ^(0) = 0. Clearly, g is differentiable at z if 0 < |z — p\ < R. 
We assert that g is also differentiable at z = 0, with g'(0) = 0; indeed, 


Aj?_ z 2 /(z)-0 

A z z 


z */(*) 


0 as z —► 0 


because f is bounded near the origin. Therefore g(z) is differentiable, and thus 
analytic, throughout the disc |z| < R. The first two terms of its Taylor series 
about the origin are zero since g(0) = g'(0) = 0, so the Taylor series has the 
form 

oo 

g{z) = a 2 Z 2 + fl 3 z 3 + . . . = 2 a n zU f° r Z near 2 = 0. 

71 = 2 


From the definition of g we see that 

/(*) = -1 • i( z ) = a 2 + a 3 z- 1- 

z 

for all z near the origin such that z ^ 0. In particular, the right-hand series 
converges at all points where the series for g converges, and also at the origin. 
Evidently, then, F(z) = a 2 + a$ z + • • • is defined and analytic on the disc 
|z| < R and agrees with f(z) for all z^0. The singularity of/at z = 0 must 
be removable. | 

The non-removable singularities of analytic functions can be classified by 
examining the growth of |/(z)| as z —► p in various ways. If F r is the circle 
\z — p\ = r, let us consider the “growth indicator” 

M(f r) = maximum of |/(z)| for z on T r . 
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We classify the behavior of / at p by comparing M(f r) with the standard 
family of functions 1/r, 1/r 2 , 1/r 3 , . . . which are singular as r —> 0. Clearly, the 
singularity is removable if M(f r) is bounded as r —> 0 (that is, there is a constant 
K such that M(f r) < K for all small r > 0). 

Definition 6.1 An isolated singularity of an analytic function is a pole if 

(i) M(f r) is not bounded as r ^ 0. 

(ii) r m M(f r) = M(f r)lr~ m is bounded as r -> 0 for some exponent m > 1. 

If r m M(f r) is bounded as r —>■ 0 for the exponent m = m 0 , it is obviously bounded for any 
exponent m > m 0 . The smallest exponent m = 1,2,... that works in (ii) is called the 

order of the pole. 

Definition 6.2 An isolated singularity of an analytic function is an essential 
singularity if r m M(f r) = M(f r)lr~ m is not bounded as r —> 0 for any choice of 
exponent m = 1,2,.... ( Roughly speaking , this means that the growth indicator 

M(f r) “ grows faster ” than any of the functions r~ m = l/r m as r —► 0.) 

An isolated singularity p must fit into one of the three mutually exclusive 
categories we have just defined; either M(f r) is bounded ( p is a removable 
singularity), or M(f r) behaves like one of the functions 1 \r m ( p is a pole of 
order m), or M(f r) grows faster than any of the functions 1 /r m (p is an essential 
singularity). 

The simplest example of a pole of order m is given by a function such as 
/(z) = a/(z — p) m , where a is a nonzero constant. Then M(f r) = |oc| r~ m 
for r > 0, so that r m M(f r) —> |a| as r —► 0. More generally, if g(z) is analytic 
at p and nonzero there, then /(z) = g(z)/(z — p) m = g(z)(z — p)~ m is defined 
for z p and has a pole of order m at p (we leave the simple verification as 
Exercise 1). It is important that g(p) be nonzero; otherwise, the presence of a 
zero in the numerator might compensate for the singular behavior introduced 
by dividing by (z — p) m . Actually every function with a pole of order m at a 
point p can be written in this form for a suitably chosen function g(z) which is 
defined, analytic, and nonzero at p. 

Theorem 6.4 An analytic function with an isolated singularity at z = p has a pole 
of order m at p if and only if we can write f (z) in the form 

(5) f(z) = {z S f p)m f° ral1 Z ^P 

where g(z) is analytic and nonzero at z = p. 

This result, proved below, gives a complete description of how/(z) behaves 
near a pole; the behavior is largely determined by the behavior of the elemen¬ 
tary singular function (z — p)~ m which multiplies g(z). 

Proof: The only thing left to verify is that a function with a pole of order 
m can be written in the form (5). First notice that the function (z — p) m f{z ), 



6.2 RESIDUES: CLASSIFYING ISOLATED SINGULARITIES 357 


defined and analytic at points z ^ />, is bounded and therefore has a removable 
singularity at p. On a circle \z — p\ = r we have 

|(z -P) m f(z) I = \z -P\ m \f(z)\ < r m M (/, r), 

which is bounded as r —► 0 by definition of a pole of order m. Now apply 
Theorem 6.3; by assigning the correct value at z = p we get a function g(z) 
analytic at />, such,that f(z) = g(z)/(z — p) m for z ^ p. This expresses f(z) in 
the desired form. There is only one point left unresolved; we must also show 
that the function g(z) is nonzero at z = p. But if g has a zero there, its Taylor 
series about z = p has no constant term and we can write g(z) = (z — p)h(z ), 
where h(z) is analytic at p. Thus, 


- P) m ~ l f{z) = 

(z - P) 


g(z) 

(z - p) 


- h(z) 


for z 7^ p 


is bounded as z -> p, which means that r) is bounded as r —► 0. This 

is impossible; by definition of a pole of order m , no smaller exponent k = m — 1 
can make r k M(J\ r) bounded as r —> 0. We therefore conclude that g(z) cannot 
have a zero at z = p. | 


Example 6.3 Let f(z ) = l/(z 2 + 1). Then z 2 + 1 = (z + 0( z ~ 
and +i and — i are isolated singularities. At +i the function ^(z) = l/(z + z) 
is analytic, and g( + i) = l/2z is nonzero. We may write /in the form (5), 


p(z) 

/(z) =-for all z near +z (z ^ +z), 

(z - 0 

which makes it obvious that/has a pole of order one at +i. Likewise there is a 
pole of order one at — i. 

More generally, let P(z) be any non-constant polynomial; factor P(z) = 
ol(z — p\) mi .— Ps) my as indicated in our discussion of the Fundamen¬ 

tal Theorem of Algebra, where {p^\ are the distinct roots of P(z) and m k are their 
orders, or multiplicities. The same kind of argument we used in the special 
case P{z) = z 2 + 1 shows us that the rational function f(z) = l/P(z) is 
analytic except at the isolated singular points p l9 . . . ,p N , and p k is a pole of 
order m k . 

Example 6.4 Consider the function/(z) = (1/z) + (2/z 2 ). Our intuitive 
feeling is that the function 1/z 2 has a stronger singularity at z = 0 than the 
function 1/z, so its behavior should determine the nature of the singularity and 
make z = 0 a pole of order two. In fact, for z ^ 0 we can write 


m= l z +?=^= sJ f 
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where g(z) = z + 2 is analytic and nonzero at the origin. Likewise, in any sum 




+ 


a N ( nr 

— I or 

z A \ 


( Z ~P) 


+ ••• + 


a N \ 

{z-p) N r 


it is the highest order term, involving z N or (z — p) which determines the 
nature of the singularity; thus, such functions have poles of order N. 


One enlightening consequence of Theorem 6.4 is that every function with a 
pole at z = p can be represented near p by a series in powers of (z — p) which 
includes a finite number of negative powers to account for the singular behavior 
of f near/?. In fact, if we substitute the Taylor series expansion 

( 6 ) g(z) = a 0 + a x {z - p) 4- =2 a n( z ~ P)* 

71 = 0 

into (5) we find that the quotient has the form 


(7) f(z) = 


(z - py 


+ • • • + 


* m — 1 


(z - P) 


+ [ fl m + a m+l( z ~ P) + ' ‘ '] 


for z near p with z ^ p. The series [• • •] converges at z = /?, and it converges 
at every other point where the series for g converges; it is obtained by dropping 
the first m terms from ( 6 ) and multiplying each of the remaining terms by the 

common factor (z — p)~ m , which cannot alter its convergence. The series 

00 

[• • •] gives us an analytic function h(z) = ^ b n (z — p) n defined near /?, and 

71=0 

after relabeling the coefficients on negative powers in (7) we see that 


( 8 ) f(z) = b_ m (z - p)~ m + • • • + b_ t (z - p)- 1 + h{z) 

- b_ m (z - p)~ m -f-f b_ x (z - p)- 1 + f,b n (z - p) n 

71=0 

= I b n (z - PY 

n=— 77i 

for all z near p with z ^ p. It should be clear that the negative power terms are 
entirely responsible for the singularity at p. Furthermore, if (z — p)~ m is the 
highest order negative power, then f(z) has a pole of order m (see Example 6.4 
above). We will have more to say about representing functions in negative 
powers of (z — p) as we go along. 

An isolated singularity that is not removable or a pole is, by default, an 
essential singularity. The behavior of/(z) near an essential singularity is quite 
bizarre. We will only indicate a few aspects of this behavior here, leaving the 
proofs as exercises. If p is an essential singularity, then | f (z) | grows very rapidly 
(faster than |z — p\~ m for any exponent m = 1 , 2 , . . .) as z approaches p in 
certain ways; however, from Definition 6.2 we are not able to conclude that 



6.2 RESIDUES: CLASSIFYING ISOLATED SINGULARITIES 359 


Table 6.2 Behavior of |f(z)| near an Isolated Singularity 


Removable singularity 

There is a bound M < + oo such that |/(z n )| < M for 
any sequence z n -> p. 

Pole 

For every sequence z n -+p we have |/(z n )| -► + 00 . 

Essential singularity 

There are sequences z' n -► p such that \f(z' n )\ -> + 00 
and other sequences z" n — ► p for which \f(z" n )\ -> 0 . 


\f(z n )\ -> +oo for every sequence of points distinct from p such that z n —► p . 
In fact, Theorem 6.5 will show that |/(z)| must approach zero as z approaches 
p in certain ways. This behavior is very different from that of a pole; the kinds 
of behavior we may expect at isolated singularities are cataloged in Table 6.2. 

In particular, we cannot have | f{z n ) \ —► + oo for all sequences z n —>p at 
an essential singularity; this can only happen at a pole. These remarks are 
based on a more general result which shows that the values /(z) near an 
essential singularity can be made to approach any prescribed complex number 
a if we let z approach p in a suitable way; taking a = 0 gives |/(z w )| —► |a| = 
0 , as required in the last entry of the table. 

Theorem 6.5 ( Casorati-Weierstrass ) Let f be analytic with an essential sing¬ 

ularity at p. Let a be any complex number. Then by choosing a suitable sequence of 
points z n —► p , distinct from p , we can insure that f(z n ) —► a as n —► oo. 


Of course, the sequence z n -> p will depend on which complex number a 
we are trying to approach with the values /(z n ). The proof is outlined in 
Exercise 14. Here are some illustrative examples. 

Example 6.5 The function/(z) = exp(l/z) is analytic except at the origin. 
If z approaches the origin along the positive real axis, we have z = x + iO 
(x > 0 ) and lim/ = lim e l/x = + oo, so that |/(z)| increases rapidly as z —► 0 

z —►O cc-+0 

in this direction. On the other hand, if z approaches zero along the negative 
real axis, then z = —x + *0 (x > 0) and lim f = lim e~ 1/x = 0. The function 

z —►O x->0 

g[z) = exp(l/z 2 ) exhibits similar behavior near z = 0. Both must have essen¬ 
tial singularities at z = 0 . 


Example 6.6 The function /(z) = sin(l/z) is analytic except at z = 0 . 
We leave it to the reader (Exercise 10) to show that there are sequences z n —> 0 
such that \f(z' n ) \ —► 0, and other sequences z" -> 0 for which |/(z")| -> + oo. 
Thus, z = 0 is an essential singularity. In contrast, let us consider f(z) = 
1 /(sin z), which is singular at the isolated points z n = irn + * 0 , where the 
denominator vanishes. Each of these points is a pole of order one, as can be seen 
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by examining the Taylor series of sin z about these points. For example, at 
P = 0, 

z 3 z 5 / z 2 \ , , v 

sin z = z - — + — — * • • = z (1 — — + •••) = z • /z(z), 

3! 5! \ 3! / 

where A(z) is analytic and nonzero at the origin. Therefore, g{z) = 1 /h(z) is 

analytic and nonzero at the origin, so that 

/(*) = -L = —jrr = — ^ z^o. 

sin z z • /z(z) z 

This shows that the origin is a pole of order one (by Theorem 6.4). 

Functions that are analytic throughout the plane, except for isolated 
singularities that are all poles (or removable), are important in complex analysis 
and are referred to as meromorphic functions. Rational functions, of the 
form P/Q where P and Q are polynomials, and functions such as tan z and 
(tan z)/(z 2 + 1 ) are meromorphic; but exp(l/z) is not meromorphic, due to 
the presence of an essential singularity at z = 0. 


EXERCISES 


1. Suppose g(z) is analytic and nonzero at z = p. Prove that 


m 


— 1 - defined for z ^ p, m = 1 , 2 • • • 

(z - fi r 


has a pole of order m at p. 

Hint: M(f] r) = r~ m • M(g , r) for small r > 0, and lim M(g, r) = 


2. Show that the conclusion of Exercise 1 is not valid if g has a zero 
at /?, by calculating the order of the following poles: 


1 — cos z , „ sin z 

(i) -—-at p = 0 (n) —— at p = 0 . 

Answer: (i) removable singularity, m = 0; (ii) m = 1. 

3. Suppose g{z) is analytic at z = p. If/(z) is analytic, with an 
isolated singularity at /?, show that the sum h(z) =/(z) + g(z) has the 
same kind of singularity at p as f If p is a pole, show that its order is the 
same for h and f. (The residues need not be equal.) 

Hint: g(z) is bounded near p , say |g(z)| < K for \z — p\ < R. Thus 
M(f, r) — K < M(h , r) < M(f] r) + K for small r > 0. 
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4. 


Use Exercise 3 to determine the type of singularity for 
(i) - + e z at p = 0 


z 


(ii) 


z + i 


+ 



.(iii) 



1 

z 2 +l 


at p = +i, —i 
at p = 0,+i,—i 


(iv) 

(v) 


cos z 

z - (tt/2) 

1 , 1 ,. 

— + — + sm z 
z* z 2 


at 


at 


ft = 


7 T 
2 


ft = 0. 


5. If/(z) is analytic and has a zero at z = p, the order of the 
zero is determined by the first nonzero,Taylor coefficient; order = N 
means that 


/(z) = a N (z - p) N + a N+1 (z - p) N+1 H- (a N ^ 0 ). 

Assuming f has a zero of order N > 1 at /?, show that there is a radius 
r > 0 such that /(z) ^ 0 for all z such that 0 < |z — p\ < r. Thus 
g(z) = 1 /f(z) has an isolated singularity at p. 

Hint: If no such r exists, there are z n ^ p converging to p such that 
/(zj = 0. By Theorem 3.17, this would imply /(z) =0 identically, 
which is impossible since f {N) (p) = N\ a N ^ 0. Now write f{z) = 
(z — p) N F(z)\ then G = 1/Fis analytic at p and g(z) = G(z)/(z — p). N 

6 . If f(z) is analytic at p and has a zero of order N > 1 at p> show 
that l//has a pole of order N at p. Discuss the limit behavior of 
/(z)/(z — p) k as z->p for exponents k = 0, 1, 2, ... . Which exponents k 
give removable singularities? 

7. If/(z) is an entire function and is not identically zero on the 
plane, prove that its reciprocal 1 //Ts meromorphic (all singularities are 
isolated and are poles). Use Exercise 5. 

8 . Suppose g{z) is analytic and nonzero at z = p. Let/(z) be any 
analytic function that has an isolated singularity at p. Prove that h(z) = 
g(z) -/(z) has the same type of singularity at p as/(z). 

Hint: There are constants 0 < K x < K 2 such that K x < |g(z)| < K 2 
for all z near p\ thus K x • M(f y r) < M(h , r) < K 2 • M(f, r) for small 
r > 0. 


9. Show that the following functions are meromorphic (only 
isolated singularities, all poles). List the singular points and calculate the 
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order m of each pole. 

(i) ctn z (iv) <?*/sinh 2 z 

(ii) tanh z (v) 1/(1 — cos z) 

(iii) 1 + tan 2 z 

Answers: (i) z k = irk, m k = 1; (ii) z k = (in/ 2) + ink, m k = 1; 
(iii) z k = (n/2) + nk, m k = 2 ; (iv) z k = ink, m k = 2 ; (v) z* = 2nk, 
m 0 — 2,m k = 1 for k =£ 0. 

10. Consider/(z) = sin(l/z) near z = 0. Devise sequences z^ -> 0 
and z" —> 0 such that 

lim f(z' n ) = oo and lim/(z") = 0 . 

n~* oo n-» oo 

There is an essential singularity at z = 0 (why?). 

11. Let us introduce the lower bounds 


m(f,r) — minimum of |/(z)| on the circle |z — p\ = r. 


Obviously, m(f, r) < |/(z)| < M(f, r) on the circle |z — p\ = r. If/? is a 
pole of order prove that these upper and lower bounds have the same 
limit behavior, 


so that 


(i) lim 

r-* 0 


>”(/» 0 


lim 

r-*0 


A£C/L0 


(ii) lim 

Z-+V 


\m\ 

1 2 - /'r fc 


exists and is finite. 


//in/: Use formula (5). 


12. Calculate m(/, r) and A/(/, r) explicitly for f(z) = exp(l/z), at 
the essential singularity p = 0. Do these upper and lower bounds for 
|/(z)| on the circle \z\ = r have the same limit behavior as r —► 0? Com¬ 
pare with the behavior at a pole (Exercise 11). 

Answer: m(f, r) = e~ llr , M(f, r) = e+ llr , all r > 0. 

13. Locate and classify the singular points for f(z) = e ctnz . 

Hint: Work on z = 0, then use periodicity of ctn z. 


14. Prove the Casorati-Weierstrass Theorem by examining the con¬ 
sequences if there is a complex number a that cannot be approximated by 
values/(zj where z n ^ p, z n ->-p. 

(i) There must be radii r > 0 and 8 > 0 such that 
| f(z) — a| > 8 for all z such that r > \z—p\ > 0. 
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[If (i) fails for every choice of r and <5, it fails for the 
particular choices r = d = \/n, so there are points {z n } 
such that | f(z n ) — a| < <5 = l/n, while 0 < |z n — 
p\ < r = \/n. Obviously z n ~>p and f{z n ) —> a. This 
is impossible by our choice of a.] 

(ii) If E = {z :0 < |z — p\ < r} as in (i), then /(z) — a 
is analytic and nonzero on E. Thus, g(z) = l/(/(z) — 
a) is analytic on E with |g(z)| < 1/(5 in E. 

(iii) By Theorem 6.3, £ has a removable singularity at/?. Thus 

g( z ) = a A z ~fi) N + a N+l( z -P) N+1 H- 

= (■ Z ~P) N K Z ) 

where N > 0, h(z) is analytic and nonzero at p. 

(iv) H(z) = 1 /h(z) is analytic at p and f(z) — a = 
H(z)/(z — p) A for z in E\ thus f has a removable 
singularity (N = 0) or a pole (N > 1) at p. 

Consequently,/cannot have an essential singularity at p if there is an a 
that cannot be approximated. This proves Theorem 6.5. 


6.3 EVALUATING RESIDUES: PRACTICAL CALCULATIONS 

If p is a pole of an analytic function/(z), there are several ways we can 
evaluate Res(/ p) without resorting to direct calculations involving line inte¬ 
grals. 

Case I: The function f(z) has a pole of order m = I 

Then/(z) = g(z)/(z — p) for z ^ /?, where g(z) is analytic and nonzero at 
p . On one hand, the value of g at z = p is given by the limit 

lim g = lim (z - p)f(z) - g(p ); 


the limit exists since g(z) is continuous. On the other hand, the integral along 
a small circular contour y r (t) = p + re u is nothing other than the Cauchy 
Integral Formula, 

(9) Res(/, />)=/[ f(z) dz 

27 Tl Jy r 

= E f -&L dz = g(p) = lim {(z - p)f(z)}. 

2.TTX Jy r Z — p z-*p 

The right-hand limit does not involve integrations, or the intermediary function 
g(z ), and can often be evaluated by inspection. Thus we have established our 
first method of evaluating residues. 
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Method 1 If z = p is a pole of order one, we may compute its residue by the 
formula 


(10) R es (/> P) = lim {(z — p)f(z)}. 

z-* v 

Example 6.7 Let/(z) = e iz /z. Since/(0) = 1 is nonzero, the origin is a 
pole of order one. Clearly, for p = 0, we have (z — p)f(z) = z */( 2 ) = 
and we get Res(/, 0) = 1 by formula (9). In this case the value of the limit is 
quite easy to compute. 

Example 6.8 Let /(z) = l/(z 2 +1)* Each of the singular points z = 
+ z, — z is a pole of order one. For p = +z we get (z — p)f(z) = (z — z)/ 
(z 2 + 1 ) = l/(z + *), which approaches the value + 1 / 2 * as z —> +z; thus, 
Res(/, +z) = +Jf. Similarly, Res(/, — z) = — £z. 

The success of Method 1 rests on our ability to evaluate the limit in (9). 
This is not always such a simple matter. Here is another method for dealing 
with poles of order one, which is often more direct than Method 1. 

Method 2 Suppose that /(z) is presented as a quotient f{z) = G(z)/H(z) 
of functions that are analytic at p , such that (i) G is nonzero at p , and (ii) H(z) 
has a zero of order one at p. Then / has a pole of order one (Exercise 1, Section 
6.2). Its residue is given by the formula 

(,1) r ' s(/ ^ = fS = gw /' fw- 

Note: If an analytic function is zero at a point p , the zero is of order N if 
the first N coefficients of the Taylor series about p are zero, a 0 = • • • = a N _ x = 
0, and a N + 0. This means that the derivatives f (0) {p) = f (l \p) = * * • = 
f (N - l \p) = 0 and the next derivative f (N) {p) is nonzero. 

To prove (11) we notice that H'(p) must be nonzero, since H has a zero of 
order one at p. But H'{p) is defined as a limit, 


H'(p ) = lim 

Z-+ V 


H{ f) ~ H(p) 

z- p 



and formula ( 10 ) can be interpreted in a new way: 


Res (/> P ) = l im 

Z~* J) 



Gjp) 
H’(P) ' 


The advantages of Method 2 are displayed when we try to evaluate residues for 
reasonably complicated functions presented in the form f = G\H. 
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Example 6.9 Let f(z) = 1 /(z 6 + 1); there are poles of order one at each 
root of the equation z 6 + 1 = 0. These are just the sixth roots of —1, namely 

Pi = * in/6 , Pi = p 3 = p t = e -^'\ p t = p 9 = 

At p x we may use Method 2 to calculate 


and likewise, with equal simplicity, for the other residues. Using Method 1 and 
the factorization z 6 + 1 = (z — p x ) • (z — p 2 )• . . . • (z — p e ), we would get 


Res (/, pj) = lim 

Z~>P i 


Z ~~ Pi 
—vi l^ 6 + 1 


= lim 

z~*Pi \{z P2) 


(z - A) 


_ 1 _ 

(Pi ~~ P 2 ) ' (A — Pz) (Pi — P%) 


_ 1 _ 

“ ( e in/6 — e in/2 ) • . . . ■ (e ilr/e — e~ ilt/% ) ’ 

Some messy calculations are required to put the answer into the simple polar 
form (e~ i5irl6 )/6. 


The formulas we have just derived all fail if we try to apply them to poles 
of higher order or to an essential singularity. Here are some methods we can 
use to deal with more complicated situations. 


Case II: The Function Has a Pole of Order m >2 

If we can conveniently express/(z) in the form 


( 12 ) 


/(*) 


i(z) 

(z - P) m 


for z near p, 


P 


where g(z) is analytic and nonzero at it is a simple matter to calculate the 
residue at p. Indeed, when f is written this way the integrals 


are just the integrals that appear in Cauchy’s Integral Formula for the (m — l) sf 
derivative of g , so that 


( 13 ) 


Res if, P) - 
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Theorem 6.4 tells us that it is always possible to express/in this form; however, 
Theorem 6.4 does not guarantee that it will be easy to do this, and as a practical 
matter this might turn out to be very difficult. 

For another approach, suppose we can represent / near p using a series 
involving a finite number of negative powers of (z % — />), 


( 14 ) 


/(*) = 


- py 


+ ■•• + 


b -1 

( z - P) 


+ [b 0 + ^i( z — P) + b 2 (z — p) 2 + • • •] 


for all z near p with z ^ p. The series [• • •] on the right gives a function h(z) 
which is defined and analytic near p , so that by integrating along small circular 
contours about p we get 


( 15 ) 


Res(/, P) 


_ b-m j*_1 

2ni Jy (z — py 


dz + • • • -f- 


b_=L f 1 

27 ri Jy z — 


dz 


+ /. f b{z) dz 
27 Tl Jy 

= 0 + * * * + 0 + b_ x • 1 + 0 

= b_ v 


In other words, if / is represented by a series involving a finite number of 
negative powers of (z — p), the residue is just the coefficient of (z — p)" 1 . 
The procedures (13) and (15) may be summed up as follows. 


Method 3 If /has a pole of order m at /?, and we can express /in the form 
/(z) = g(z)/(z — p) m for z ^ p, where g(z) is analytic and nonzero at p , then 


( 16 ) Res(/ p) =- g {m v (p) (the (m — l) s * Taylor coefficient of^). 

' (m-l)! 

If, on the other hand, we can express/as a series about p that involves a finite 
number of negative powers of (z — p), as in (14), then the residue is the coeffi¬ 
cient of (z — p)~ x in this series, 

( 17 ) Res (f,p)=b_ v 

It can be shown that the coefficients in any representation of/near a pole 
are uniquely determined (see Exercise 1, Section 6.5). It should also be clear 
that the degree of the highest order negative power term appearing in a repre¬ 
sentation of the form (14) is equal to the order m of the pole appearing at z = 
p. This method works best when/is presented in the form (12). For example, 
if f(z) = (cosh z)/z 3 for z ^ 0 then 
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so f has a pole of order m = 3 at the origin and 


Res(/,0) = - = -^f (0). 
2 ! 2 Idz 2 


Method 4 Matters are a little more complicated in another common situation. 
We are given analytic functions G and H where G is nonzero at p and H has 
a zero of order m > 1. We wish to calculate the residue of f(z) = G(z)/H(z) 
at the m th order pole z = p. One of the most direct ways to calculate this residue 
is to represent f(z) in the form (14) with undetermined coefficients c _ m , . . . , c _ x , 


/( 2 ) — ; ~T^; + * * * + " “7 + ( c o + Ci (z — p) + • • •); 

(z - p) m (z - p) 

we want to calculate the coefficient c_ v But if we write out the Taylor series for 
G and H: 

G(z) = a 0 + a x (z — p) + ’ • ' («o ^ 0 since G (P) ^ °) 

H(z) = b m (z — p) m + b m+1 (z — p) m+1 + • • • ( H has a zero of order m ) 

we may set up a system of equations that allows us to solve recursively for the 
unknown coefficients { c _ m , . . . , c _ 15 . . .} in terms of the known coefficients 
{< a k } and { 6 *}. The idea is to take the identity 

G(z)IH(z) =/(z) = + • • • + —+ c 0 + Cl (z ~P) + -‘- 

(z - P) m ( z - P) 

and multiply both sides by ( z — p) m H(z ); this gives us an identity in which 
every function that appears is analytic at p (or has a removable singularity), 


G{z){z-p) m = H(z)-(z-p) m f(z) 

= H(z) •(*_„ + ••• + c_,(z - p ) m - 1 + c 0 (z -/>)"* + •• •)• 

Now we may use the Cauchy product formula for multiplying series to express 
both sides of this identity as power series in (z — p): 

(z — p) m G{z) = a 0 (z — p) m + a x [z - + • • • 

H(z) ■ (z-prf(z) = ( b m (z-p) m + • • -)(c_ m + c_ m+1 (z -p) +■■■) 

= c_ m b m (z - p) m + (, b m+1 c_ m + b m c_ m+1 )(z - p) m + l 

+ ... 



368 SINGULARITIES AND RESIDUES 


for all z near p . The coefficients on the various powers of (z — p) must agree, 
so we obtain a system of algebraic equations 

C —mPm = a 0 

C —mPm+1 "i“ c -m+pm ~ 


( 18 ) 


IMi’* + l = n} = a n 


which can be solved recursively; the m th step yields the coefficient c__ x = 
Res (/, p) that we want. 

Example 6.10 Let f(z) = e z /(\ — cos z); /has a pole of order m = 2 at 
the origin, since 1 — cos z = z 2 /2! — z 4 /4! + . . . . Using the method of 
undetermined coefficients we write 

f(z) = % + — + Co + c \ z + c 2 z 2 + • • • for 2 # 0. 
z z 

We must have z 2 e z = (1 — cos z)(c_ 2 + c_ x z + c 0 z 2 + •••), so that the co¬ 
efficients c n can be determined from the relation 



and we get the desired coefficient c_ x by solving the system of equations 


2 ! 

1 = £_i 
1 ! 2 ! 

_£o c — ( i 

2! ~ 2! 4! 


Clearly, 


Res(/,0) = = +2 


These methods, persistently applied, generally allow us to evaluate residues at 
poles of any order. 
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Case III: The Function has an Essential Singularity 

The preceding methods fail for an essential singularity, and we might have 
to resort to direct calculation of the line integrals appearing in the definition of 
residue. However, such evaluations are usually very difficult. Another method 
is to represent f near the singular point p as a series of negative powers in (z — p ); 
these series are related to the Laurent series expansions discussed later in this 
chapter. 

As in Section 3.9, it is obvious that f(z) = exp( —1/z 2 ) has a series repre¬ 
sentation obtained by substituting w = —\fz 2 into the usual exponential series; 
thus, 

iii 00 (— n w 

exp(-l/z 2 ) = 1 - - 2 + - -=2 -—— z~ 2n for all z =£ 0, 

z' 21 z q n=o n\ 

and this series converges uniformly on any circle |z| = R. Therefore, we may 
integrate this series term-by-term along the contour y(t) = Re il (0 < t < 2tt) 
(justified by Theorem 5.10), to get 

Res(/, 0) = -t fexp(—1/z 2 ) dz 
2tti Jy 



since each of the integrals is zero, by direct calculations. Other examples of 
such calculations at essential singularities are given in Exercise 2. 


EXERCISES 

1. Evaluate the residues Res(/, p ), using the most suitable method 
in each case. Classify the singularity. 



1 

at z = +1 

w 

z 2 (z - 1 ) 

(ii) 

1 

at z = 0 

z 2 (z 2 + i) 

(iii) 

1 - e* 

z 3 

at z = 0 

(iv) 

1 - e* 

at z = +i 

z(z - 

(v) 

tan z at 

Z= 77/2 


(vi) 

e* 

tan z 

at z = 0 

(vii) 

e* 

tan z 

at z = 7 t/2 

(viii) 

1 

at z = 1 

Log 2 z 

(ix) 

1 

at z = 0 . 

- 1 


Answers: (i) +1; (ii) 0; (iii) —2; (iv) 1 + (i — 1)**; (v) —1; 

(vi) + 1 ; (vii) 0 (removable); (viii) + 1 ; (ix) + 1 . 
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2. Calculate the residue of f(z) for the following essential singulari¬ 
ties at z = 0. 


(i) sin(l/z) 

(ii) z 4 sin(l/z) 

(iii) (z 2 — z + l)sin(l/z) 


(iv) e z • sin(l/z) 

(v) exp (?T 7 ) 


Hint: Use Cauchy product formula on (iv). In (v), show 

co j i 

SW = 1-t^r, 


n = 0 n\ z"(z + 1)" 

uniformly on circles about z = 0; integrate term-by-term. 
Answers: (i) +1; (ii) 1/5!; (iii) -ff; (iv) 


» (—l) n ~ 1 (2w — 2)! 

^ ' ntb n\ (n - 1)! (» - 1)! 


(abs. convergent, by ratio test). 


3. Show that the following trigonometric and hyperbolic functions 
are meromorphic (poles only). List, and calculate the order of, each pole. 
Calculate all residues. 


(i) 

tan z 

(v) tanh z 

(») 

ctn z 

(vi) ctnh z 

(iii) 

sec z 

(vii) sech z 

(iv) 

CSC z 

(viii) csch z 


Hint: Use periodicity properties, and the results in Chapter 2. 

4. Calculate the following integrals along the counterclockwise 
oriented circles indicated. 


(i) 

(ii) f 

Jy 


f — 

JyZ 2 - 1 


(iii) JjT J i 

(iv) I 


yz + 

4z 3 + 2 z 
vz*+z 2 +l 


dz |z| = 2 

dz \z\ = 1 

dz |z + 1| = 3 


2z 2 + 3z - 2 


, . dz |z| = 2 

.4 i _2 . • 11 


(v) 


f tai1 Z 

Jy Z 


dz 


\z\ = 2 . 


Answers: (i) 27 t*’ sinh(l); (ii) 2W/5; (iii) — 4m; (iv) 8m; (v) 0. 
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5. Calculate the integral counterclockwise along the circle |z| = 2, 

2rri Jy z(z — l ) 3 

Classify the singularities of the integrand. 

Answer: Integral = +1; poles at z = 0 (m = 1), z = 1 (m = 3). 

6 . Calculate the following integrals along the counterclockwise 
oriented circles |z| = 2 and \z\ = 

(i) f ——^- dz (ii) f —-- dz 

Jy z(z 2 - 2z + 1 ) Jy (z 2 + 2 z + 1 ) (z* - 2 z + 1 ) 

Hint: Residue integrals resemble Cauchy formulas for derivatives. 
Answer: (i) 27n, 2tt i; (ii) ^(cos ( 1 ) — sin(l)), 0. 


6.4 APPLICATIONS OF THE RESIDUE CALCULUS 

We have developed a substantial variety of methods for evaluating residues. 
Now let us turn to the numerous applications of residue theory. Our first use 
will be in the calculation of certain types of definite integrals that do not yield 
to the ordinary methods of calculus. The reader should recall the definition of 
improper integrals of the form f (x) dx. Such an integral exists if and only if 
the one-sided improper integrals 

/•+oo pr r o r o 

f(x) dx = lim f(x) dx and f{x) dx = lim f(x) dx 
Jo r-+ + oo J 0 J— oo s-+ — cojs 

exist separately; then we define 


r+oo r-t oo ro 

f(x) dx = f{x) dx + /(z) dx. 

J— oo Jo J— oo 

It is easy to see that the double-ended integral is given, if it exists, by the single 
limit 

r+oo r+R 

(19) f(x) dx = lim f{x) dx. 

J —oo R~> + oo J—R 

However, the limit on the right-hand side can exist, and have great practical 
significance, even though the improper integral f(x) dx is not defined. In 
such cases, let us agree to call the limit in (19) the Cauchy Principle Value of 
the integral; this is indicated by writing 

r+oo r+R 

PV f{ x ) d x = bm f(x) dx. 

J— oo R-++ao J—R 


( 20 ) 
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For example, the integrand f(x) = x gives us Jo* 00 * dx = + 00 an( ^ J-oo * dx = 
— oo. The improper integral cannot be defined because we are left with an 
indeterminate form oo — oo when we combine these results. Nevertheless, the 
Cauchy principal value does exist, because 


f+00 

PV\ xdx= lim 

J —oo i2"^+oo 



lim 

oo 



2 , 


= 0. 


The Cauchy principal value acts like a “generalized integral”; it agrees with 
f(x) dx when this improper integral makes sense, but it extends the meaning 
of the operation * •) dx so that it makes sense for a much larger class of 

integrands. Residue methods not only allow us to calculate improper integrals; 
they yield the Cauchy principal values when the corresponding improper inte¬ 
gral fails to exist. 


f+°° P(x) 

Application 1 Integrals of the form —4 dx. 

J-oo Q(x) 

If P and Q are polynomials, this improper integral exists whenever 

(i) Q(x) has no real roots 
(ii) Degree(Q) > degree(P) + 2. 

Then the function of real variable f(x) = P(x)/Q(x) is continuous for all x and 
vanishes as 1 / x 2 when |*| —► + oo (which insures that the improper integral has a 
finite value). The improper integral is evaluated by noticing that the truncated 
integrals P(x)/Q(x) dx in (19) are closely related to contour integrals of the 
rational function of complex variable/(z) = P(z)/Q(z). 

Example 6.11 Show that 


f +0 ° 1 

J-oo * 2 + 1 


dx — 77 . 


This improper integral could be calculated directly; there is a known indefinite 
integral J(x 2 -f l) -1 dx = arctan x + c, so that 

r+R i 

— - dx = 2 arctan(/?) -> -\-tt as R —► + oo- 

J-r x + 1 

However, our purpose is to illustrate the use of residue methods in a simple case. 
In more complicated examples, the indefinite integral cannot be written in 
elementary form. 

In Figure 6.3 the contour y' R moves from — R + *'0 to +/? + zO along the 
real axis, and y R returns to — R + z‘0 along the semicircle of radius R. We 
integrate f(z) = l/(z 2 + 1) along the closed contour y R = y R + y R . Once 
R is greater than one, y R encloses the singular point z = +z and, by the 
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Figure 6.3 The contour y R = y* + y* 
in Example 6.11 and the discussion which 
follows. 


ty 



residue theorem, 

I ~t —— dz = 2vi Res(/, +i) = n for all R > 1. 
J y„ z+l 


Jy K z + 
But it is clear that 


Jy* Z 2 + 1 J-fl X 2 + 1 


so that 


rV-*-f ~T—dz - f -jl—dz 
J-R X 2 +1 Z 2 + 1 Jy ' Z* + 1 


y" 2 + 


“’“I 


v + 1 




for all large /?. We also have an obvious estimate on the size of the integral 
along y*; if |z| = R , then |z 2 + 1 | > |z| 2 - 1 = R* - 1 , so that |/(z)| ^ 
l/(|z| 2 - 1) < 1 l(R 2 — 1) on the trajectory of y-R, and 



c length (j4) 
R 2 - 1 


ttR 

r 2 - r 


Since this approaches zero as R -> + oo, we see that 

f +0 ° 1 f +B 1 

—- dx = lim —- dx = it. 

J- oo x 2 + 1 R -++00 J-R x 2 + 1 

The size of the integral along y# becomes negligible as R —> + oo because the 
maximum value of |/(z)| on the circle |z| = R goes to zero much faster (as 1/i? 2 , 
to be precise) than length(y^) = ttR increases. 

In general, we can evaluate Jt® P(x)/Q(x) dx by considering the function of 
a complex variable/(z) = P(z)/Q(z). This is analytic except where Q(z) = 0; 
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let p v . . ., p N be the zeros of Q(z) which lie in the upper half plane. Then, 



^77 dx = 2niJ i Res(fp k ) 
Q(x) *=1 


(21) = 2ni 2 {Res(/, p k ) :all poles p k in the upper half plane} 


Since each p k is a pole for/(z), we can evaluate the residues at these singular 
points by the methods described in the last section. The proof of (21) is almost 
word-for-word the same as the argument we have given in the last example; 
we only need to observe that the requirement degree(Q) > degree(P) + 2 
means that the maximum value of |/(z)| on the circle \z\ = R decreases at 
least as fast as l/R 2 , and this insures that the integral along the circular arc 
y'k goes to zero as R —> +oo. 


Example 6.12 Show that 


f +0 ° x 2 

Jo x 6 + 1 


dx = 7r/6. 


The integrand is an even function of x, so that 


rv -*- irv -* 

Jo X 6 + 1 2 J -00 X 6 + 1 

The singularities of f(z) = z 2 /(z 6 + 1) are the roots of the equation z 6 + 1 = 
0 , and those in the upper half plane are p x = e 1 " 16 , p 2 = e and p 2 = e t5nl6 . 
These are poles of order one and have residues which are easily evaluated by 
Method 2 described in the last section; 


so that 


f +0 ° * 2 , _ gwiM _1_ , J_\ 

J-.^+l * 6 W + p2 + p, 3 ) 


= - (e-™ 12 + ^-' 3W2 + ^- i5 ' /2 ) 
3 


as desired. 


ITT .. . 77 

= ~Z — + = 3 ’ 


/•+00 I * +00 

Application 2 Integrals of the type f(x)e ix dx or PV f(x)e ix dx. 

J— 00 J -00 

The function /(z) may have a finite number of isolated singularities in the 
upper half plane, none of them lying on the real axis, and should decrease to 
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Figure 6.4 The contour in 
Application 2. The upper contour 
is used for e +ix and the lower one 
for e-to. 



zero at infinity within the upper half plane, in the following sense. 


If Mjf is the maximum value of I f(z)\ for z on the semicircular 

( 22 ) R J 

arc = (z:|z| = R and Im(z) > 0}, then lim M R = 0. 

jR-^+oo 


For example, the functions l/(z 2 + 1) or e~ iz /(z 2 + z + 1) do this, but sin z 
and e z do not have this property. We do not restrict the growth of/(z), or the 
number of singularities, in the lower half plane. 

The function f(z)e iz has the same singularities as/(z), and once R is large 
enough, all singularities of f(z)e iz in the upper half plane are enclosed by the 
contour y R shown in Figure 6.4. Thus 


f{z)e iz dz = 2m f Res(/(z)* iz , p k ) for all large R > 0, 
U * =1 


where p x , . . . , p N are the singularities of f (z) in the upper half plane. It is also 
clear that f{z) e< * dz = §-Rf(x)e ix dx for all R. If we can show that 


(23) 


lim 

J2->+oo 


J. 


e iz f(z) dz 


= 0 , 


it follows that the integral we are interested in can be evaluated by residues in 
the following way: 


(24) 



N 

e tx dx = 2ni^Rcs(f(z)e tz , p k ) 


Jc =i 


where {p k } are the singularities of/(z) in the upper half plane. This follows 
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from (23) since 


/*+oo / r+R 

PV\ f{x)e ix dx = lim f(x)e ix dx 
J —oo jR-^+oo —R 


= lim [ f f{z)e lz dJ> — lim ! [ f(z)e ,z dz 
R->+oo[Jy R ) R->+oo[Jy Jt 


= 2niJ i Res(f(z)e iz , p k ) — 0. 

k =1 

To verify the missing fact (23) we must use a more ingenious size estimate than 
the one employed in Application 1; the method used there, based on Theorem 
5.9, only gives us the estimate 

[f{z)e iz dz < length(y^) • M R • max{|« <2 |: 2 on 
J Vr 

where M R is the maximum value of |/(z)| on the semicircle in the upper 
half plane (the trajectory of y R ). Although \e iz \ decreases rapidly as z moves 
upwards, the function \e iz \ achieves its maximum at the end points of where 
we have |^ t(± ' R+l0, | = 1, so we may only conclude that 


|J <7 tR-M r 

from the usual size estimates on line integrals. From our hypotheses we only 
know that M R —► 0 as R —► + oo, but we do not know how rapidly this limit is 
approached, and so it is not clear whether or not R • M R —► 0. 

For a more delicate estimate we shall write ^ y ^f{z)e iz dz as a Riemann 
integral, and then use the formula |J£ <f>(t) dt\ <L Ja 1^(01 Thus, 

(e iz f(z) dz\ = I f^ V f(Re ie )e iRicose + iBine) iRe i0 dO 
\JyR | \Jo 

<J’ r |/(/?e ,9 )| e~ Raia9 Rd6 
<M R -j V Re- RBine dd. 

We can use elementary methods from Calculus to show that JJ Re~ Rsm 0 d6 <tt 
for all choices of R > 0; this is all we need to finish the discussion since it 
insures that 

I e xz f(z)dz < ttM r —► 0 as R^-\-co. 

I Jvr 

Now 

rv fir /2 

Re- Rsine dd = 2 Re~ Rsine dd, 

Jo Jo 
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and on the interval [0, 7 t/ 2 ] we have 2/tt < (sin 6)/6 < 1 by an elementary use 
of L’Hospital’s rule. This gives us the desired estimate, 


fir/2 

L *' 


,—R sin $ 


dd 


(*ir/z (*+oo 

< Re- 2 ™'* dO < 

Jo Jo 


Re- 2 ™'* dO = - . 

2 


Example 6.13 Show that 

r 


x sin x , ir , 

—- dx = - e~ 2 . 

x 2 + 4 2 

This integral is related to the double-ended integral 


I 


1+00 xe ix 


-00 x 2 -f 4 


dx; 


since the integrand is an even function of x, it is clear that 

r *=i dx=~ i m r r 

Jo x 2 + 4 2 J-oo x 2 + 4 2 LJ-oo x 2 + 4 J 

Obviously the function/(z) = z/(z 2 + 4) vanishes at infinity, as in (22), so the 
construction leading to formula (24) is justified. Furthermore, z = +2 i is the 
only singularity in the upper half plane. Method 2 for evaluating residues 
gives us 


Thus, 


~ze tz 

1 

_2z 

z=+2*'J 


lire 


r+oo 

J— 00 


x sin x 


dx = lm(i7re 2 ) = ne 


J-oo x 2 + 1 

At the same time we have also evaluated the integral 

[ +co xcosx n T r + °° xe * x j 1 /• -2x ^ 

—- dx = Re —- dx = Re(z 77 £ 2 ) = 0. 

J-oo ^ + 1 LJ-oo * 2 + 1 J 

By using similar methods we may compute integrals of the form 
S-Z f{ x ) e ~ ix dx , but now we must modify the discussion by making the contour 
extend into the lower half plane , as shown by the dashed curve in Figure 6.4. We 
allow f(z) to have a finite number of isolated singularities in the lower half plane, 
none of them on the real axis, and we assume that \f(z)\ vanishes at infinity in 
the lower half plane, in the sense that 

If M r is the maximum value of \f{z)\ for z on the semicircular 
arc r* = {z:|z| = R and Im(z) < 0 }, then lim M R = 0. 

jR->+oo 


( 22 *) 
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Now the integral is given by 

(25) PV f + °7(*)*” x dx = -27 Ti 2 Res(e~ iz f(z), q k ) 

J —00 k 

where q k are the singularities of/(z) in the lower half plane. The reason that 
we work with the lower half plane when e~ ix appears in the integral is that 
e~ iz is bounded throughout the lower half plane, but grows rapidly in the upper 
half plane; this boundedness insures that the integral along the semicircular 
arc TjR goes to zero as R —> + oo. The minus sign in (25) appears because our 
contour in the lower half plane must be oriented clockwise so that the segment 
[—if, +if] in the real axis is traversed from left to right. When e +ix appears in 
the integral, instead of e~ ix , then e iz is bounded on the upper half plane, and so 
this is then the appropriate half plane to work with. 

This discussion applies equally well to integrals of the form Ji® f(x)e ±iax dx 
{a real, a > 0). We leave it to the reader to determine how the conditions (22) 
and (22*) should be altered; in formulas (24) and (25) we would take the 
residues of f(z)e ±iaz at the poles of/(z). See Exercise 5 for details. 


Example 6.14 Show that 


f +0 ° cos mx 2tt (m\ _ m Va/ 2 r i n 

—- dx = — cos — * m 3/2 for m = 1,2, 

J-oo* 2 + *+l V3 \ 2 / 


The improper integral is convergent, since the integrand behaves like \x\~ 2 at 
infinity. Clearly, 


C ° S mX dx = Ref p - - dx 1, 

J-00 x 2 + X + l LJ-oo X 2 + * + 1 J 

and the integral involving e imx (m > 0 an integer) is given by 

+ 2777 2 {R es (^ m y(z), p k ) :p k the poles of/(z) in upper half plane} 


The function f(z) = l/(z 2 + z + 1) has poles of order one at the points 
p ± = ( — 1 + i\Ji)j2. At the singular point p + in the upper half plane, we can 
use Method 2 to get 


2777 Res(* ,m y(z), p + ) 


' 2irie im z 
-2z + 


12 

1 |2=P+_ 


2tt 


e -im/2 e -mVz/2 


The value of our integral is the real part of this expression. 


f +0 ° 

Application 3 Integrals of the type f(x)e ±ix dx, wher cf(x) has a sin¬ 
gular point on the real axis. ^“°° 

These integrals are dealt with much as in the last section, except that the 
contours must also be deformed to avoid the singularities that occur on the real 
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axis. As above, the methods work when f{z) is analytic except at a finite 
number of isolated singular points, and vanishes at infinity as in (22) or (22*), 
depending on whether we work with the upper or lower half plane. Formulas 
(24) and (25) must be altered to include contributions due to the singular 
points that lie on the real axis. We will work a few typical examples to illustrate 
the modifications which should be made. 

Example 6.15 Show that 

r — dx = 77/2. 

Jo X 

This integral is not improper at the end point x = 0 since lim (sin x)/x = 1. 
It is related to integrals involving e +iz jz and e~ iz jz because x ~*° 



By the change of variable x = — x, dx = —dx, we see that 



Now e iz \z has a pole at the origin. If we integrate e iz \z along the contour y Rb 
shown in Figure 6.5, which is deformed into the upper half plane to avoid the 
singular point z = 0, the integrals along horizontal segments y' R and y R are 
equal to the Riemann integrals on the right-hand side of (26). Since e iz \z is 
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analytic on y Rt s and on the set of points enclosed by this contour, the integral 
along y Rt3 is zero, so that 






for all small <5 > 0 and all large R. 

Let R —► + oo; the integral along the semicircular contour r] R approaches 
zero, by the same arguments used to justify equation (23), so we get 

r-5 ix r +oo ix r az 

(27) — dx + — dx = — — dz for all small d > 0. 

J- oo * Js X Jy s z 

We will now show that 

r 

(28) lim — dz = — in; 

<5-0 Jy 3 Z 

then formulas (26), (27), and (28) give the desired conclusion that 


f +c0 sin x 

Jo x 


tdl Umf e - dz = ^ 

2 i 6-+oJy s Z 2 i 


7T 

2 * 


To prove (28), write the numerator/(z) = e iz in the form/(z) = /(0) + 
/'( 0) • z + e(z) • z, where \e(z) \ —► 0 as z —► 0 (recall Section 2.8). Then 




-dz+f( 0) 



e(z) dz . 

<5 


By direct calculations, we get 



- dz = —in • f (0) = — in; 
z 


the last two integrals go to zero as <5 —0, since the integrands are bounded 
near the origin and length^) = nd —► 0. This proves (28). 


I* 2ir 

* Application 4 Integrals of the form F(sin x , cos x) dx, where F(u, v) is 

Jo 

a rational function of two real variables u, v that has no singularities on the unit 
circle. 

That is, F(u, v) is a quotient of two polynomials in the real variables u and v; 
the integrand is then obtained by substituting u = sin x and v = cos x. 

For example, if F(u , v) = u/v, then the integrand is sin x/cos x = tan x . 
These integrals are handled by recognizing that the Riemann integral above is 
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just the line integral of a certain function f ( z) of a complex variable, along the 
contour y(t) = e il defined for 0 < t < 2n (parametrized unit circle). Recall 
that if f(z) is defined and continuous on the unit circle |z| = 1, we have 


Note that 


oos« = !(.■« H- 

for 0 < / < 2-77. Thus, we can make Jo*^( s i n U cos t) dt into a contour integral 
by writing 

„ -X"["(j(=- ;)i(‘ * ;))| Jg * 

= \ U [f(z)\ z= u]ie i 'dt=\f{z)dz 
Jo Jy 


where 

( 29 ) 


r*2n 

J o a 


1 


t— dt , where a > 1 is a 


As an example, we will work out the value of 

Jo a + sin t 

fixed constant. Here we are dealing with the rational function F(u> v) 
11 (a + u) and formula (29) indicates that we should integrate 


1 


1 


/(*) = - w 1X 


z 2 + 2 iaz — 1 


along y to get the value of the desired integral. The assumption that F(w, z>) has 
no singularities on the unit circle u 2 + v 2 = 1 is equivalent to saying that the 
function /(z), defined by (29), has no singular points on the circle |z| = 1. 
Furthermore,/(z) will always be a rational function of z (a quotient of poly¬ 
nomials in z), so it can only have poles of finite order (and finitely many of them, 
at that). The residue theorem leads immediately to the conclusion 


( 30 ) 



/, cos t) dt = 



N 

dz = 2iri £Res( f( z ), p k ) 


k= 1 


where {p k } are the poles of f(z) that lie inside the circle |z| = 1 (the trajectory 

of». 
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Example 6.16 Evaluate 


r2ir 
JO C 


1 


This is just the contour 


o a + sin t 


integral J* 


dt (assuming a > 1). 


y z 2 + 2*az — 1 


dz along the unit circle. The 


integrand /(z) has two poles p + and p_ given by the quadratic formula 
p + = i(—a + yja 2 — 1) p_ = i(—a — \J a 2 — 1). 


Clearly \p _| > \a\ > 1 so p_ lies outside of the unit circle and does not contribute 
to the sum of residues (30). On the other hand, 


lAfl = \ —a + \J a 2 — l \- 


a 4- Vfl 2 — 1 
a + a 2 — 1 


1 

\a + V« 2_ 1| 


< — < 

\a\ 


1. 


The residue at p + is just 

Res (/> P+) = [^; 


,2 z -f- 2 id U=j)+ 


J iJ a 2 — 


and we get 


dt =^ Res (/( 2 )^ =i== 

Jo fl + sin/ \ a 2 — 1 


Notice that we never really have to vary contours in this discussion. We 
just apply the residue theorem directly to the integral along y. 


Application 5 Branch singularities. 


In this situation we will consider a function/(z) that is analytic on a cut 
plane, such as/(z) = z® (a real) or/(z) = Log z. The point z = 0 is called a 
branch point or branch singularity for these functions since we must cut the 
plane from 0 to oo in order to get a single valued analytic function. Along the 
cut there is usually a systematic relation between the values of f(z) on opposite 
sides of the cut; for example, the function f(z) = z 1/2 merely changes sign, 
while/(z) = Log z changes by —27n as arg z increases past + 7 r. By setting up 
closed contours with parts running along opposite sides of a cut, we can evaluate 
new types of integrals. The idea should become clear with the following ex¬ 
amples. 


is 


Example 6.17 Evaluate 


J *+oo 

0 


1 


dx. 


(1 + x)x 1/2 

replaced by any other exponent 0 < a < 1). 


(The discussion works if 1 /2 
The integrand behaves like 
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Figure 6.6 Here f(z)( 1 + z) = + * 1/2 (1 -f *) along the upper edge of the interval 
[0, +oo) and is equal to — x 1/2 (l + *) along the lower edge. 

x~ 1/2 near x = 0, and like x~ 3/2 as x —> + oo, so the improper integral converges. 
Let us take a determination /(z) of z 1/2 for which the discontinuity appears 
along the positive real axis; we can do this by defining 

f(re l0 ) = r 1/2 e t{e/2) (normalize d so 0 < 6 < 2n). 

As we approach x on the real axis from the upper half plane,/(z) approaches 
+x 1/2 , while from the lower half plane/(z) approaches —x 112 . Now take the 
simple closed contour shown in Figure 6.6. The integrand l//(z)(l + z) is 
analytic on the trajectory, and at all points enclosed by this contour, except at 
the pole of order one located at z = — 1 + t0. Thus, for all contours of this 
type we get 

I --- dz - 2-iri Res/---, -if 

J y /(z)-(l + z) v(z) • (1 + z) ) 

If we write the integrand in the form G(z)/H(z) near z = — 1, where G(z) = 
l//(z) and H(z ) = 1 + z, we can get the residue at z = — 1 by applying 
Method 2 of the last section and conclude that: 


( — 

Jy /( z )0 + z ) 


dz = 2vi 


~ 1 

-/( z ) 



7 * 27 ri = 277. 

i 


Let us see what happens when we vary the parameters 8 > 0, e > 0, 
R < + oo that enter into this contour. First let e —► 0. Clearly the integrals 
along the segments y' z and y" t converge to the respective values 


f* 1 

J<5 (X + 1)X 1/2 


dx 


and 


L (X + l)(-^ 1/2 ) dX I (x + l)x 1/2 dx ’ 


since it) —► x and f(x — it) — > — \/ x as t — ► 0 (keeping t > 0) for 

the determination/(z) = z 1/2 we have chosen. (Also, recall Exercises 17 to 19, 
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Section 5.3). Meanwhile, the integrals along the inner and outer circular arcs 
approach the integrals along the full circles. Let y R (t) = Re lt and y b (t) = e lt 
for 0 < t < 27r; then, for all d > 0 and R < + oo, we get 

2t 7 = 2 f *--—— dx + f--- dz + f - - - dz. 

h (x + 1)* 1/2 Jr 4 /(z)(z + 1 ) Kf(z)(z + 1 ) 

For all large |z| the integrand is dominated by C x |z| _3/2 , where Cj is a fixed 
constant, so the size of the integral along y R is dominated by C x • 2rrR • R~ zl2 = 
C[R~ ll2 9 and vanishes as R —► + oo. For z near the origin, the term l/(z + 1) in 
the integrand approaches the value 1, so the integrand is dominated by 
C 2 |z|~ l/2 , where C 2 is a fixed constant, and this means that the size of the integral 
along y b is dominated by C 2 • 2tt8 • 8~ l/2 = C 2 ( 5 l/2 , which approaches zero as 
(5-^0. Thus, 


that 


r-- - rr 2 dx = lim f lim - l - -— rfx] = it. 

Jo (X + \)x V 5-0 ltf -+00 Jd (x + l)^ 17 I 

By similar arguments, using x a (0 < a < 1) in place of x ll2 } we may prove 

1 


J ’+oo 
0 * 


0 x a (x + 1) 


dx = 


sm 7T0L 


(for 0 < a < 1). 


The appropriate analytic determination of z a is obtained by letting z* = e a ' Xogz 
and taking a determination of log z defined on the cut plane with the positive 
real axis removed; thus, we can use the definition 


lo g(re te ) = log r + id (normalize 6 so that 0 < 0 < 27 t). 

With this choice, z a agrees with x a (respectively, e 2lTla x a ) as we approach the 
positive real axis from the upper (respectively, lower) half plane. Similarly, we 
can evaluate integrals of the form Jq 00 x~*R(x) dx where R{z) is a rational func¬ 
tion whose singularities lie off the real axis; we must also assume that 

lim \R(z)\ = 0, 

z-+ oo 

and that 0 < a < 1, to be sure that our improper integral converges. 

Example 6.18 Show that 


f+°° 1 

- - dx = TT12. 

ji *v * 2 - 1 

The integrand behaves like x~ 2 as x -> +oo, and like (x — l)~ l/2 as x —► 1, so 
that the improper integral is well defined. The function /(z) = (z 2 — l) l/2 is 
double valued; near any point p (except the points +1 and —1 where its 
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Figure 6.7 The closed contour y in Example 6.18. The limit values of (z 2 — l) 1 / 2 along 
the cuts are indicated; note that (x 2 — 1) > 0 if |x| > 1. 


behavior is highly singular) there are two analytic determinations of (z 2 — l) l/2 . 
After some thought (see Exercise 25, Section 4.10) we see that by removing the 
line segments (— 00 , —1] and [+1, + 00 ) to get a doubly cut plane, we can 
define a single valued analytic determination of (z 2 — 1) 1/2 on the remaining 
domain D. Indeed, the mapping w = z 2 — 1 maps the doubly cut plane D onto 
the singly cut plane E obtained by removing the positive real axis from the 
w- plane. On E there is obviously a determination of w 1/2 that approaches the 
value +m 1/2 at w = u + iO along the upper edge of the positive real axis, and 
approaches —u 1/2 at w = u + iO along the lower edge. Thus, the analytic 
function (z 2 — 1) 1/2 == iv 1/2 , defined on Z), approaches the values shown in 
Figure 6.7 as z approaches a point x + z’O on one of the cuts from the upper or 
lower half plane. Now f(z) = 1/z • (z 2 — 1) 1/2 is analytic on the doubly cut 
plane Z>, except at z = 0, where there is a pole of order one with residue 


Res(/ ’°> = [^7^|J =! = -•' 

Evidently, f(z) is analytic on the contour y shown in Figure 6.7 and at all 
points enclosed by y, except for the pole z = 0; thus, j y f(z)dz = 2 77 i Res(/, 0) 
= 2n for every choice of the parameters d > 0, e > 0, and R < + 00 which 
determine y. If we let e —► 0 and keep in mind the limit values of (z 2 — 1) 1/2 
along the upper and lower edges of the cuts, we see that the sum of the integrals 
along the horizontal segments of y approaches the value 


|'+R 

Jl+d 


-I 


i+« 


- f 4 J - dx + f * • • • dx + r 

J-R X\J x 2 — l J-S-l Jl-f 

f +B 1 f-*- 1 1 

= 2 • r— = dx- 2 - dx. 

Ji+s xVx 2 — 1 J-R *V X 2 — 1 
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(For limits in which the contour varies, recall Exercise 17 of Section 5.3.) Since 
the integrand is an odd function of x, the change of variable x = —x, dx = 

r R 1 

— dx in the right-hand integral shows that the sum is equal to 4 — - dx . 

Ji+d x yjx 2 — 1 

Meanwhile, as e -> 0 the integral along y keeps the fixed value +2v. The 
integral along the outer circular arcs approaches the value $y R f(z) dz , where 
y R is the counterclockwise oriented circle \z\ = R; the integrals along the two 
inner circular arcs approach the value 


f f(z) dz + ! /(z) dz , 

J vs Jy 6* 

where y b and y b are parametrized circles of radius <5 about z — — 1 and z = +1 
(both parametrized clockwise , as indicated in Figure 6.7).f Clearly, for all 
small d > 0 and all large R < + oo, we get 


27T = J(Z) dz 
Jy 

(31) = 4f* , 1 dx + f f{z) dz + [ f(z) dz + f f(z) dz. 

Jl+5 XyJ x 2 — 1 J y R Jy d ' Jy d * 

For large values of |z| = R, we have |/(z)| < C 1 \z\~ 2 , for some fixed constant 
C v which insures that the integral of f(z) along y R approaches zero as R —► 
+ oo. Because +1 and —1 are branch singularities for+(z), the integrals along 
y' 3 and y” b cannot be evaluated by residues, and a little finesse is needed in deter¬ 
mining their limits as b —► 0. Notice that 

|z(z 2 - l) 1 / 2 ! = |z| Iz + II 1 / 2 Iz - II 1 / 2 , 

so that |/(z)| < C 2 |z — 11 1 / 2 for z near +1, where C 2 is some fixed constant; 
the absolute value of the integrand on the circle |z — 1| = 8 is dominated by 
C 2 • d~ 1/2 • length(yi') = C 2 • (5 +1/2 , which approaches zero as 8 —► 0. Likewise, 
we can prove that the integral along the contour y b , around z = — 1, ap¬ 
proaches zero as 8 —> 0. By taking limits in (31) as 8 —► 0 and R -> + oo, we 
obtain 

f + °° . 1 dx = limf lim 1 rfx] = tt/2. 

J1 Xyf x 2 _ 1 <5-oli2-+oo Jl+d XyJ x 2 — 1 ) 

There are even more elaborate methods for calculating definite integrals 
by relating them to certain families of contour integrals. 


t Notice that the integrand f(z) in these integrals is discontinuous where the circles 
\z -f 1| = d and |z — 1| =6 cross the cuts; however, the integrand has only a simple jump 
discontinuity there, and is continuous and bounded otherwise, so that the contour integrals 
along y b and y b are well defined. 
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EXERCISES 

1. Assume that/(*) is bounded and continuous on (0, + oo). If 
X<x \f( x ) \ —► 0 as x —► +oo for an exponent a > 1, show that the improper 
integral Jo °°/(*) dx exists and is finite. This is not necessarily so if a = 1 
(give an example). 

2. In defining Cauchy Principal Values, 

/(*) dx J, 



it is important that we use symmetrical end points — R and +/? in the limit. 
Compare 


i: 


r+2R 

PV | x dx and lim x dx. 

R-> oo J—R 


3. Use the methods of Application 1 to evaluate 


<“> £ 
(iii) I 


+ 

0 ° ] 


dx 


oo X + X + 1 
Jl 


dx 


(X 2 + 4)(x 2 + 9) 


x 2 — l 

— o -^ dx 

o (x 2 + l) 2 


dx 


(v 


> Lr, 


x 2 + 2 


(x 2 + 2x + 2){x 2 -2x + 2) 


dx 


f 00 i 

4. The integrals --- dx may be evaluated as in Application 

Jo 1 H - x 

1 for even powers n = 2,4,.... For odd powers, such as n = 3, there are 
several difficulties with this approach (why?). Prove that 


I 


00 1 . . . . 77 /n 

- dx exists and is equal to —- 


o l + x n 


sin(7r/n) 


for n = 1,2,... by examining integrals along the boundaries of circular 
sectors bounded by the rays arg z = 0, arg z = 27 t/ n, and the arc |z| = R. 
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5. If f(z) satisfies condition (22) on the upper half plane, as in 
Application 2, and if a > 0, prove that 

r/W/- dx = Z Res(/(zK'“ 2 , A) 

J-oo A 

where are the poles in the upper half plane. If a < 0, and f(z) satisfies 
condition (22*), work out the corresponding formula involving the lower 
half plane. 

6. Using the methods of Application 2, calculate 


r+co Aax 

(i) ~?— i dx=TTe-* (a> 0) 

J— oo 1 X 

r+co Aax 

(ii) ——- dx = -rre a (a < 0) 

J —oo 1 X 

(...) (■• dx = {7rl2)e - m ,Vl cos(m/N /2) 

Jo at + 1 

(m = 1, 2, ...) 

(a > 0) 

E 2 (cos(2) + sin(2)) 
e 2 

7. For 0 < a < 1 show that 

J-oo + 1 sin 7T<2 

by integrating along rectangles with vertices — R> +/?, R + 2ni , —/? + 
2iri. 

Hint: Integrals along vertical segments go to zero as R + oo. 

8. If/M has a finite integral, J^ 00 |/(*)| dx < +oo, its Fourier 
transform SFf{s) is the complex valued function of a (new) real variable 
s , given by 

^f( s ) = I e tsx f(x) dx for — oo < s < +oo. 

J—oo 

Certain Fourier transforms may be calculated by residue methods. If 
f(x) = 1/(1 + x 2 ), show that 

S^f{s) = 7r*“ ,s| for — oo < s < +oo. 


/. \ f 00 COS X f 7T£ ° 

(iv) —- - dx = - 

Jo x 2 + a 2 2a 

, N f 00 * sin 2* , 

(v) —- dx = 

J- oo * 2 — 2a: + 2 


2a: + 2 


//in/: Most of the work appears in previous exercises. 
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9. Use the methods of Application 3 to prove that 

f" 1 — cos x , v 

(>) -2- dx = - 

Jo x 2 


(ii) J 00 dx = 7T 


cos(7rA-/2) 
x 2 - 1 


f 00 sin t tx j n 

("0 1-: dx = 0 

J — oo X — 1 

\ f 00 sin 2 x j 7 t 

( 1V ) -T dx = ^ 

Jo * 2 

(v> i :*+.) 


sin a: tt . /1XN 

dx = - (1 + cos(l)) 


Hint: In (i), integrate y*(z) = (1 — e iz )/z 2 ; in (ii) integrate 
/(z) = (e lnz/2 )l(z 2 — 1). In (iii), are residue calculations necessary at 
all? (Integrand is an odd function of x.) In (iv) write 2 sin 2 a: = 1 — 
cos 2*, etc. 

10. Use the methods of Application 4 to prove that 

dd = TT yj 2 

(a real; — 1 < a < +1) 

- a" 

2tt 


r +* j 


1 + cos 2 6 


® i: 

C 2 ” l 

(ii) rr 2- 

Jo 1 + a si 


2t r 


dd= _ 

+ a sin 6 VI — a 2 


f2„ j 

(iii) rr - 

Jo 1 —|— oc 

(iv) f 


cos 6 


dd 


V1 — a 2 


(a real; — 1 < a < +1) 


cos 2 ” 6 dd = 77 


( 2 »)! 

2 2 n ( w !) 2 


(»= 1 , 2 ,...) 


11. If V£ is the principal determination of square root, show that 
fH = Vi — w 2 is holomorphic on D = {w:\w\ < 1}. By calculating 
images of D under —yj 1 — w 2 and -f \/ 1 — w 2 , show that 


11 — Vl — «^ 2 | < 1 and |l+Vl-^ 2 |>l for \w\ < 1. 


Then prove that 27r/\' 1 — ic 2 is produced on D by the integral formula 


/* 2 jr 

Jo 1 


-1 


dd = 


0 1 + W COS 6 Vl — 


(w a complex parameter; |zt;| < 1). 


w 


Hint: Regard z = \J\ — w 2 as the composite of £ = 1 — w 2 and 
to determine images of D. 
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12. Prove that the following integrals agree: 



by integrating exp( —z 2 ) along the boundary of the sector |z| < R, 
0 < arg z < 7r/4. The right-hand integral is calculated by various 
methods of advanced calculus to be \Jir(2. This application’s objective is 
to show that certain integrals agree , rather than to calculate the values; it 
has many generalizations. 

Hint: Show that the integral along the circular arc goes to zero as 
R —► oo. (Recall methods of Application 2.) 


13. Use methods of Application 5 to show that 



* 


1/2 


* 2 + 2x + 1 




log 2 * 

1 + x 2 



Hint: In (ii) the integrand is an even function of*, so we can work 
with the integral from — oo to -f oo. 


14. Generalize Example 6.17 by proving that 


I --- dx = ^— for 0 < a < 1. 

Jo x*(x +1) sin 7ra 

Does the integral converge for other real choices of the parameter of a 
(examine convergence at both end points) ? 

15. Show that 


- dx exists and is equal to - 

o x w (x +1) sin 7 tw 

for complex w in the strip 0 < R e(w) < +1. (Set x w = e w Xog x for 0 < * < 
+ oo, taking the usual determination of log *.) This integral generates 
77 esc( 77247 ) on the strip; many other analytic functions can be generated 
by similar formulas involving improper integrals with a complex parameter 
(cf. Exercise 11). 

Hint: Define log z with values log* and 2772 + log* along the 
upper and lower sides of [0, + 00 ); define z w = e w ' logx . What are the 
values of z w along the sides of this cut? Now proceed as in Example 6.17. 

16. Generalize Example 6.18 to prove that 


f 00 1 r 1 T 9 rr 

- dx = -* = -——— (27i — 5)(272 — 7)*... *3 • 1 

Ji W* 2 - 1 4 4L(n — 1)! J 
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for odd powers n = 3, 5, ... . Where would the discussion break down 
for an even power, such as n = 2 ? 

Hint: Take/(z) = l/\Jz 2 — 1 and integrate/(z)/z n around z = 0; 
the value is c n = 2'Trif (n ~ 1) (0)l(n — 1)! (by the Cauchy formula for deriv¬ 
atives) . 


17. There is an analytic determination of/(z) = yj 1 — z 2 on the 
cut plane £' = C~[— 1, +1] that has limit values -f %/1 — x 2 and 
— V I — x 2 along the upper and lower edges of the cut (multiply the 
function in Exercise 23, Section 4.11 by —1). Using the contour in 
Figure 6.8, calculate 


(i) - dx = -^~ 

J-1 (1 + x 2 )Vl - ** V2 

f + ” 1 , 377 

(u) - 7= - dx = —p . 

J -1 (1 + X 2 ) 2 \/1 - X 2 V2 


18. 


The function w = 


1 + ^ 


(principal determination of square 


root) is analytic off the cut [+1, +oo). Determine its values along the 
upper and lower edges of the cut and calculate 



dx 


Hint: How is [+1, +oo) transformed by the fractional linear map 
w = (z + 1 )/(z — 1)? Where are points above and below the cut 
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mapped? The values are ±i 


x+ 1 


x — 1 

and —i can be handled outside the integral. 


along the cut, but the constants +i 


19. The methods of Application 5 cannot be applied directly to 
calculate JJ* R(x ) log x dx, where R(x) is a rational function (the integrals 
we want, along [0, +oo), cancel out). Instead, apply the ideas of 
Application 5 to the integrand R(x) (log x) 2 ; integrating along contours 
such as the one in Figure 6.6, we find that a certain combination of 
residues is equal to 


47rij R(x)log 



dx. 


The integrals involving R(x)( log*) 2 cancel out; taking imaginary parts 
yields the desired integral R(x) log x dx. Use these ideas to calculate 



log * 

(1 + *) 3 




log * 

1 + * 2 


dx = 0. 


20. Calculate 


f 00 log x 
Jo x 2 — 1 


dx 


2 /4. 


Follow ideas from Exercise 19. However, you must introduce an addi¬ 
tional deformation in the contour to avoid the extra singular point z = 
+ 1. Why is the integral convergent in spite of the singularities at x = 0 
and x = 1 ? 


6.5 LAURENT SERIES EXPANSIONS 

Analytic functions can be described near an isolated singular point by 
means of a power series which includes both positive and negative powers of 
(z — p). Such an expansion about a point p will have the form 


(32) 


+ 00 

2 a n {z-py 


n=—oo 


and is called a Laurent series about the base point p. Series of this kind 
obviously include ordinary power series about p as a special case (in which 
a n = 0 for n = — 1, —2, . . .), and also the series of negative powers discussed 
in Section 3.9. A word or two is needed to explain what we mean by “con¬ 
vergence” of a series like (32). We have already discussed the convergence 
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properties of series in which the powers are all positive or all negative, such as 


— 00 00 


(33A) 

2 a n( z ~ P) n =J, “-nit ~ P) " 

71=—1 71 = 1 


+ oo 

(33 B) 

2 a n( z ~ p) n 

7i = 0 


We say that the series (32) converges at a point z (or converges absolutely 

at z; or converges uniformly on some set X ; etc.) if the separate series in 
(33A) and (33B) both converge (or both converge absolutely at z, etc.). If both 
series converge at z, we assign the obvious value to the series, namely 


+oo +oo oo 

( 34 ) 2 «n( Z - P) n = 2 «»(* -/>)"+ 2 a„(z - p) n . 

n=—oo 7i ——1 n=0 

The following properties of series (33A) and (33B) should be recalled. Series 
(33A) has a radius of convergence r v and it is absolutely convergent for points 
exterior to the circle |z — p\ = r x and divergent for points interior to this circle; 
series (33B) has a radius of convergence r 2 and this series converges absolutely 
for points interior to the circle |z — fi\ = r 2 and diverges for points outside of 
this circle. From these facts we can determine the convergence properties of a 
typical Laurent series (32): 

(i) If r x > r 2 at least one of the series (33A) or (33B) is divergent for each 
point z in the plane, and the Laurent series (32) must be regarded as 
diverging everywhere. 

(ii) If rj < r 2 , then (32) converges on the annulus centered at p defined by 
r x < |z — p\ < r 2 , and diverges if 0 < |z — p\ < r x or if |z — p\ > r 2 . 

The radii r x and r 2 are referred to as the inner and outer radii of the Laurent 
series (32). These radii are determined by the coefficients {< a n } in the series (32). 
We may have r x = 0 or r 2 = + °o (or both); for example, if 0 = r x < r 2 = 
+ oo, the ring-shaped domain of convergence is just the punctured plane 
obtained by deleting the base point z = p. 

The sums of (33A) and (33B) are analytic on their respective domains of 
convergence (why?), so we see that a Laurent series sums to an analytic 
function on its ring-shaped natural domain of convergence. Let us consider any 
ring shaped set R x < \ z —p\ < R 2 which lies entirely within the domain of 
convergence r x < |z — p\ < r 2 (so that r 1 < R x < R 2 < r 2 ). We have pre¬ 
viously shown that series (33A) converges uniformly on any domain like 
\z — p\ > R x with inner radius greater than r v and series (33B) is uniformly 
convergent on any disc |z — p\ < R 2 with radius less than r 2 (recall Theorem 
3.7, Section 3.9 for these standard results). Therefore, the Laurent series (32) 
must converge uniformly to its limit on the smaller annulus R l < \z-p\ < #2, 
although the convergence may fail to be uniform on the full domain of conver¬ 
gence E = {z:r x < \z — p\ < r 2 }. 

Obviously, Laurent series are made to order for describing analytic 
functions that are defined on a ring shaped domain; the main question is 
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whether every analytic function f(z) defined on such a domain can be described 
by a Laurent series that converges to f(z) throughout this domain. The main 
result of this section gives an affirmative answer. If the inner radius of the 
annulus is zero, we obtain the important special case in which f(z) is analytic 
with an isolated singularity at z = p. 

Theorem 6.6 (Laurent Series Expansion) Let f(z) be analytic on the annulus 
E defined by r 1 < \z — p\ < r 2 . Then there exists a Laurent series 


(35) 


+ oo 

2 a n{z~P) 


n=— oo 


which converges to f(z) throughout E. The coefficients are unique , and are given by 

< 3 ‘> ^ = "-°- ±1 - ±2 " - 

where y(t) = p + re il (0 < t < 2 tt) is any circular contour centered at p whose 
radius is chosen so that r 1 < r < r 2 . 

Note: If we take two counterclockwise oriented closed circular contours 
y and y" about z = p which lie within the annulus E , it is clear that these 
contours are homologous within E (have the same winding properties with 
respect to every point outside of E), while the integrand /(z)(z — ^)- (n + 1) 
appearing in (36) is analytic on E. Thus, by the general Cauchy Theorem, we 
get the same value for the contour integral (36) using either of these contours; 
the value a n given by formula (36) does not depend on the particular circular 
contour (or radius r) we use. 

Proof: We shall set up a cycle </> for which the Cauchy-type integral 

1 r 

-—. f(w)j(w — z) dw describes f(z) at points in the annulus. Then we will 

ZTTl 

replace 1 f{w — z) by its power series expansion (in powers of the integration 
variable w), much as we did in proving Theorem 5.20; finally, we will bring 
the summation outside of the integral. Of course, this is only a rough outline of 
the procedure, but it may help motivate the details that follow. 

Let y and y" be circular contours, with radii r' and r" respectively, located 
near the inner and outer boundaries of the annulus, as shown in Figure 6.9. 
The cycle <f> = y" — y formed by these contours is obviously homologous to 
zero within E\ by the general Cauchy integral formula we have 


/(* z)/M = ± f 

ZTTl Jd> W — 


dw 


for all points z in E which do not lie on the circles |z — p\ = r and |z — p\ = 
r". The index z) = +1 for points in the smaller annulus E * bounded by 
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Figure 6.9 The contours y' and y" 
and the subdomain E* in the proof of the 
Laurent series expansion formula. 



these trajectory circles, so we have 


( 3 ?) 




f ■«-> 

1 

f ^ -L 

r * 

J<t> w — z 

2ni , 

Jy " w — z 2m , 

Jy' W — Z 


throughout the annulus E * = {z:r f < \z — p\ < r"}. Because f(w) is contin¬ 
uous on the circles \w — p\ = r and \w — p\ = r", the integrals 


(36) 


^i(z) 


——; f I^L dw = -L r 

2m Jy' W — Z 277Z Jy' Z — W 



fM 

w — z 


dw 


produce functions which are analytic throughout the complex plane, off the 
respective circles; furthermore, (37) shows that f(z) = F x {z) + F 2 (z) in the 
annulus E*. (The reader may wish to recall Theorem 5.22 on generating 
analytic functions via integral formulas like (38).) Now let us consider the 
function F 2 (z) at a typical point z in the disc \z — p\ < r" enclosed by y". For 

z — p 

every w on the boundary circle, we have \w — p\ = r" and - = |z — p\j 

w — p 

r" < 1, so that the geometric series 



( 39 ) 
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converges absolutely and uniformly on the circle \w — p\ = r" (the variable is 
w in this series; z is fixed). Thus, substituting (39) into (38) we get 


M =_l r m. (..w-l r 

2771 Jy" W — Z n=0 \27Tt Jy" (w — p) K+ I 


= 1 a n {z-p)\ 


71=0 


The uniform convergence of (39) and Theorem 5.10 justify the interchange of 

00 

J -(• • •) dw and ]£(•••) made here; the last equality holds by the remarks in 

7 71=0 

the note which precedes this proof. The same formula works for each z such that 

I z-p\< r '. 

The function F x (z) is handled in a slightly different way. We consider a 
typical point z in the domain | z — p 

w — p 


circle \w — p\ — r', we have 


z -p 


> r\ If w is a point on the boundary 
= r'\\z — p\ < 1, so that the series 


(40) 


1 = _J_ | ( w - P Y _ I (w - PT 

Z — W Z — P n=o\z — p) n =0 (z — p) n+1 


converges absolutely and uniformly on this circle (with respect to the variable w). 
Substituting this series into the integral which defines Fv we get 


F 1 (z) 


_l r jm. 

2ni Jy' z — w 


dw =2 


1 


n-o (z - />) 


71+1 


(-f. 

\27 ri Jy' 


f(w)(w - 



= 2 a «( z - /’)”• 


71=—1 


This formula is valid for all z such that \z — p\ > r . Combining these results, 
we see that the Laurent series with coefficients a n defined as in (36) converges to 
/(z) = Fj(z) + F 2 (z) for all z such that r < |z — p\ < r". 

This demonstration that (35) converges to f(z) on E* works for every 
choice of the contours y and y" \ by choosing these contours appropriately, 
we can see that (35) converges to f(z) at every point z in the domain r x < 
\z - p\ < r 2 , and our theorem is proved. | 


The natural domain of convergence of the Laurent series (35) in this 
theorem may very well extend beyond the domain E on which/(z) was origin¬ 
ally defined, so the sum of the series may extendy'(z) into a larger annulus. It is 
important to notice that the Laurent series cannot be used to represent a 
function which has a branch singularity at p; there is no annulus about p on 
which f{z) is analytic, due to the presence of discontinuities along a cut from p 
to oo. Theorem 6.6 simply does not apply in such circumstances. It is also 
helpful to notice that, because the coefficients are determined by integral 
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formulas (36) involving f y the coefficients in a Laurent expansion of a given 
analytic function about a base point p are unique (no other choice of coefficients 
{b n } can lead to a series which represents/ in the annulus); we leave the veri¬ 
fication as an exercise. 

Formula (36) provides one way of calculating Laurent series coefficients, 
but the integrals involved are often difficult to evaluate. There are other ways 
of determining the form of the Laurent series. 

Example 6.19 If we want to represent f(z) = sin(l/z) near its isolated 
singularity at the origin, we can do this by recalling that 


1 , 

sin w = w — — w -\- 
3! 


for all w , 


so if z + 0 we may substitute w = l/z into this series to get 


sin 



1 _ J__l J_ J_ 

z 31 z 3 5! z 5 


This gives a Laurent-type expansion valid for 0 < \w\ < + oo; by the unique¬ 
ness of coefficients in Laurent series (Exercise 1), this is the only series in positive 
and negative powers of z which can possibly represent /(z) near the origin. 
Since this series converges uniformly on any circle |z| = R about the origin 
(recall Theorem 3.7), we may determine the residue at the essential singularity 
z = 0 by integrating the Laurent series term-by-term along the contour y(t) = 
Re it (defined for 0 < t < 2 77 ): 


ReS(/ ' 0) = 2^1(H? + '-'h 

••• 

= 1-0 + 0 -- + 1 . 


Notice that Res(/, 0) is just the coefficient a_ x on the term (z — p)~ x in the 
Laurent series about p = 0 (earlier we saw this was true when there are a 
finite number of negative power terms). The residue at an essential singularity 
like this could be quite difficult to evaluate by direct calculation of contour 
integrals. 

The last remark about residues and the coefficient of (z — p)~ x in the 
Laurent series expansion is in fact a general principle. Given the Laurent series 
of f(z) about an isolated singular point (of any type) 

+00 00 1 00 

f{z) = 2 a n(z -/>)" = 2 a -n - - — + 2 a n( z ~ P)*> 

n =—00 n=l \Z — p) n=0 
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the separate series of positive and negative powers converge uniformly on small 
circles \z — p\ = R centered at the singular point. Therefore, we may integrate 
each series term-by-term along the contours y(t) = p + Re lt , defined for 
0 < t < 2tt, to get the residue 


l 

(z - py 


(z - py 

n=l \2 t TiJy(z-b) n / 


(The series of positive powers sums to a function that is analytic at p , so the 
second integral is zero.) We showed that 


1 

2ni 




if k= -l 
if -1 


some time ago, by direct calculations. 


It will often be convenient to calculate residues at poles of high order, or at 
essential singularities, by determining the coefficient a_ x = Res(/, p) in the 
Laurent series expansion about p. 


Example 6.20 Evaluate 
circle \z\ = l. 

This integral is the same as 2ni • Res(/(z), 0) where f(z) = (sinh z)/z 6 . 
It is a simple matter to determine the Taylor (= Laurent) series coefficients of 
the numerator sinh z about z = 0, namely 


1 


sinh z 


dz along the counterclockwise oriented 


z 3 z 5 

sinh z = \(e z — e z ) = z -f — + — + 

3! 5! 


from this we immediately get the Laurent series expansion of f(z), 


f(z) 


= Z~ s + - z- 3 + - z- 1 + (- z + - z 3 + • • •) 
3! 5! \7! 9! / 


for z 0. Evidently, a_ x = Res(/(z), 0) = 1/5!. 

If f(z) is analytic on a punctured disc 0 < \z~P\ < r, and has a Laurent 
series expansion 


+ °o ? 

f(z) = ^ a n( z — P) n for all z such that 0 <iz — p\ < r, 

71 =—00 
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Table 6.3 

Singularity at z = p 

Behavior of a n for n = — 1, —2 . . . 

removable singularity 

all a n = 0 

pole (of finite order) 

finitely many nonzero a n 

essential singularity 

infinitely many nonzero a n 


then the sum a n (z — p) n of the negative power terms in this series is called 

n=—1 

the principal part of f(z) at the isolated singularity z = p. The relationship 
between the nature of the isolated singularity at p and the form of the principal 
part of the Laurent series about p is shown in Table 6.3. 

These relationships should be clear from the definitions. If p is a pole of 
order m, then a_ m ^ 0 and a k — 0 for all k < —m. 


EXERCISES 

1. Prove that the coefficients in a Laurent series are uniquely 
determined. If 


f{z) = I a n (z - P) n and g(z) = f b n (z - p) n 

n =—oo n=—oo 

converge and agree on some annulus A = {z\r x < v -P\ < r 2 }, then 

a n = b n for n = ± 1 > ± 2 > * • • • 

Hint: Take R = (r 2 + r 2 )/2 and y{t) = p + Re lt for 0 < t < 2 tt; 
integrate /(z)/(z — p) n+1 = g(z)/(z — p) n+1 along y for n = 0, ±1, 
± 2 , . . . . 

2. The Laurent series 


00 1 

2> w = —— and 

n= 0 1 — Z 


oo 




(- 1 ) 

1 — Z 


have nontrivial domains of convergence. It would seem that the combined 
series, involving all powers z w , converges to zero 


J / = —-— + ( — 1) —"— = 0 for all z. 

n=—oo 1 — Z 1 — Z 

Why is this conclusion false ? 

00 

Hint: What is the domain of convergence of 2 

n=— oo 
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3. Give Laurent series expansions that converge near oo, about the 
base points indicated. Determine the inner radii of convergence. 


(i) 


1 


1 — z 


about z = 0 ; about z = + z 


2 —(— 1 

(ii) - 7 about 2 = 1 ; about 2 = 0 


(iii) 


2—1 

1 

2 — a 


about 2 = 0 {a a fixed complex number, a ^ 0 ) 


Hint: Refer back to the geometric series, 1/(1— z) = ( — 1)2 z ~ n 
for 1 2 1 > 1; recall Example 3.15. n=1 

Answers: (i) (—1)2 z “ n r i = 1 ; (— 1) 2 0 “ z) n “7( z ~~ *) n 


n —1 


71=1 


(with r 1 = V 2 ); (ii) 1 + 2 /(z — 1 ), a finite series; 1 - 2 J z~ n (with 


7i = l); (iii) 2 a " _1 / z ” ( with r \ = l a D- 

71=1 


71=1 


4• Obtain the first few terms of the Laurent series for the following 
expressions. 

(i) --- about 2 = 0 

1 — cos 2 

(ii) —-— about 2 = 0 
l - e z 

(iii) tan 2 about 2 = 0 

» tan 2 . In 

(iv) - about 2 = 7t/2 

z - (w/2) 

/ n sin 2 , 

- about 2 = 0 

1 — cos 2 

(vi) (x 2 + 1) • esc 2 about 2 = 0. 


5. Give Laurent series expansions for the domains and base points 
indicated. 

(i) 1/(2 — 1) (2 — 3) for \z\ < 1; about 2 = 0 

(ii) 1/(2 — 1) (2 — 3) for 1 < \z\ < 3; about 2 = 0 

(iii) —-— for J 21 < \a\ and for \z\ > \a\ 
z — a 


(a^O fixed); about 2 = 0 . 


(iv) 


( 2 -I ) 2 


for 


12 — 11 > 0 ; about 2 = 1 . 
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Hint: In (i) and (ii) try writing /(z) = Aj (z — 1) +5/(z - 3); 
then see Exercise 3. 

Answers: (i) J £[1 — (l/3 n+1 )]z n = \ 2 zU ~ i 2 zn /^ n j 

n=0 n=0 n=0 

(ii) -i ~f z*-if 

n=—1 n=0 

(iii) — ^z n /a n+1 ; '^a n - 1 /z n ; 

n =0 n=l 

(iv) «•!(*- l) n_2 /n!. 

71=0 

6. If P(z) and Q(z) are polynomials of degree Mand irrespectively 
(N >1), show that the Laurent series expansion of the rational function 

PIQ 

P(z) 00 

T— = 2 a n z n (about z = 0) 

Q(z) n=-oo 

has only a finite number of positive power terms. ( a n = 0 if n > M — 
N + 1.) Thus its domain of convergence has the form E — {z:R < 
\z\ < +oo). 

Hint: P/Q has only finitely many singularities, so P/Q is analytic 
on some domain of the form R < |z| < +oo; furthermore, | P/Q | < 
K • \z\ v near oo, for suitable integer p. Use formula (36). 


7. If f and g are analytic at p and are both zero at /?, prove that: 

!f\ . ... lf'\ 

(i) lim I —I exists if the limit of derivatives lim I — 71 exists 
z-*v ' Z^v / 


ii) lim = lim ( 4 ) 
z-+v 'g' z-+v 'g ' 


Prove the same result if/ and g have poles at p. 


8 . Write out a Laurent series expansion of 


z 2 _ 2z + 1 (z - l) 2 

about z = 0, valid on the domain 1 < |z| < + 00 . 

Hint: In formula (36), a n = 0 if n > — 1 since l/z n+1 (z — l ) 2 
vanishes rapidly at infinity. For n < — 1, reduce to calculating integrals 
about z = 0 and z = +1. Integral around z = 0 is zero for n < — 1 
since the integrand is then analytic at z = 0. Integral around z = +1 is 
Cauchy formula for a first derivative. 

Answer: f(z) = — 2 ( n + l) 2 ” = 2 ( n ~~ l) 2_n * 

71 =— 1 71=1 
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9. Fix £ ^ 0 and verify that f(z) = Log^l — is analytic if 

|z| > |£|. Show that/has the following Laurent series expansion near 
infinity: 


for w>m- 

\ z] n=l n \zj 

If Yr^) = R eit y for 0 < t < 2 tt show that the integrals-. f f{z) dz 

2m Jy R 

have the common value + £ for large R. (This value is referred to as the 

residue at infinity of/(z).) 


6.6 PARTIAL FRACTIONS DECOMPOSITION OF RATIONAL 
FUNCTIONS 

Let f(z) = P(z)/Q(z) be a rational function. Such functions are either 
polynomials, or else are meromorphic functions that have at most a finite 
number of poles £i, . . . , £j (/ < degree Q). At any pole £ fc , the nature of the 
singularity is determined by the principal part p k {z) of the Laurent series about 
£*; let us write this in the form 


(41) 


Pk(z) 


_ | | _ ** | _ ft* 

(z - ur k (z- (z - q 


where A kj (1 <j<m k = order of the pole at £ fc ) are complex constants. The 
sum of the various principal parts at all the poles, 


S(z) =2 Pk(z), 

k= 1 

is meromorphic, and lim £ = 0 since each function A kj /(z — in this finite 

Z-*0O 

sum vanishes at infinity. If we subtract the principal parts, we get a function 
f(z) — S(z) that has removable singularities at z = (Exercise 5) and is 
analytic elsewhere; thus f(z) — S(z) is an entire function. 

If degree P > degree Q , long division gives us 

P(z)IQ(z) = R(z) + P*(z)IQ(z), 

where R is a polynomial of degree = degree P — degree Q , and the remaining 
rational function P*/Q% has degreeP* < degreeQ. Clearly, limP*/Q = 0; 

Z—► 00 

furthermore, PfQ and P*/Q have the same poles and the same principal part 
p k (z) at each pole, since they differ by a polynomial (analytic function) near 
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each singularity. Thus, H = ( P*/Q) — S is an entire function such that 
lim H = lim P*/Q - lim S = 0. 

z-* oo z-* oo z~* oo 

This means that H is a bounded (why?), entire function on the plane, and by 
Liouville’s Theorem is constant, H(z) = c everywhere. Since lim H = 0, the 

l Z-+ 00 

constant is zero, so that H{z) = 0 and P*/Q = 2 Pk ( z ) f° r all z; thus, 

P(z) 1 

( 42 ) T7 i = R(z)+lP k (z) = R(z) + (sum of principal parts of P/Q) 

Q(z) k =i 

for all z. If degree P < degree Q to begin with, the preliminary long division 
is unnecessary, and in this special case P/Q is identical to the sum of its principal 
parts, 

P(z) 1 

(43) —— = 2 Pk( z ) if degree P < degree Q. 

Q(z) fc =i 

These formulas are known as the partial fractions decomposition of/ = 
P/Q. They express f as the sum of its principal parts, plus a polynomial. 

This decomposition can be extremely useful because the distinct poles have 
been sorted out and are represented by separate terms in the sum, instead of 
being lumped together as they are in an expression of the form P/Q. Calcu¬ 
lating the coefficients in a partial fractions decomposition amounts to calcu¬ 
lating the principal parts. However, once we know that a partial fractions 
decomposition exists, we may write the principal parts of f in the form (41), 
with undetermined coefficients; then we can calculate these coefficients by 
straightforward linear algebra, as shown in the following examples. 

Example 6.21 Let f(z) = (z 4 + l)/(z* — 1). By long division, 


z 4 + 1 

z 4 - 1 


= 1 + 



= 1 + 


p*(t) 

Q( z ) ' 


Now Q(z) = z 4 — 1 has roots, each of multiplicity one, which are = 1, 
£ 2 = -| -i y £ 3 = —1, and £ 4 = — i, so that P*/Q can be expressed in the form 


—-— =-+-+-+-• 

z 4 — 1 z — 1 z — i z + 1 z + i 

Multiplying both sides by z 4 — 1 we get the identity 

2 = A(z* + l)(z + 1) + B(z ^ - l)(z + i) + C(z* + l)(z - 1) 

+ Z)(z*- l)(z - i) 

= (A + B + C + D)z 3 + (A + iB -C - iD)z 2 + (A - B + C - D)z 

+ {A — iB — C — iD) 
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for all z. Comparing coefficients of powers of z on each side, we see that 


A t'Z? — C — iD — 0 
A-B+C-D =0 
A-iB-C — iD = 2 


A = 1 
B = i 


D = -i 


so that 


4+* = i+——h ——+——+—— 
z 4 — 1 z — 1 z — i z —|— 1 z + i 


Using this decomposition, it is quite easy to calculate the residues of f\ 

Res (/, 1) = 1, Res (/, +z) = i, Res (/, —1) = —1, Res(/, —i) = — i. 

Furthermore, it is also easy to obtain the residues of products, such as (tan £)• 
f(z). For example, if y is a small circular contour about +z, we get 

„ /z 4 + 1 , If , , 1 f tan z j 

Res (-. tan z, + 1 1 =- tan z dz -\ -- dz 

\z 4 - 1 / 2 7 ri J y 2m J y z - 1 

+ ^f^z + ... + ^.f^z 

27 Tl Jy Z — l ZTTl Jy Z + l 


= 0 + 1 • 0 + * * tan(i) — 1 • 0 — i • 0 
= i tan(z') = — tanh(+l), 

since (tan z)j(z — i ) is the only integrand that is singular at +z. 

Example 6.22 Partial fraction decompositions can be used to determine 
the form of antiderivatives of a rational function f(z). In fact, the method of 
partial fractions is widely used in calculus, although most calculus texts 
judiciously avoid the question of proving the validity of partial fractions expan¬ 
sions (which is difficult unless one applies complex variable methods). Con¬ 
sider the decomposition 

r,\ _ 2z 2 — z _ 2z 2 — z 

(z + l)(z 2 — 2z + 1) (z + 1) (z — l) 2 


Its antiderivative is given by 


z + 1 z — 1 (z — l) 2 


F(z) = f /(*) dz = f-J- dz + dz + P—!— dz 

Jo Jo z + 1 Jo z — 1 Jo (z — l) 2 


Jo z + 1 Jo z — 1 Jo (z — l) 2 
= log(z + 1) + log(z - 1) - ^ -+ 


= log(z 2 - 1) 
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here (• • •) dz indicates integration along any contour from 0 to z, and c is an 
arbitrary complex constant. On any domain which admits analytic determina¬ 
tions of the logarithms involved, F(z) is an antiderivative of f(z). For example, 
on a simply connected domain that avoids +1 and —1, there are analytic 
determinations of log(z + 1) and log(z — 1), and log(z + 1) -f log(z — 1) is 
an analytic determination of log(z 2 — 1). An antiderivative defined on most of 
the plane can be defined by introducing suitable cuts originating at -f 1 and — 1. 

The theory of partial fractions can be developed further in many ways. If 

f(z) is a general meromorphic function that is npt necessarily rational, such as 

00 

f(z) = tan z, we might inquire whether the sum ^ A( 2 ) °f the principal parts 

k =1 

at the poles £ v £ 25 • • • converges and represents f{z). If there are infinitely many 

00 

poles, the convergence of S(z) — ^ A( 2 ) can present non-trivial difficulties. 

fc=i 

We shall give two examples, suppressing most computational details. 

i 

Example 6.23 Suppose/(z) has finitely many poles. Then/(z) — Pk( z ) 

is an entire function (Exercise 5). The representation k=1 

f(z) = (entire function) + (sum of principal parts) 

is about the best we can expect; however, in many applications, such as calcu¬ 
lating residues, the nature of the entire function is irrelevant. 

Example 6.24 The function/(z) = ctn z has simple poles at £ n = nn + iO 
for n = 0, ±1, ±2, . . . . The residues are all the same, due to periodicity, 


Res(ctn z, £ n ) = 


cos z 

1 

— (sin z) 
_dz 

N 

II 

1_ 


— + 1 > 


and the sum of all the principal parts is 


+ °° II 1 oo o 1 00 9r 

(44) S(z) = 2 = + - + 2 = + - + 2 


n~oo (z — £ n ) Z n=\ Z 2 — £ n 2 Z ntTl z 2 — 7 T*n 2 


Using residue techniques, it is not difficult to show that the series S(z) converges 
(to an analytic function) on the domain E = {z:z ^ mr, n an integer}, and 
that 


(45) 


1 00 9 r 

ctn z = + “ + 2 --for z in E. 


_ 2 2 2 

Z n =1 Z — 7 T n 


This representation of ctn z as the sum of its principal parts at the poles £ n can be 
generalized to other meromorphic functions (for some functions a suitable 
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entire function must be added to the sum of principal parts). For these develop¬ 
ments we refer the reader to Hille [9], Sections 8.5 and 9.3, or Nevanlinna and 
Paatero [18], Section 10.6 and Chapter 13. For details on the particular 
formula (45), see Exercise 7. 

EXERCISES 


1. If P/Q has only poles £ x , . . . , £ n of order /, prove that the co¬ 
efficients in the partial fractions decomposition 


P(z) _ ._L dn 

Q(z) (z - Q (z - U 

are exactly the residues, A k = Res (P/Q, £ fc ). This observation is some¬ 
times very useful in calculating decompositions. 


2. Give partial fractions decompositions for 


(i) 

z + 1 

z — 1 

(iv) 

(ii) 

1 

(v) 

z 2 - 1 

(iii) 

z 4 


z 3 - 1 



_ 1 _ 

z(z* + 2z+ l)(z + 2) 3 

z 4 + 1 

z 2 - r 


3. Give the Laurent series expansion of/(z) = l/(z — l)(z — 3) 
on E 1 = {z: |z| < 1). Do the same for E 2 = {z: |z| > 3). 

Hint: Write f in partial fractions; then calculate Laurent series for 
l/(z — 1) and l/(z — 3) (geometric series). 

Answer: See Exercise 5, Section 6.5. 


4• Determine the Laurent series expansion of z 6 /( 1 — z) 3 about 
z = +1- What is the principal part? 

Answer: The series is finite. 

5. Suppose f(z) is meromorphic, with a finite number of poles 
£ l5 . . . , £ n . Let p k (z ) be the principal part of the Laurent series about 

n 

Show that /(z) — p k (z ) has only removable singularities in the 

k =1 

plane, and hence is an entire function. (There is no need to assume that f 
is a rational function.) 

6 . Using partial fractions, calculate the Laurent series 


/(*) 


1 

z (z — l)(z — 2) 


oo 

- 2 a n z' 


n=—oo 
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for the respective domains (i) 0 < |z| < 1, (ii) 1 < |z| < 2, and (iii) 
2 < |z| < + oo. How would you evaluate the coefficients {tf n } for these 
domains from formula (36) without using partial fractions? Try it. 

Answers: (i) a n = 0 if n < — l, a_^ = $, = (l - if n > 0, 

for 0 < |z| < 1; (ii) a n = 1 if n < —2, a n = l/2 n + 2 if n > — 1 for 
1 < |z| < 2; (iii) a n = l/2 n + 2 if n < —2, a n = 0 if n ^ — 1 for 2 < 

Iz| < +00. 

7. For £ in the domain E = {z: z ^ nn, n = 0, +1, +2, . . .} 
estimate the integrals 

^ = + f —large N = 1,2,... 

27 Tl Jy N Z — £ 

along the rectangular contour y N with vertices at ±(Ntt + (tt/ 2)) + iN; 
prove that lim S N = 0. By keeping track of residues, prove that 

iV—*00 

ctn £ = + ~ + 2 ~ — i ~ 2 for all l, in E. 

£ n =1 £ — 77 + 


i/iw/: Write 


ctn z 
2 - £ 


ctn(z) 


ri i ii 

- 1 - z 

L z z z — £J 


ctn z £ 

z + z(z - 0 


ctn z. 


The integral of the first term is zero for N = 1, 2, . . . ; the residue at 
z = 0 is zero, and the residues at +7 tA:, —irk cancel (direct calculations). 
Meanwhile, for large N, we have |ctn(z)| <2 on the trajectory of y N 
(direct calculations, or use ideas from Exercise 3, Section 6.7); thus, the 
integral of the second term approaches zero as N —> oo because the 
integrand is bounded by K/N 2 on y N . 


8. In Exercise 7 


1 r „ *1 


has a removable singularity at 


£ = 0 whose value may be determined from low order terms of the Laurent 

00 

series of ctn £ at £ = 0. Use this observation to verify that \jn 2 = 7r 2 /6. 

n =1 


9. A function f (z) that is defined “near infinity” (that is, for all 
large values of |z|), is said to have a pole at infinity if the function g(z) = 
/(1/z) has a pole at z = 0. Similar terminology applies to removable 
singularities, or essential singularities at infinity. Suppose that 
f (z) is meromorphic with a finite number of poles £ l5 . . . , £ m in the plane. 
Assume that £ 0 = oo is also a pole or removable singularity (so that f 
is meromorphic on C*). Prove that f must be a rational function of z. 
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Note: Conversely, it is obvious that every rational function is 
meromorphic on C*. 

Hint: Subtract off the principal parts at . . . , £ m and show (from 

00 

the condition at £ 0 = oo) that/(z) — 2A( Z ) ^ as polynomial growth at 

k =1 

oo. Apply Exercise 5 of Section 5.13. 

10. If f(z) is analytic at infinity (that is, for R 0 <M < + oo), the 
nature of the singularity at infinity is classified as in Exercise 9. If y R {t) = 
Re il (0 < t < 2i r), the integrals along y R are the same for all large 
R > 0; explain why this is so as a consequence of the general Cauchy 
Theorem. Thus, we define the residue at infinity to be 

Res(/, oo) = =1. f f(z) dz (all large R). 

2tTI Jy R 

Classify the singularity at oo, and calculate Res(/, oo), for 


(i) e* (v) z + - + — 

Z Z 

(ii) e Vz (vi) 1/(1 + z 2 ) 

(iii) + 1 (vii) — ** — * • 

z{z - l) 2 

(iv) z/( 2 « + 1) 


Hint: Use series expansions (positive or negative powers of z) where 
appropriate, keeping in mind Theorems 5.9 and 5.10. Sometimes Section 
5.4 will be helpful. 

Answers: (i) ess. sing.; Res = 0; (ii) rem. sing.; Res = — 1; (iii) 
pole, order m — 6; Res = 0; (iv) zero, order m = 5; Res = 0; (v) pole, 
order m — 1; Res = — 1; (vi) removable sing, /lim f — +1\ ; Res = 
0; (vii) ess. sing.; Res = —e. J 


11. There is a unique determination of f(z)=\J 1 — z 2 that is 
analytic on E = C~[—1, +1]? with limit value + V1 — x 2 on the top 
edge of the cut (Exercise 23, Section 4.10). Show that/has a pole of order 
m = 1 at infinity. Then calculate 


Res(/, oo) = lim —- | /(z) dz — —i. 

R-> oo 2iri Jy R 

Hints: Transform/(z) and the contour z = y R {t) via z = Ijw (so 
that w = 1/z). Then h{w) = f(l/w) is analytic for 0 < \w\ < 1, and the 
transformed contours w = r] R (t) = l/y R {t) approach w = 0 as R —► oo. 
Let £ 1/2 = (re t0 ) 112 = r ll2 e tdl 2 , for 0 < 6 < 27r, so the discontinuity is 
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along [0, +oo); then +(w 2 — 1) 1/2 and — (w 2 — 1) 1/2 are both analytic 
for \w\ < 1. From the definition of/, show that h(w) and — (w 2 — 1 ) 1/2 /w 
agree for w = iy (y > 0); by analytic continuation, they agree for 

dz 

0 < \w\ < 1. Now the limit of the integrals j y ^ f (z) dz = h{w) — dw = 
—h(w)/w 2 dw can be calculated in a routine way. w 

12. Using a contour like the one in Figure 6.8, calculate 



vr 


i + * 2 


dx = 77(^2 - 1). 


The integral along |z| = R does not go to zero as R —> + oo; you must cal¬ 
culate its value (a residue at infinity) using ideas developed in Exercise 
11. (Compare with Exercise 17, Section 6.4; in those more elemen¬ 
tary problems, the integrals along |z| = R went to zero, and did not 
require detailed consideration.) 


*6.7 LOGARITHMIC RESIDUES; COUNTING ZEROS INSIDE 
A CONTOUR 

If /(z) is analytic on some domain D in which its only singularities are 
poles, we are frequently interested in locating its zeros and poles. Even when 
/(z) is a polynomial, the task of locating its zeros often cannot be carried out 
exactly; determining their location to some prescribed degree of accuracy then 
becomes a problem of great practical importance. To deal with problems like 
this we introduce a residue-like contour which counts the number of zeros and 
poles enclosed by the contour. 

The quotient f'(z)/f(z) is defined and analytic on the domain Z), except 
where /(z) has a pole or zero. This quotient is called the logarithmic deriv¬ 
ative of/(z), because whenever it is possible to define a single valued deter¬ 
mination of log(/(z)) on D, the derivative of this function is f'(z)/f(z). 
However, this quotient makes sense whether or not it is possible to define a 
logarithm of/(z) on D. Our main result is the following theorem. 

Theorem 6.7 Let f(z) be analytic on the domain D , except at a finite number of poles 
/>i, . . . , p m in D. Let y be a positively oriented simple closed contour which , together with 
its set E int (y) of interior points , lies within D. Assume that the trajectory of y avoids the 
zeros and poles off(z). Then , iff(z) is not identically zero , we have 


( 46 ) 


_L f /'(*) 

2m Jyf{z) 


dz = 


Z, - P f , 


where P f is the number of poles and Z f the number of zeros enclosed by y (each pole and 
zero is counted as many times as its order). 
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Figure 6.10 E ini {y) is shaded, y is a simple closed contour, and F u Fint(y) lies within D. 

Proof: Unless f(z) is identically zero on D, there can be only a finite 
number of zeros enclosed by y , so that Z f is well defined. 

Otherwise, there would be infinitely many distinct zeros of/ in the closed 
bounded set E consisting of and the trajectory T which is its 

boundary. These zeros cannot approach a pole of/ since lim / = oo at a 
pole. z ~* v 

Given any closed bounded set in the plane, and any infinite set of points 
in this set, one can extract a sequence of these points that converges to a 
point within the set. This result for plane sets (which will not be proved 
here) is the Bolzano-Weierstrass Theorem. Applying it to E, we get a 
sequence {z n } of zeros of/(z) that converges to a point z* in E. 

Since the z n cannot approach a pole,/must be analytic at z*; by the 
analytic continuation principle (Theorem 3.19), we would then have 
/(z) =0 near z*, and throughout D. Thus, we conclude that y can 
enclose only a finite number of zeros. 

Let p l9 . . . , p m be the poles and q v . . . , q n the zeros enclosed by y . Form small 
counterclockwise oriented circular contours y' Xi . . . , y' m ; y*, . . . , y" centered 
at these points, as in Figure 6.10. If their radii are chosen sufficiently small, the 
discs bounded by these contours will lie within the set E int (y) of points enclosed 
by y and the cycles y and <f> = y[ + • • • + y m + y[ + • • • -f y" will have 
the same winding properties with respect to all points in the complement of D 
(where the index is zero) and at the points p l9 . . . ,p m ; ft, . . . , q n (where the 
index is +1). Contour integrals along y and </> will then have the same value 
for any integrand which is analytic on the domain D* = D ~ {p v . . . , p m ; 
ft, ... , q n } obtained by deleting the points {/J and {q k } from D. Applying this 
to f'(z)/f(z) y we see that 


JL UM 

2 77 i Jy f(z) 
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At a typical zero z = q, say of order N, we have 


n *) _ [%(£ - g )^- 1 + • • •] 

/(z) [ flAr (z — H-] 



+ + c i( z ~ q) + • * * 


for z q, s o that Res^—y, = N = order of q as a zero of /(z). Like¬ 

wise if z = p is one of the poles, with order N , we have 


/'(*) 

/w 


— Na_ N 

—^— _i_... 

L(* - />)" J 


— iV 

2 - p 


+ H~ ^i( z — /0 + *' * 


//'(z) ' 

for z and Resl ■ -- - , p 
viously, 


= — N= ( — 1) • (order of p as a pole). 


Ob- 


as desired. | 


_L [fV) 

277 i Jyf(z) 


dz = Z f — P f 


Formula (46) is interesting in that it allows us to count zeros and poles 
enclosed by a contour without actually locating them. However, the integral 
on the left side may be quite difficult to compute as it stands. What is remark¬ 
able is that this integral has another simple interpretation. The mapping 
w = f(z) transforms y (defined on some interval [a, b ]) into an entirely new 
contour r\ =f o y defined by r](t) =f(y(t)) for a < t < b. The transformation 
of y into r\ is illustrated in Figure 6.11. The image contour rj will be closed, 
but might not be simple any longer; also, it avoids the point w = 0 since we 
assume that f(z) is never zero on the trajectory of y. 

Notice that the integral in (46) is precisely the winding number of the 



z — plane w — plane 

Figure 6.11 The transformation of the contour y to the new contour rj =foy by the 
mapping w = /(z). 
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transformed contour r\ with respect to the origin w = 0. This is seen by straight¬ 
forward computations: 


[£M iz= ['am.?y < u 

Jyf(z) Ja f( V (t)) dt 


/(y(0) 

= f—— ^ (y(0) — dt 

J«/(y(0) dt 


1 


T (foy)(t)dt 


l/(y(0) <* 

Jix Jrj W — 0 

= 27ri • /(/o y, 0); 


recall that </?;/<// = • (dy/dt). This winding number measures the angle 

increment A /oy [arg w] as w = f{y(t)) moves along the trajectory of rj =f° y. 
This is precisely the increment A y [arg/(z)] in arg(z) as z = y(t) moves along 
the original contour y. Thus we have an important relation between these 
angle increments and the count of zeros and poles enclosed by y: 


(47) Z f - P f = ^~ A [arg w] = A [arg f(z)]. 

Itt Itt 

This formula is known as the principle of the argument. Although formula 
(47) can sometimes be used to evaluate contour integrals, as illustrated below, 
this application is not the most important one we have in mind. 


Example 6.25 We may evaluate the integral J* 2 ^ ^ dz along the 

counterclockwise oriented circle |z| = 2 by calculating residues at the singular 
points z = +z, —i. But we can also use formula (47); the integrand has the 
/'(z) . 

form if we take/(z) = z 2 + 1, and /(z) has zeros at z = +i, —i so that 




irtr'-U 


2z 

y z 2 + 1 


dz = in • Z f = 2ni. 


The principle of the argument can be used to estimate the positions of the 
zeros of a polynomial, or other analytic function, and to determine a number of 
qualitative results about the behavior of a polynomial P(z) = «*** + ••• + 
a x z + a 0 as we perturb its coefficients. Our main tool is the following result, 
derived from the principle of the argument. 


Theorem 6.8 (Rouche's Theorem) Let y be a positively oriented simple closed 
contour in the plane and assume that /(z) and g(z) are analytic on the trajectory T and the 
set of points enclosed by y. Suppose that f is never zero on F and that \f(z)\ > \g(z) \ at 
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all points on the trajectory I\ Then the functions /(z) and h(z) = f(z) + g(z) have 
the same number of zeros enclosed by y (counting each according to its multiplicity). 


Thus, if /“dominates” g on the boundary T, we may “perturb” / by 
adding on g without changing the number of zeros lying interior to y; however, 
it is very likely that we will change the actual location of these zeros within y 
by adding on g. 


Proof: Let and Z h be the number of zeros of/ (z) and h(z) enclosed by 
y . According to the principle of the argumept, these are given by angle 
increments 


z,= 




— AJarg h{z)} = — f EM dz, 
2-rr yl 2t7 i J y h{z) 


since there are no poles. Thus, 


( 48 ) 



dz = ±[fMA 
2m J v f 2 +fg 


dz. 


Since |/(z)| > \g(z)\ and /(z) / 0 for z on the trajectory T, h(z) = 
/(z) + g(z) must also be nonzero on T, because |/(z) + g{z)\ ^ |/(z)| — 
|£(z)| > 0. Thus, for any z on T, 


f(z) -g(z) =f(z) • [l -J^ =f(z) ■ F(z), 

and the estimate |^(z)//(z)| < 1 on T implies that w = F(z) = 1 — g{z)[f(z) 
lies in the disc \w — 1| < 1 centered at w = +1. Now apply Theorem 6.7 to 
F(z). By the principle of the argument, 


( 49 ) 


_L [EM 

27 ri J y F(z) 


dz = index of w = 0 with respect to the 
transformed contour r\ = F • y. 


The values w = rj(t) = F(y(t)) all lie in the simply connected domain D = {w: 

| w — 1| < 1}, and w = 0 lies outside of D. Any closed contour in £), such as 
rj = F o y, is homologous to zero within D , so that I(F o y, 0) = 0. On the 
other hand, direct calculations show that F'/F = {f'g —fg')/(f 2 +/?)> so that 


Z f -Z h = — (* ——— dz = — f dz __ l(Fo y, 0) = 0. I 
r 2 mJ y f 2 +fg 2mJyF(z) 

We will now illustrate the applications of Rouche’s theorem (and, indi¬ 
rectly, the principle of the argument). 
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Example 6.26 (Locating zeros of a polynomial) Consider the cubic 
polynomial P(z) = z 3 + z + 1. Since |z 3 | > \z\ + 1 > |z + 1| if |z| > j, 
we conclude that the functions 

/(z) = z 3 and h(z) = /(z) + g(z) = z 3 + z + 1 (where g(z) = z + 1) 

have the same number of zeros inside the circle |z| = ^. In particular, all 
three roots of P(z) must lie within this circle, since/(z) has a zero of order three 
at the origin. On the other hand, notice that |z + 1| > 1 — |z| > |z| 3 for all 
z such that 0 < M < § ; that is,/(z) = z + 1 dominates g(z) = z 3 on the 
circle |z| = §. Thus f(z) = z + 1 and P(z) both have no zeros at all inside 
this circle. 

Taken together, these observations show that all roots of P(z) lie in the 
annulus § < |z| < f. Further estimates can be made by trial and error, or by 
numerical analysis. Since the coefficients of P(z) are all real, one of the roots 
(say z x ) must be real, and the other two must be complex conjugates of one 
another, z 2 = z 3 (recall Exercise 2, Section 5.14). 

Example 6.27 (A transcendental equation) Let A > 0 be a real param¬ 
eter. The roots of the equation h(z) = tan z — Az = 0 are important in 
certain problems related to heat propagation. Since h( — z) = — A(z), the 
roots are located symmetrically with respect to the origin; furthermore, it is 
not difficult to locate the real roots by graphical methods. If we plot the graphs 
of tan x and Xx (for real variable) as in Figure 6.12, the roots will correspond to 
the values of x for the points where the graphs intersect. In the interval 
( —7 t/2, +7t/ 2) there are three roots when 1 < A < + oo, and one root when 
0 < A < 1. Whatever the value of A, we get one positive root in each of the 


V 



Figure 6.12 Graphical solution for the real roots of the equation tan x — kx = 0, shown 
for 0 < A < 1 and for 1 < A < + oo. 
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intervals ( mr , tin + (n/2 )), and one negative root in each of the intervals 
(—mr — (tt/2), — mr) for n = 1,2 ,.... 

In locating the complex roots, we face a difficult task if we attempt brute 
force calculation. Fortunately, we can simplify the task by using Rouche’s 
theorem. Let us write out the real and imaginary parts of tan z: 


( 50 ) 


tan(* + iy) 


1 l e iz - e~ iz \ _ l e 2iz - 1 \ 
i \e iz + e~ iz ) ~ ~\e 2iz + \) 

(2 sin 2x) + i(e 2v - e~ 2y t ) 
e~ 2v + 2 cos 2x + e 2v 




sin 2x 


■ + i - 

Lc 


sinh 2 y 


cosh 2x -f- cos 2x J Lcosh 2 y + cos 2* 


Now consider the magnitude of |tan z| for z on the boundary of the square 
with vertices at ±Ntt ± iNn ; using formula (50) it is not hard to show that 
|tan z| < 2 on the boundary of S N for all large N (we leave the details as 
Exercise 3). On the other hand, if/(z) = —Az, then |/(z)| = A |z| > AN on 
the boundary of S N , because S N includes the disc |z| < N. So, for all sufficiently 
large N we have (i) AN > 2, and (ii) |tan z| < 2 on the boundary of S N , so that 


|/(z)| > > 2 > |tan z| for all z in bdry(S iV ). 

Thus h(z) = tan z — Az is a small perturbation of /(z) on the boundary of 
S N and these functions have the same number of poles and zeros within s n> b y 
Rouche’s theorem: 


Z h -P h = Z f -P f = 1-0 = 1. 

But h(z) has poles only at the poles of tan z, that is, at the points z k = (7t/2) + 
7 rk; there are 2JVsuch poles within s N i therefore, Z h = 2N + 1. 

When 1 < A < +oo, there are 2 N + 1 real roots of h(z ), three in the 
interval (— 7t/2, + 77 / 2 ), within S N , so there are no other roots in this domain. 
Since this is true for all large N, we see that the real roots are the only ones in 
this case. When 0 < A < 1, there are only 2iV — 1 real roots within S N , so 
there must be two extra complex roots in this square. Since this is true for all 
large N , the transcendental equation has just two complex roots in addition to 
the infinite number of real roots. 

The location of the extra roots, when 0 < A < 1, can be determined by 
examining the behavior of h(z) along the imaginary axis. If z = 0 + iy (y 
real), we get tan (iy) = i tanh y. A comparison of the graphs of the functions of 
real variable^, 

tanh y and Ay, 

indicates that there are two imaginary roots, which can be located by graphical 
or numerical methods, when 0 < A < 1. When A = 1, tan z — z has a zero 
of third order at the origin; since zeros are counted according to their orders, 
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this accounts for the three zeros. Rouche’s theorem does not guarantee that the 
zeros will be distinct , unless they are of order one. 


EXERCISES 

1. By comparing /(z) = a n z n with h(z ) = f{z) + (fl n _ 1 z n “ 1 + * * * 
+ a 0 ) on circles |z| = R of large radius, prove the Fundamental Theorem 
of Algebra using Rouche’s Theorem. 

2. Suppose /(z) is holomorphic on the trajectory of y and on E int (y), 
in Theorem 6.7. What is the significance of the integrals 



(a a fixed complex number) ? 


and 


(ii) 


_l r /'(*) 

2ni Jyf(z) — a 


3. On the boundary of the square determined by ±Nn ±iNn show 
that |tan z| < 2 for all large N = 1,2,.... On the vertical segment 
Re(z) = 0 this is obvious; it follows for Re(z) = ± Ntt by periodicity. 
On horizontal segments use formula (50). 


4. If A > 1 show that f(z) = z + e~ z takes the value A at exactly 
one point in the right half plane; then decide whether the solution is real. 
Are there any solutions on the boundary line Re(z) =0? 

Hint: Consider semicircles of radius R > 0. 



7 HARMONIC 
FUNCTIONS AND 
BOUNDARY VALUE 
PROBLEMS 


A harmonic function of two real variables H(x,y) is any solution of 
Laplace’s equation 

(1) v 2 // = ^f+^= 0 . 

w dx 2 df 

To avoid getting ourselves embroiled in technical questions about just how 
much differentiability is required of H , we will always include the following 
requirement as part of the definition of a harmonic function. 

(2) H is continuous and has continuous first and second partial derivatives. 


There is a similar definition of harmonic functions of several real variables 
H(x l9 . . . , x n ), except that Laplace’s equation takes the higher dimensional 
form 


dx j 2 


+ q,o. 

5«‘ 


Laplace’s equation, and the harmonic functions that appear as its solutions, 
play a central role in an astonishing number of physical problems. In Chapter 8 
we will show how this equation enters into problems concerning electromagnetic 
fields, fluid flow, and heat conduction. In two dimensional situations^ complex 
variable methods can be used to great advantage in solving these problems. 
This possibility arises because harmonic functions H(x,y) are intimately 
associated with analytic functions of the complex variable z = x + iy\ we 

417 
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have already indicated some of these associations in Chapter 2, and will explore 
others in the present chapter. 

A word of caution is in order concerning the use of complex variable 
methods in studying physical problems. Many physical problems are intrin¬ 
sically three dimensional; but harmonic functions of many variables are not 
related in any simple way to analytic functions of one complex variable, so the 
methods of complex analysis can not be applied directly to these higher dimen¬ 
sional problems. If we wish to find exact solutions to an intrinsically three 
dimensional problem, we would have to develop completely different methods 
to solve it, if it can be solved at all in closed form. Problems of this kind are 
one of the main topics in the theory of partial differential equations, and will 
not be pursued here. In spite of this warning, two dimensional models of 
physical situations (and the complex variable techniques which are so helpful in 
understanding them) have played, and continue to play, an important role in 
the development of the physical sciences. There are two reasons for this. 
First, many three dimensional problems have a sufficient degree of symmetry 
that we may consider them as essentially two dimensional problems. For 
example, in determining the electromagnetic field surrounding a long conductor 
or the flow of air around a wing whose length is large in comparison to its cross 
section, we are faced with essentially two dimensional problems. Second, there 
are many realistic problems which are so difficult to solve that there is little 
hope of working out an exact solution. Sometimes there is an instructive two 
dimensional analog of the real problem, and by solving this two dimensional 
problem we can get useful insights into what may be expected in the full scale 
problem. 


7.1 BOUNDARY VALUE PROBLEMS FOR LAPLACE'S 
EQUATION 

We will consider the problem of finding solutions of Laplace’s equation in 
various domains in the plane. For our purposes it will be sufficient to restrict 
our attention to domains that have a reasonably smooth boundary, one which 
is made up of smooth or piecewise smooth curves. Once a domain D has been 
specified, there will be many different functions that are harmonic throughout 
D. In the problems that arise from physics, we want to find a function H(x,y) 
that satisfies Laplace’s equation within D , but we also want H(x,y) to behave in 
a particular way as we approach the boundary of the domain. In physical 
problems, the boundary behavior we may expect is known from the start; by 
insisting that H(x,y) be harmonic in D and have the desired boundary behav¬ 
ior, we place a sufficient number of restraints on the solution that there is 
essentially only one harmonic function defined on D that satisfies these condi¬ 
tions. 

Problems of this kind are called boundary value problems, and may be 
posed for partial differential equations other than Laplace’s equation. We will 
consider Laplace’s equation together with two basic types of boundary con¬ 
ditions; these lead to the Dirichlet problem and the Neumann problem 
for harmonic functions. 
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Any function H{x,y) of two real variables may be regarded as a function 
of the complex variable z = x + iy y and we will find it convenient to use these 
two points of view interchangeably, without further comment. Let D be a 
domain whose boundary T = bdry(Z)) is made up of piecewise smooth con¬ 
tours; that is, we assume that we can introduce parametrizations so that 
bdry(D) becomes the trajectory of finitely many contours. (For a multiply 
connected domain, such as the annulus 1 < M < 2, the boundary may consist 
of more than one contour.) Let h(z) be a continuous real valued function that is 
defined on the boundary set I\ 

The Dirichlet Problem . We want to find a function H(z) = H(x,y) that is defined 
and continuous throughout the closure D = D Ubdry(Z)) of our domain , and is harmonic 
within D , and satisfies the boundary condition , 


H{z 0 ) = h(z 0 ) for all points z 0 on bdry (D). 

In other words, we ask that the values of H(z) within D match up with the 
prescribed values h(z) on the boundary. 

There is a complementary family of problems in which we specify the 
values of the inward normal derivative dHjdn , the directional derivative of H 
along the unit vector n that is perpendicular to the boundary and directed into 
the domain, rather than the values of H{z) on the boundary. The normal 
derivative dHjdn may be computed at a boundary point p in the following way. 
We first compute the gradient of //, a vector attached to p that is defined by 


V# = grad H = ~z~{p) i + j> 

ox oy 

here i and j are the unit vectors in the x and y directions, respectively (we will 
always use boldface type to indicate vectors). Then we take a unit vector 
n = + n 2 j that is perpendicular to the boundary at p and is directed into 

the domain D , and form the usual inner product (or dot product) of the vectors 
VH and n. This gives us the inward normal derivative at p , 


dH dH , dH ( . 

— = V// • n = n 1 — (p) + « 2 — (p). 
on ox oy 


Recall that the inner product a • b of a pair of vectors attached to the same 
point in the plane is a scalar; if a = a x i + a 2 j and b = b x i + b 2 j, then a • b = 
a x b x + a 2 b 2 . The length ||a|| of a vector a = + a 2 j is given by ||a|| = 

yja\ + a\ = %/**•»• I n terms of the lengths ||a|| and ||b||, the inner product 
a • b takes the form 

a • b = ||a|| • ||b|| cos (9, 


where 6 is the angle between the vectors a and b. Thus, dHjdn = VH • n 
measures the component of VH in the direction of the inward normal vector n 
associated with the boundary point p , as shown in Figure 7.1. In particular, if 
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Figure 7.1 dH/dn^VH-n is given 
by projecting VH orthogonally onto the ray 
determined by the unit normal vector n. If 
6 = ±tt/ 2, then dHjdn = 0. 


dH/dn = 0 at />, then VH is tangent to the boundary curve at />, since cos 0 = 0 
if and only if VH is perpendicular to the normal vector n. 

The Neumann Problem . We want to find a function H{z) = H(x,y) that is 
continuous on the closure D = D U bdry (D) and harmonic on D , and satisfies the 
boundary condition 



h(z Q ) for every boundary point z 0 . 


Obviously , H + a (a a real constant) solves the problem if H is a solution , so that 
solutions of the Neumann problem are undetermined up to an added constant . 

The reader should understand that many other types of boundary con¬ 
ditions arise in practice, but these should be treated as part of a general dis¬ 
cussion of partial differential equations. We will show how to solve the 
Dirichlet and Neumann problems for simple domains, such as the unit disc 
D = {z:\z\ < 1} and the upper half plane D = {z:Im(z) > 0}; the Dir¬ 
ichlet and Neumann problems for more intricate domains can often be 
reduced to corresponding problems for these simple domains by using the 
conformal mapping principle, which will be explained in Section 7.5. 

We conclude these introductory remarks by indicating a few variants of 
the Dirichlet and Neumann problems that will be allowed in our discussion. 
Boundary values h(z) that are bounded and have a finite number of dis¬ 
continuities are commonly encountered in physical problems. It makes no 
sense to specify Neumann or Dirichlet boundary conditions at boundary points 
where h(z) is discontinuous. Thus, it is customary to exclude these points when 
we discuss boundary conditions of this kind. However, if we leave the boundary 
behavior completely unspecified at one or more boundary points, this allows 
new families of solutions of the boundary value problem to exist, as is shown by 
the next example. In order to exclude the appearance of these extraneous 
solutions, we must impose some condition on the behavior of H(z) near these 
points; most commonly, one requires that the solution H(z) be bounded as z 
approaches (from within D) a boundary point where the value was not 
specified. 
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Example 7.1 Consider the disc D = {z:\z\ < 1} and try to solve the 
boundary value problem 

H(z) harmonic within D 

H(z) = 0 for all boundary points \z\ = 1, 

except that the boundary behavior is left unspecified at the single boundary 
point z = 1 + i’O.. The function H x (z) = 0 on the closed disc D is evidently 
one solution to this problem. On the other hand, consider 

H 2 (z) = Re(j3j) = (defined for 2 * 1). 

This function is evidently harmonic, being the real part of an analytic function, 
and if z is any point on the boundary circle with z ^ 1 + *0, then H(z) = 
0/|z — 11 2 = 0. However, H 2 (z) is clearly non-vanishing within the disc D, 
and, as a matter of fact, \H 2 {z)\ -> -f oo as z —► 1 + z’0 along any ray that is 
not tangential to the circle. Both harmonic functions H 1 and H 2 appear to 
satisfy the boundary conditions we have posed, since the behavior at z = 1 + z’O 
was left completely unspecified. If we now impose the additional boundedness 
condition 


\H(z)\ is bounded as z —► 1 + z'O from within D , 

the extra solution H 2 is excluded. Actually, it can be shown that H 1 is the only 
solution which satisfies the full set of boundary conditions, although we will 
not try to prove this here. 

We will also allow the domain in our problem to be unbounded if this is 
required by the application we have in mind. Sometimes, with an unbounded 
domain, we must impose an additional condition specifying the behavior of the 
solution H(z) “at infinity” (actually, as |z| —► + oo, with z in D ), in order to 
completely determine the solution. In the next example the domain is un¬ 
bounded, and the boundary values are also discontinuous. 

Example 7.2 Let D be the upper half plane (defined by Im(z) > 0), and 
impose the boundary conditions 

H(x + z’O) = +1 for x < 0 

H(x + z’O) =0 for x > 0 

H{z) is bounded as z —► 0 from within D 

H(z) is bounded as z -> oo from within D. 

In this example we can almost guess the solution. The analytic function 
Log(z) is well defined on Z), and its imaginary part Arg(z) is harmonic. Now 
Arg(z) is constant on rays extending from the origin; to get the desired behavior 
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on the two rays that make up the real axis, we need only multiply by I/ 7 r. 
H(x y y) = — Arg(* + y) = — arccos 

IT 77 

We have left the boundary value at 0 unspecified because there is a jump 
discontinuity in the boundary values h(x + z’O) when x = 0. If we had not 
imposed the boundedness condition on H(z) as z —► 0, there would be extraneous 
solutions which are unbounded as z —► 0 (see Exercise 8). The same comment 
applies to the boundedness condition “at infinity.” 

Example 7.3 ( The principle of superposition of solutions ) Since the Laplace 

operator V 2 = d 2 /dx 2 + d 2 /dy 2 is linear, it is obvious that any linear combina- 

N 

tion H = ^r k H k of harmonic functions is again harmonic; furthermore, the 
k =\i 

boundary conditions satisfied by H are given by the same linear combination of 
the boundary conditions satisfied by the individual functions H k . Now let us 
take the results of the last example and use this “principle of superposition” to 
solve much more sophisticated Dirichlet problems in the upper half plane, 
if 'p = *0 + z‘0 is a fixed point on the real axis, it is evident that 

H(z) = - Arg(z - p) 

77 

has boundary values H(x + z'0) on the real axis equal to +1 to the left of x = x 0 
and equal to zero to the right of * = x 0 . By taking the difference of two such 
functions (still a harmonic function on the upper half plane) for points p and q 
(p > q) on the real axis, we get a function 

(3) H{z)=- [Arg(z - p) - Arg(z -?)]=- Arg(^-- 

77 77 \Z — q 

whose boundary values are equal to +1 on the interval (/>, q) and are zero 
elsewhere, 

( 0 if x < q or if x > p 
+ 1 if q <x <p. 

The geometric significance of the function (3) is indicated in Figure 7.2; it is 
constant on every circular arc joining p and q. We may even take q = — 00 
or p = -f~ 00 in formula (3), if we assign the values Arg(z + 00 ) = 0 and 
Arg(z — 00 ) = +77 for all z. 

By taking finite linear combinations of these functions we can easily solve 
problems in which the boundary values h{x + zO) on the real axis are given by 
a step function with a finite number of steps; that is, a function obtained by 
dividing the real axis into a finite number of intervals 7 0 = (— 00 , p x )y . . . ? 
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Figure 7.2 In formula (3 ),H(z) may be interpreted as the angle A 6. This angle is measured 
from the segment [ q , z ] to the segment [p, z ]; thus it is positive throughout the upper half plane. 


In — (Pn> + 00 ) and defining h(x + *0) = r k (some real number) throughout 
I k . The solution is obtained by superposition of functions (3), 


(4) 


H(z) = -° Arg (z - Pl ) + I 2r k Arg Ar 

7 T TT k=l \ z fik ' 77 


z-p N )y> 


H(z) is even bounded at infinity and at the exceptional points p v . . . , p N 
where the boundary values are discontinuous. 

Notice that the values of H(z) within the upper half plane are fully deter¬ 
mined by the behavior of h(x + z'0) on the boundary, and the coordinates of 
the point z. It cannot be emphasized too strongly that the boundary conditions 
completely determine the solution of the problem. That is, if we have a fixed 
domain with smooth boundary in mind and alter the boundary conditions, we 
may end up with a radically different solution of Laplace’s equation, even 
though the domain, and the partial differential equation to be solved, remain 
the same. Here is an example which illustrates the primacy of the boundary 
conditions in determining the solution. 

Example 7.4 In the vertical half strip, shown in Figure 7.3, we consider 
various boundary conditions as indicated in the diagram. (Problem (II) has 



Figure 7.3 Level loci H = constant for the boundary value problems in Example 7.4. 



424 HARMONIC FUNCTIONS—BOUNDARY VALUE PROBLEMS 


mixed Dirichlet and Neumann boundary conditions.) In each problem we ask 
that H(z) be bounded at infinity and at the points where the boundary values 
change abruptly, or (with the Neumann condition) where the boundary has a 
corner. Problem (III) has the trivial solutions H(z) = constant , and these 
are the only solutions which satisfy the boundedness condition; the value of the 
constant is not determined by our conditions. 


There are other solutions of (III) that are sometimes of physical significance, 
even though they are unbounded at infinity. In Figure 4.27, we sketched the 
level lines of U(z) = Re(sin z) in this strip, and from that diagram it is 
clear that the level curves of U are perpendicular to the boundary, so that 
dU/ dn = 0 (except at the corners, where the normal derivative dUj dn is 
undefined). This could also be verified by directly calculating the normal 
derivative. It is also clear from Figure 4.27 (or by direct calculation based 
on formula (39) of Section 4.10) that 

lim|I/(z)| = + oo lim U(z) = +1 lim U(z) = —1. 

z —*00 z->+jr/2 z—►—7r/2 


Likewise, we may guess the solution to problem (II): 


H(x + iy) = — + ~ ^so that H(z) = Re^— + on the strip^. 


Obviously, the level curves H{z) = constant are vertical lines perpendicular 
to the real axis, so that dH/dn = dH/dy = 0 on the bottom of the strip. 

The solution of problem (I) is more difficult; however, this is due to a 
momentary lack of the proper tools. Once we have discussed the “conformal 
mapping principle” for boundary value problems (Sections 7.5 and 7.6), it 
will be clear that the desired solution can be obtained by solving a related 
boundary value problem in the upper half plane, 


(5) 


H(w) = 


' 0 

.+1 


if w = u + iO with 
if w = u + iO with 


— 00 < u < +1 
+ 1 < U < +00 


and then substituting w = sin z. Roughly speaking, we may pass over to the 
more tractable problem in the upper half plane because the familiar mapping 
w = sin z transforms the strip conformally onto the upper half plane (as we 
showed in Section 4.10), and at the same time transforms the boundary of the 
strip to the real axis in a way that makes boundary values for the strip match 
up with the boundary values for the upper half plane specified in (5). 

As we have seen, the problem in the upper half plane has the solution 


H(w) = - |> — Arg(w — 1)] 

7 T 


for w in the upper half plane, 
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so that the original problem has the solution 

(6) H(z) = I" H(w)\ ] = - [n - Arg(sin (z) - 1)]. 

L |tt>=8in zj 77 

Level curves for this function can be obtained by sketching the level curves 
H(w) = constant in the upper half plane (radial lines originating at w = 1), 
and then transforming them into the strip by the inverse mapping z = Arcsin w; 
the end result is indicated in Figure 7.3 (I). 

Another point should be kept in mind as we study boundary value prob¬ 
lems. Although the desired solution H(z) may be irregular at certain boundary 
points, it must be harmonic at every point inside the domain, without exceptions . 
If we allow the solution to be singular, or undefined, at even one interior point, 
this allows entirely new solutions to appear. Allowing a singularity at a point 
p in D amounts to changing the shape of the domain in a fundamental way; 
the point p should now be considered as part of the boundary, and not as a 
point in our domain. The “punctured domain” obtained by removing p is 
multiply connected, and it is this change in geometry which leads to new types 
of solutions. This is illustrated in the next example. 

Example 7.5 Let D be the unit disc |z| < 1. If we impose the Dirichlet 
condition H(z) = 0 on the boundary circle |z| = 1, the constant function 
H^z) = 0 is certainly one solution of our problem. Now let us relax our 
conditions, allowing the solution function H(z) to be undefined or otherwise 
singular at the single point z = 0. Suddenly we are confronted with a new 
family of solutions which are harmonic in the punctured disc, namely 

H *( x >y) =<*■• lo g I* + *>l = log I* + iy\ a = • iog(* 2 + /). 

These functions are harmonic and, although they are quite singular at the 
origin, they all satisfy the boundary condition H(z) = 0 for |z| = 1. The new 
point z = 0 is a very significant part of the boundary of the new domain 
E* = {z:0 < |z| < 1}, and the solution to our problem is not fully determined 
until we impose conditions on its behavior at this new point. 


EXERCISES 


a2 a 2 

1. Show that the Laplace operator V 2 = + -r-r acts linearly 

ox 2 oy 2 

on functions H(x,y) with continuous partial derivatives of first and second 
order; if a and ft are real constants, then 


V 2 (aF + fiG) = aV 2 F + p\T 2 G. 

m 

Show that any linear combination H = ^ °f harmonic functions 
is harmonic. ;=1 
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2. Solve the Dirichlet problems in the unit disc E = {z: |z| < 1} 
with the boundary values indicated. 

(i) h(e te ) = cos nd for 0 < 6 < 2ir 

(ii) h(e ie ) = sin nd for 0 < 6 < 2 t r. 

Hint: Are there obvious analytic functions/(z) whose real parts 
do this? 


3. Use the superposition principle to determine an analytic 
function/(z) on the disc |z| < 1 whose real part H{z) = Re(/(z)) has 
as its boundary values the trigonometric polynomial 

N N 

h(e l °) = a 0 + ^ a k sm kd + 2^* cos ^ 

k=l k= 1 

(a 0 , a kf b k real) for 0 < 0 < 2n. 

N 

Answer: f(z)=a 0 +'£ ( b k — ia k )z k . 

k =1 


4. Find harmonic functions which solve the boundary value 
problems indicated below: 

(i) On the quadrant E = {z:Re(z) > 0 and Im(z) >0}, 
a rj 

(o + iy) = 0 {y > 0) and H(x + i‘0) = 1 (x> 0). 

dn 

(ii) On E = {z: 1 < \z\ < 2}, 

H{z) = 1 on \z\ = 1 and H(z) = 3 on |z| = 2. 

(iii) On E = {z : 0 < Im(z) < 1}, 
d H 

— = 0 on both boundary segments 
dn 

(and H not identically zero on E .) 

Answers: (i) 1 + y (ii) * lo g M + (“i) = 

x + constant. 

5. Calculate the normal derivatives of the following harmonic 
functions, defined on E = {z:Im(z) > 0}, on the parts of the real axis 
indicated. Take n directed into the domain. 

(i) H{z) = log |z| on (— oo, 0) and on (0, +oo) 

(ii) H(z) = Arg(z) on ( — oo, 0) and on (0, +oo) 

(iii) H(z) = Re(*“ z2 ) on (— oo, +oo) 

(iv) H(z) = Im(r* 2 ) on (—oo, +oo)* 
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6 . Check that w = sin z maps the sides of the semi-infinite strip 
E = (z:Im(z) > 0 and — tt/ 2 < Re(z) < + 77 /2} one-to-one onto the 
segments ( — 00 , —1), ( —1, +1), (1, + 00 ) in the real axis, and that the 
domain E is mapped conformally onto the upper half plane Im(a;) > 0. 


\z\ 2 — 1 

7. The exceptional solution H 2 (z) = j - — in Example 7.1 has 

unusual behavior as z —► 1 from within the disc |z| < 1. Produce 
sequences { z n } and {z^} of points }hat approach 1 + iO from within the 
disc such that 

(i) lim H 2 (z' n ) = +00 (ii) lim // 2 (z") = 0 


Hint: Let z n —► 1 along a curve tangent to the circle; z n may 
approach along any non-tangential line. 


8 . Write out H(x,y) = Im(l/z). Show that H(z) = 0 along the 
real axis (except at z = 0 where it is undefined). Is H(z) bounded as 
z —► 00 or z —> 0 in the upper half plane ? These observations extend the 
results of Example 7.1 to apply to the half plane E = {z:Im(z) >0}. 


9. Use the function given in Exercise 8 to demonstrate that mul¬ 
tiple solutions may arise in Example 7.2 unless we impose some restrictions 
on the behavior of the solution at the boundary point z = 0 + iO where 
the boundary values are discontinuous. 


10. Let f(z) be analytic near z = p and let y(t) be a smooth curve 

dy 

passing through p when t = t 0 , with non-zero tangent vector — (* 0 ). If n 

dt 


is the unit vector obtained by rotating the unit tangent vector 
by +7 t/2 radians, show that U = Re(/(z)) has normal derivative 


/(O 

1/(01 


— (p)=VU-n 

on 


Rej 

»>) 


> 



Notice that there are two vectors normal to y at /?, namely +n and — n. 


11. Verify that Arg(z — p) — Arg(z — q) = Arg^-(an 

equality, not a congruence), if p > q on the real axis and if z is in the 
upper half plane. 

Iz — p\ 

12. If p > q on the real axis, prove that Arg^- J may be 

interpreted as the angle A 6 shown in Figure 7.2 (measured from segment 
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[z, q\ to segment [z, />]). Show that this function is constant on any 
circular arc from p to q. On which arc is its value + 77/2 ? 

Iz — p 

13. If p > q on the real axis, consider H(z) = Argl- 

\z — q 

defined for all z + p, q. Show that H is harmonic, except along the 
segment [q,p] where it has a jump discontinuity. Is the geometric 
interpretation of H(z) (Exercise 12) still valid if Im(z) <0? Show that 
H{z) —► +77 as z approaches a point on [q, p] from the upper half plane, 
and that H(z) —► — tt as z approaches such points from the lower half 
plane. 


14. The harmonic function on the upper half plane, 

H(z) = - Arg^-- (a > 0 real), 

77 \z + a) 

has boundary values H(x + z'0) =0 if \x\ > a and H(x + iO) = 1 if 
—a < x < +a. Show that H(z) = H(x,y) may be expressed in the form 

H(x, y) = -arctan*/ + - j 

t t \x 2 +/ - a 2 ) 

for z = x + iy in the upper half plane, where arctan*(/) is the determina¬ 
tion of arctangent whose values lie in the interval [ 0 , 77] for — 00 < / < 
+ 00 . 


15. Determine an analytic function/(z) on the half plane E = 
(z:Im(z) > 0} whose imaginary part H(z) = Im(/(z)) satisfies the 
boundary conditions 

(i) H(x + z‘0) = +1 for x > 0 and H(x + iO) = — 1 for 
a: < 0 

(ii) | H(z) | is bounded as z —> 0 and as z —* 00 , from within E. 


Find a function g{z) whose real part has these properties. 


Answers: f(z) = — [m/2 — Logz]; H(z) 



16. Use the ideas of Example 7.3 to solve the following boundary 
value problems in the upper half plane Im(z) > 0. All solutions are to be 
bounded at 00 , and bounded near points of discontinuity for the boundary 
values A(z). 


\ / 

f +1 

for 

— 00 < X < — 1 

(i) h(x + iO) = j 


and +1 < x < +00 

l 0 

for 

-1 < * < +1 

f +1 

for 

— 1 < x < 0 

(ii) h(x + iO) = -1 

for 

0 < x < 5 

l 0 

otherwise 
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17. Write out the solution to the boundary value problem in the 
upper half plane in which 

(i) H(x + iO) = 0 — oo < x < —2 

(ii) H(x + iO) = 10 -2 < * < +oo 

(iii) H(z) bounded as z —► —2 or as z —► oo. 

Sketch the level lines H(z) = constant in the upper half plane. 

Answer: 10 — (10/7r)Arg(z + 2). 


18. Consider f(z) = 


-M- 


= H(z) + iN(z) on the exterior 


domain E = {z: |z| > 1}. Write out explicit formulas for H(x,y) and 
N(x,y) as functions of x andj>. Prove that H and N have the following 
boundary behavior. 

(i) N = 0 on the circle |z| = 1, and also on the segments 
(—oo, —1) and (1, + oo) on the real axis 

BH 

(ii) — = 0 on the circle \z\ = 1 and also along the seg- 
on 

ments (— oo, —1) and (1, + oo) on the real axis 
dN 

(iii) — = 0 on the segments ( + i, +zoo) and ( — z, —io o) 
on 

in the imaginary axis; H = 0 on these segments. 

Hint: In (ii) and (iii) use polar coordinates, to study = 

+ d</>(dr on the circle. 

19. Consider Arcsin(zf) = X(u , v) + iY(u , v)> defined on the upper 
half plane Im(ie;) > 0. From the fact that w = sin(A r + iY) we get 


so that 


u = sin X cosh Y and v = cos X sinh F, 


2 2 2 2 

u v i u , v 6 , 

o — “ — 1 and “ -f- ■ — 1. 

sin 2 X cos 2 X cosh 2 Y sinh 2 Y 


From these, derive the following explicit formulas for X(u , v) = 
Re[Arcsin(w)] and Y(u , v) = Im[Arcsin(^)] in the upper half plane. 

X(u , v) — arcsin + 1| — \w — 1|] 

= arcsin ^[V (u + l) 2 + v 2 —V (u — l) 2 + ^ 2 ] 

y(w, v) = cosh -1 £[|w + 1| + \w — 1|] 

= cosh- 1 |[V(k + l) 2 + V 2 +y/(u - l) 2 + K 2 ]. 

Here, take the usual determination of arcsin /, for — 1 < t < 1; s = 
cosh -1 (^) is the inverse of t = cosh s (for 0 < s < +oo), and may be 
calculated explicitly as cosh -1 (j) = log[/ + \jt 2 — l] for 1 < t < -f oo. 
Hint: Recall Exercise 10 (Section 4.11) for more details. 
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20. Solve the following boundary value problem in the upper half 
plane: 

H(u + iO) = — 1 for — oo < u < — 1 
H(u + iO) = +1 for +1 < u < + oo 

d H 

— (u + iO) = 0 for — 1 < u < +1. 
on 

\H(w)\ bounded near discontinuities, and at infinity. 

Use Exercise 19 to show that the solution can be expressed as 

H(w) = — Re[Arcsin w] = — Arg[zw + \]\ — w 2 ], 

7T 7T 

or as 

H(u , v) = — arcsin |[\/( u + l) 2 + v 2 — \](u — l) 2 + v 2 ]. 

7T 

Note: Without Exercise 19 it would be difficult to express the 
solution as an explicit function of u and v. 


7.2 CONJUGATE HARMONIC FUNCTIONS 

Any analytic function of a complex variable f(x + iy) = U(x,y) + 
iV{x y y) gives us a pair of solutions of Laplace’s equation, U = Re(/) and V = 

Im(/), which are related through the Cauchy-Riemann equations 

dU = dV dlJ = _dV 
dx dy dy dx 

This connection between analytic functions and harmonic functions works 
both ways. In fact, with one qualification, every harmonic function turns out 
to be the real part of some analytic function of a complex variable, and this 
very strong connection lets us bring all the machinery of complex analysis to 
bear on boundary value problems associated with Laplace’s equation. 

Let U(z) = U(x,y) be harmonic on an open set D in the complex plane. 
Our task is to find, if possible, a second harmonic function V(z ) which, when 
pieced together with U{z ), gives us a complex differentiable (hence analytic) 
function/(z) = U(z) + iV(z). Any harmonic function V(z ) that combines 
with U(z) in this way will be referred to as a conjugate harmonic function 
of U(z). Since we can look for conjugate functions separately in each connected 
subset of D , we may as well assume that D is a (connected) domain. First 
notice that 

(i) On a domain D the conjugate function is unique up to an added real 
constant, if such a conjugate function exists at all. 

This is proved in Exercises 5 and 6, using the Cauchy-Riemann equations. 
Whether or not there is a conjugate harmonic function defined on D depends on 




7.2 CONJUGATE HARMONIC FUNCTIONS 431 


the shape of D and the nature of the harmonic function U(z) we start with, as 
will be shown in the examples that follow. Nevertheless, we can always define a 
suitable conjugate function V(z ) locally , and this is all we really need for most 
applications. 

(ii) If U(z) is harmonic on a domain D, and p is any point in Z), consider 
any disc D p , centered at p , that lies entirely within D. Then there is a 
conjugate harmonic function V(z) for U(z) defined on D v . 

The proof of this fact is suggested by working backwards, and noticing what 
would happen if we could find such a conjugate function. Then f = U + iV 
would be analytic, and its derivative could be expressed entirely in terms of the 
(known) partial derivatives of U; 

df_dU_ .BU 
dz dx dy 

Thus, V would be obtained as Im(/), where f is the function obtained by 
antidifferentiating the known function/' = ( dU/£)x ) — i(dU/dy); 

(7) f(z) = C +£ (0 - i Y y (£)] dl 

We include the details below, but the reader may omit them if he wishes. 
Besides, in practical examples, there are simpler methods of determining 
conjugate harmonic functions; these methods will be illustrated in the examples 
below. 


Proof of (ii). We start with U and must construct a conjugate 
harmonic function V on the disc D p . Define G(z) = dUjdx^z) — i dU/dy(z). 
This is certainly continuous and well defined throughout the original 
domain D. It is also holomorphic on D because its real and imaginary 
parts Re(G) = dU/dx and Im(G) = — dU/dy have continuous first partial 
derivatives that satisfy the Cauchy-Riemann equations 

d d d 2 U d 2 U 

- (Re(O) - - (Im(G» = + *T = 0 

a d d 2 u / d 2 u\ 

-(Re(G)) + -(I m (G))=— +(-— )=0. 

Analytic functions such as G have well defined antiderivatives on any simply 
connected domain, such as D p ; these antiderivatives are defined up to an 
added constant by 

F(z) = JG(£) di for z in D v 

(the integral indicates line integration along any contour, contained in the 
disc, that connects p to z). Obviously, 

dF a a dU dU 

-=-(Re(R))- t --(Re(F))=G = --i- ) 
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so that Re(F) and U have the same first partial derivatives throughout the 
disc D v . This means that the first partial derivatives of (U — Re(F)) are 
identically zero on D v , so that U = Re(F) + c, where c is some real con¬ 
stant. Clearly, the analytic function f(z) = F(z) + c gives Re(/) = U 
on the disc, so its imaginary part V = Im(/) = Im(F) is a conjugate har¬ 
monic function for U on the disc. | 


If the domain D in (ii) is simply connected, we can use the whole domain 
D in place of the smaller disc D v in the preceding proof, without altering the 
argument. We obtain a very useful theorem about the existence of conjugate 
harmonic functions on simply connected domains. 

Theorem 7.1 If U(z) — U(x>y) is harmonic on a simply connected domain Z>, there 
is a conjugate harmonic function V(z) that is well defined throughout D. 

Here are some methods for determining conjugate harmonic functions in 
practical situations; other methods are discussed in Section 7.3 and in Chapter 
8 . 


Example 7.6 U(x,y) = x 2 — y 2 + 1 is easily seen to be harmonic on the 
plane. This function is just the real part of f(z) = z 2 + 1. Since f(x + if) = 
(. x 2 — y 2 + 1) + i(2xy), V(x,y) = 2 xy is a harmonic function conjugate to 
U(x,y); obviously, V*(x,y ) = 2 xy + c (c a real constant) works equally well. 
How could we have systematically arrived at a suitable conjugate function if 
we didn’t remember that U(x,y) = Re(/(* + iy ))? It is crucial to notice 
that the function V cannot be chosen freely, since the complex differentiability 
of f(z) requires that U and V be related as in the Cauchy-Riemann equations. 
We can arrive at the desired conjugate functions by working backward from 
these equations: 

dV = dU =2x <W = _dU =2 

dy dx dx dy ^ 

By partial integration (taking indefinite integral with respect to one of the 
variables x or y, while the other variable is treated as a constant), these equa¬ 
tions imply that V has the form 

V(*>y) = 2 xy + 4>{y) V(x,y) = 2 xy + y>(x), 

where <f>(y) and y>(x) are arbitrary functions of x and y. Comparing these 
requirements, we see that V must have the form V(x,y) = 2 xy + c. A simple 
computation shows that we have, indeed, obtained a conjugate harmonic 
function for U(x,y). 

The method of integrating the Cauchy-Riemann equations to determine 
conjugate functions works in many situations. The next example shows that it 
is not always possible to define a conjugate harmonic function throughout a 
multiply connected domain. 
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Example 7.7 Consider U(z) = log \z\ = log^fx 2 + y 2 on the punctured 
plane J) = {z:z^0}. Obviously, U(z) has continuous partial derivatives of 
all orders on Z>, and is harmonic on D. Now log |z| is trying to be the real part 
of an analytic determination of the function log z. Suppose that we could find 
a conjugate harmonic function V(z) that is well defined throughout D; then 
f(z) = U(z) + iV(z) would be analytic. We could then compare/(z) with the 
function Log z defined on the smaller domain D* obtained by removing the 
negative real axis from the plane. Both functions would be analytic on Z)*, 
and both would have the same real part Re(/(z)) = log |z| = Re(Log z). 
Thus,/(z) — Log(z) would be analytic and \yould have purely imaginary 
values on the domain D*. This would imply that the function is constant (see 
Section 2.10), so that f(z) would equal Log z + ic ( c real) on D*. But Log z + 
ic has a discontinuity at every point on the negative real axis, while f(z) is 
supposed to be continuous (analytic!) there. Obviously, we arrive at this 
discrepancy if we assume that there is a conjugate harmonic function defined 
throughout D ; we must therefore conclude that log |z| does not admit such a 
globally defined conjugate function on D. 

On the other hand, conjugate functions for log |z| may be defined near 
any point p in the domain D. Take any holomorphic determination of log z 
defined near p\ then F(z) = Im(log z), a determination of arg z, is a conjugate 
harmonic function for f/(z) = log |z| near p. 

In the last example it is interesting to notice that a “conjugate function” 
does exist throughout Z), but it is one that is multiple valued , namely V(z) = 
arg z. We cannot define it as a single valued function on a domain like the 
punctured plane. We have already shown (Theorem 7.1) that a smooth single 
valued conjugated harmonic function always exists on a domain that is simply 
connected. 


EXERCISES 


1. If Z/(z) is harmonic near z = /?, we have shown that there is an 
analytic function /(z), defined near p , such that H(z) = Re(/(z)). 
Show that there is also an analytic function g(z) such that H(z) = Im(^(z)) 
near z = p. 

2. Verify that H(x,y) is harmonic and find a conjugate harmonic 
function. 


(0 x 

(ii) ax + by + c (a y b, c real constants) 

(iii) 2 \y + e~ x cos^ 

(iv) log(* 2 + y 2 ) 2f2 (for z = x + iy ^ 0) 

( v ) (—yl(x 2 +y 2 )) + x (for z = X + iy ^ 0) 
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3. Identify the harmonic functions H(x,y) below as real parts of 
elementary analytic functions/(z). 


(i) x 3 — 2 xy 2 

(ii) sin x cosh y 


(iii) e v sin x + x 


(iv) 


1 _ (**+/) 
(1 - x) 2 +y 2 


Answers: (i) z 3 ; (ii) sin z; (iii) z — ie iz \ (iv) (1 + z ) (1 — z). 


4. Write out analytic functions g x (z) and g 2 ( z ) such that H = Re(^) 
and H — Im(^ 2 ), respectively, for the harmonic functions 

(i) H(z) = Arg(z - 1) - Arg(z + 1) + ( tt / 2 ) 

(ii) (l/w)[Arg(z — p) - Arg(z - ?)] =-Arg(^) 

77 \z — q! 

defined on the upper half plane. 

Answers: g^z) = —ig 2 {z). (i) g 2 (z) = Log(z — 1) — Log(z + 1) + 
(in P ) = Log(i^i) + 2 ; (ii) &W = ;Log(j 5 ^). 

5. Use the Cauchy-Riemann equations (and the comments of 
Section 2.10) to prove that an analytic function/(z) is constant on E if 
(i) E is a domain , and (ii)/(z) has purely imaginary values on E . 


6 . If G x (z) and G 2 (z) are conjugate harmonic functions for a 
harmonic function H(z) on a domain (connected open set), show that 
there is a real constant c such that C 2 (z) = G x {z) + c for all z. 

Hint: g k = H + iG k (k = 1 , 2 ) are analytic; /(z) = &(z) — ^ 2 (z) 
has purely imaginary values. 


7.3 SOME APPLICATIONS OF CONJUGATE HARMONIC 
FUNCTIONS 

The previous theorems on the existence of conjugate harmonic functions 
can be used to demonstrate a number of properties of harmonic functions on 
the plane. Here are a few examples. 

1 . The Mean Value Property . If U(z) = U(x,y) is harmonic, then the 
average value of U taken over any small circle about a point p is always equal 
to the value U{p) at the center of the circle. Thus, for all small radii r > 0, 


( 8 ) 


7 - fV(/> + re <9 ) dd = U{p) 

277 JO 
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(see remarks in Section 5.12 on defining average values). In fact, if D is any 
disc centered at p , on which U(z) is defined, then D is simply connected and U 
is the real part of some analytic function/(z) = U(z) + iV(z) on D. Since 
f(z) has the mean value property on circles |z — p\ = r within this disc, we get 

U(p) + IV(P) =f(p ) = r n f(p + re ie ) dd 

2 ,77 JO 

1 C 2n l f 2ff 

= — U(P+ re ie ) dd + i— V(P + re ie ) d6. 

2tt Jo 27 t Jo 

We get formula (8) by comparing real parts in this expression. 

The mean value property is actually characteristic of harmonic functions; 
one can prove the following result. 

Theorem: Any function U(z) that is defined and continuous on a domain D , and has 
the mean value property (8), must be harmonic on D. In particular , U must have con¬ 
tinuous first and second partial derivatives. 

We will not prove this here. The mean value property is also valid for 
harmonic functions in higher dimensions; for example, in the three dimensional 
case, the average values are taken by integrating U over the surfaces of small 
spheres centered at p. Thus the mean value property is still a useful tool in 
studying general harmonic functions, when complex variable methods are no 
longer available. 

2. Harmonic Functions Are Infinitely Differentiable . In defining the 
notion of a harmonic function for two variables, we assume only that U(x,y) 
and its partial derivatives of first and second orders exist and are continuous. 
Actually, a function that is harmonic will automatically have continuous partial 
derivatives of all orders. If we consider a harmonic function U(x,y ) on a small 
disc about a typical point /?, there is a well defined harmonic conjugate function 
V(x,y) such that f(z) = U(z) + iV(z) is complex differentiable, and hence 
analytic. Thus,/(z) has continuous complex derivatives f (n) {z ) of all orders. 
Let us now recall how the complex derivative of/ = U + iV can be computed 
in terms of partial derivatives of U and V , 

df_dU +i dV = dV_.d_U 
dz dx dx dy dy 

The existence and continuity of dfjdz insures the existence and continuity of 
the first partial derivatives of the component, functions U and V. We can 
differentiate f'(z) to get 

d 2 f d 2 U .d 2 V d 2 V _ d 2 U 
dz 2 dx 2 dx 2 dy dx dy dx 

__ d 2 V _ . d 2 U 
dx dy dx dy 


d 2 U .d 2 V 
dy 2 dy 2 
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existence and continuity of f" insures the existence and continuity of all these 
second partial derivatives. In the next step we would differentiate f"{z) 
to find that all third partial derivatives of U and V exist and are continuous. 
This process can be carried out inductively for higher order derivatives. 

3. The Maximum (and Minimum) Property for Harmonic Functions . 

If H(z) is a real valued harmonic function on a domain E , then H has the 
following local maximum property. 

Let 2 * be any point in E . Then H(z) cannot achieve a relative maximum 
at z* unless H(z) is identically constant on some disc about z*.f 

To see this, suppose that H(z) achieves a relative maximum at z*. Let D be 
any disc about z* on which H(z) < H(z*). On Z), H is the real part of some 
analytic function/(z) = H(z) + z7/*(z). Consider g(z) = e fiz \ which is also 
analytic on D. Since g is analytic, its absolute value has the local maximum 
property (Section 3.8), so that |^(z)| = \e f{z) \ = e Re{f{z)) = e H{z) cannot 
achieve a relative maximum at z* without being constant on D. Butj; = e x is a 
strictly increasing function of the real variable x , so that 

(i) H{z) has a relative maximum at z* if and only if e H{z) does; 

(ii) H(z) is constant near z* if and only if e Hiz) is constant near z*. 

Thus, H(z) must be constant on some disc about z* if it has a relative maximum 
at z*. 

The local maximum property for harmonic functions leads directly to the 
following global maximum principle. 

Theorem 7.2 Let E be a bounded domain. Assume that H(z) is a real valued 
function that is 

(i) continuous on the closure E = E U bdry(E) 

(ii) harmonic within E. 

Let M be the maximum value achieved by H(z) on the closed bounded set E. Then , 
unless H(z) is identically constant throughout E , we have 

(iii) H{z) < Mfor all z in E. 

In particular , the maximum M can be achieved only on the boundary set bdry(E ), unless 
H(z) is constant. 

Proof: A continuous function on a closed bounded set has a maximum 
value that is achieved at some point in the set (this is why we must assume 
that E is bounded). Naturally, it will be necessary to invoke the connectedness of E 
(a domain is connected by definition) to get our result. Suppose there is some 
point z* in E for which H(z*) = M; we will be finished if we can show that this 
premise leads to the conclusion that H(z) = M throughout E. 

Let X be the set of points for which H(z) = M, and let Y be the comple¬ 
ment Y = E t —/ X = {z:z is in E and H(z) < M). Then X and Y are disjoint 
sets whose union is all of E , and X is non-empty since it includes at least the 
point z*. Now Tis an open set because H(z) is continuous; if H(z 0 ) < M — d, 

t Here relative maximum means that H(z) < H(z*) for all points in some disc about z*. 
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then for all z sufficiently close to z 0 we get H(z) < M — ( d/2 ) < M , so that 
all of the nearby points are in Y , too. Furthermore, X is an open set, because 
if H(z 0 ) = M , we must have H(z) = M on some disc about z 0 , by the local 
maximum property, and this disc lies within X. If both of the open sets X and 

Y are non-empty, then E cannot be connected; thus, the only possibility is that 

Y is empty and X = E, so that H(z) = M on E. | 

There is also a minimum principle for harmonic functions. Just 
replace the word “‘maximum” with the word “minimum” in Theorem 7.2, 
and the inequality “//(z) < Af” with tt H(z) > M ,” in statement (iii). There 
is no need to repeat the proofs; proving a “minimum” statement for a harmonic 
function H(z) is equivalent to proving a “maximum” statement for the har¬ 
monic function —H(z). Hereafter, we will use the phrase “maximum 
principle” to refer to either the maximum or minimum principle. 

We can use the maximum principle to demonstrate the uniqueness of a 
harmonic function on a bounded domain, whose boundary values are specified. 

Example 7.8 Let E be a bounded domain and assume that H^z) and 
U t {z) are functions that are defined and continuous on the closure E of E , and 
are harmonic within E. Assume that H x and H 2 have the same values on the 
boundary, so H x (z) = H 2 {z) for every z in bdry(is). Then apply Theorem 7.2 
to the function H(z) = H x (z) — H 2 (z) to show that H x (z) = H 2 (z) throughout 
the domain E. In other words, the boundary values uniquely determine the 
values of a harmonic function within the domain E , if they are continuous on 
bdry(£). 

EXERCISES 


1. Consider the harmonic function H(x,y) =y on the unbounded 
domain E = (z:Im(z) > 0}. Show that the maximum principle is not 
true for this domain. The local maximum property must be valid in E\ 
explain why it does not lead to the global property discussed in Theorem 
7.2. 


2. By examining H{x,y) = x — Re(z), show that a harmonic 
function defined on the plane can be zero at an infinite sequence of 
points z n that converge to a point z 0 (where H is harmonic), without 
being identically zero near z 0 . Compare this with the behavior of an 
analytic function (Theorem 3.17). 

3. Prove that harmonic functions have the following “continuation” 
property. 

Theorem: Suppose H(z) is harmonic on a domain £, with H(z) = 0 
on a small disc contained in E. Then H(z) = 0 throughout E. 

Thus, G = H everywhere if G and H are harmonic on a domain, and 
G = H near a point p in the domain (throughout a small disc about p ). 
This continuation theorem is not as strong as Theorem 3.19 (for analytic 
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functions); nevertheless, it is very useful in potential theory. It is valid 
for harmonic functions of many variables (n >3). 

Hint: The connectedness of E must be used. Examine the subsets 
X = {z: z in E and H(z') = 0 for z' near z}, and Y = E ~ X. Prove that 
Y is empty as in proof of Theorem 7.2. 

4. Suppose H(z) is harmonic on E = {z : 1 < |z| < oo} and 
continuous on the closure E = {z: 1 < |z| < oo}, with 

(i) lim \H (z)| = 0 

Z-* oo 

(ii) H(z) = 0 on the boundary circle |z| = 1. 

Use the maximum principle to prove that H(z) =0 is the only harmonic 
function that satisfies these boundary conditions. 

Hint: Consider subdomains of the form 1 < |z| < R and let 
R -> + oo. 

5. (Reflection principle for harmonic functions) Suppose that H(z) 
is harmonic on a domain E , and let J(z) = z be the conjugation map. 
By “reflection” we may define a new function H*(z) = —H(z) on 
E* = J(E). Prove that H* is harmonic on the reflected domain E*. 


7.4 TRANSFORMATION OF FUNCTIONS BY AN ANALYTIC 
CHANGE OF VARIABLE 

The next result has great significance in the study of Laplace’s equation in 
the plane, and clearly illustrates the use of complex analysis in these problems. 
Our result expresses the fact that Laplace’s equation is “invariant” under 
analytic changes of variable. This is also known as the conformal mapping 
principle, due to the close connection between analytic mappings and con¬ 
formal mappings of the plane (see Section 4.4). 

The situation we want to consider is shown in Figure 7.4; we are given two 
domains D and E and an analytic mapping f :D-+E which maps D onto E. 
Let us write the variable in D as z = x + iy and the variable in E as w = 
u + iv, to distinguish what is going on in these domains. We can think of/as 
effecting an analytic change of variable w = /(z); this allows us to express the 
^-coordinates in the w-plane in terms of the x, ^-coordinates of the z-plane: 

« = U(x,y) = R e(/(* + «») 
v - V(x,y) = Im(/(* + iy)). 

If we are given a function H(w) = H(u , v ) of two real variables defined on E , 
then the change of variable w =f(z) naturally leads to a function of the 
variables x and y defined on Z), namely fl(x , y) = B(z) = H(f(z)). The 
relationship between the functions H(w) and f}(z), defined on domains E and 
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D respectively, is indicated in Figure 7.4. If w is the image of z, so that w = 
/(z), then H(w) and H(z ) have the same value, H{w) = H(z). 

Now let us suppose that the mapping /:D —> E is regular (nonvanishing 
derivative) and invertible, so that the mapping / and the inverse mapping 
f:E->D are both analytic. Then the changes of variable w = /(z) and 
z = f{w) are analytic in each direction. This means that a function H(w) = 
H(u , v) that is defined on E can be transformed into a function H(z) = H(x,y) 
defined on D by the change of variable w =/(z), while a function H(z) 
defined on D can be transformed in the reverse direction to get a function 
H(w), by making the inverse change of variable z = /(^)- 

Let us illustrate this transformation of functions for the explicit change of 
variable w =/(z) = e z . To get an analytic mapping that is invertible, we 
shall restrict z to the strip D = {z: —n < Im(z) < +7r}, shown in Figure 7.5. 
Then,/maps D invertibly onto the cut plane E obtained by deleting the nega¬ 
tive real axis ( — oo, 0] from the w-plane. The inverse mapping z = f(w) is just 
the principal determination z = Log w. Substituting w = f(z) in a function 



Figure 7.5 The change of variable w = e‘. 
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H(w) defined on E means that we are to replace the real variables u , v with 

u = R e(w) = Re(/(z)) = Re(e aj+fv ) = e x cos^ 
v = Im(a/) = Im(/(z)) = lm(e x+tv ) = e x sin y 

to get the transformed function H(z) = H(x y y). For example, the polynomial 
H(u, v) = u 2 + uv + v 2 , defined on E y is transformed to 

H(x y y) = e 2x cos 2 y + e 2x sin_y cos + e 2x sin 2 _y 

_ e 2x _|_ e 2x s j n ^, cosy = e 2x (l + sin^ cosy). 

In order to transform a function H(z) = H(x y y) defined on D in the other 
direction to obtain a function H(w) = H{u y v) defined on E y we must make the 
inverse substitutions: 

x = Re(z) = Rc(f(w)) = Re(Log w) = log \w\ = log(Vw 2 + v 2 ) 
y = Im(z) = Im (f(w)) = Im(Log w) = Arg(w + iv) = A(u , v). 

If we want a more explicit formula for y, we can express Arg(w + iv) in terms 
of the inverse functions arcsin t and arccos t (with real variable t) in different 
parts of E , as in Section 2.6. A polynomial such as H(x,y) = x 2 — y + 1, 
defined on the strip D, is then transformed to the following function on the cut 
plane E by the change of variable z = f(w ): 

H{u , v ) = (log yju 2 + v 2 ) 2 + 1 — Arg(M + iv). 

On the right half plane, where Arg(w + iv) = arcsin (v/yju 2 + z> 2 ), we could 
write H(u , v) in a corresponding explicit form; slightly different versions of 
this can be used in other parts of E. 

Other examples of transforming functions by making a change of variable 
are given in Exercises 1 to 3. The reader should take particular notice of the 
following fact. Transforming a function by means of a change of variable also 
transforms its domain of definition, and in some uses of this transformation 
process it is as important to keep track of what is happening to the domains 
as it is to carry out the transformation of the functions we are interested in. 
This should be kept in mind as other examples are worked out. 

Above, we have been using symbols F, G, H y . . . to indicate the original 
function, and F, G, H, . . . to indicate the transformed function. Hereafter, we 
will use only invertible changes of variable; thus, there will be analytic mappings 
w =f(z) and z = J(w) between the domains D and E being considered. 
Obviously, every function H(z) defined on D can be transformed to a function 
f)(w) = H(f(w)) on E ; but the converse is also true! Since functions can be 
transformed in either way, distinctions between the ‘‘original” and “trans¬ 
formed” functions are a matter of convention in any particular situation. We 
will continue to use paired symbols, such as H and //, to indicate functions that 
are transforms of one another by the change of variable under discussion. No 
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special significance will be attached to which function carries the tilde, nor is 
it important which domain is assigned the variable z, and which the variable w. 


EXERCISES 

1. Transform H(x,y) (defined on the upper half plane) to H(u , v) 
defined on the first quadrant, using the transformation of domains 
w = z 112 . 

(i) H{x,y) = y + 1 (iii) H(x,y) = x 

(ii) H(x,y) = l/y (iv) H(x,y) = sin x • sin_y 

Hint: The inverse is z = w 2 . 

Answers: (i) 2 uv + 1; (ii) \j2uv\ (iii) u 2 — v 2 ; (iv) sin(w 2 — v 2 ) • 
sin(2wy). 


2. The exponential w — e z maps the strip E = {z: —n < Im(z) < 
+ 77 } to the cut plane F = C > —' (— 00 , 0]. Transform functions H(x,y) 
on the strip, 

(i) H(x,y) = cos(jy/2) 

(ii) H(x,y) = cos(^/2) • sin a:, 

to functions H(u , v) on F. Express the transformed function in polar 
coordinates H(r, 6) for r > 0; — 77 < d < + 77 -. 

Answers: (i) H(r , 6) = cos(0/2); (ii) H(r , 0) = sin(log r) • cos(0/2). 


3. The fractional linear transformation w =f(z) = i -r I whose 

1 1 • \ z 1 \ 

v 1 VO —(— 1 \ 

inverse is z = /(^) = t -I transforms the upper half plane E = 

1 w — i J 

{z:Im(z) > 0} onto the unit disc D = {w: \w\ < 1}. Determine the 
function fi(u, v) on the disc we get by transforming the following harmonic 
functions H(x,y) defined on E. 

(i) H(x,y ) =y = Re(-iz) 


(ii) H{x,y) = - -j— = Re(l/z). 

x 2 +jr 

Answers: 


(i) i)(u, v) = 
(ii) ti(u, V) = 


1 — (w 2 + V 2 ) 

u 2 + (v — l) 2 
2 u 

u* + (v + l) 2 


1 - \w\t m 
|w — i\ 2 ’ 
2u 

\w + i\~ 2 


4. Suppose we use a mapping w = such that <f> : D —► E, 

to transform functions H(w) defined in E to functions H(z) = [H(w)\ w=<i , {z) ] 
on D. Show that the following relations are valid: 

(i) t/+/)~(z) =f(z) +i(z) 

(ii) (a/)~(z) = a *f(z) (a a complex scalar) 

(iii) (f-g)~(z) =f(z) -g(z). 
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7.5 THE CONFORMAL MAPPING PRINCIPLE FOR 
HARMONIC FUNCTIONS 

Our main result says that a harmonic function remains harmonic after 
any analytic change of variable. 

Theorem 7.3 Let f:D — ► E be an analytic mapping which carries domain D into 
domain E. If H{w) = H(u , v) is any solution of Laplace's equation in E: 

/fiA , d 2 H , a 2 // 

(9A) —- + —- = 0 everywhere on E, 

v ' du 2 dv 2 J 

then the transformed function H(z) = £t(x,y) on D , obtained by making the change of 
variable u + iv =f(x + iy), is a solution of Laplace's equation on D: 


(9B) 


- + —- = 0 everywhere on D. 

dx 2 dy 2 J 


Proof: (Refer to Figure 7.4). We must show that (9B) is satisfied at every 
point z 0 in D. Let w 0 = /(z 0 ). Since H{u , v) is harmonic at w 0 , there is a con¬ 
jugate harmonic function G(u,v), defined near w 0 , by Theorem 7.1. Thus 
h(w) = h{u + iv) = H(u , v) + iG(u , v) is analytic at and near w 0 . Now define 
the composite function h (z) = (A o/)(z) = h(f(z)); this function is well defined 
for z near z 0 and it is analytic too, being a composite of analytic functions. 

We obtain the transform H(z) of the function H(w) by making the sub¬ 
stitution w = f(z ), so that H(z) = H(f(z)) for z near z 0 ; similarly, G(w) = 
G(u , v) is transformed to the function G{x>y) = G(z) = G(f(z)). Obviously, 


h{z) = h(f(z)) = H(f(z)) + iG(f(z)) = H{z) + iC(z) 

for z near z 0 . Thus, fl{z) = Re(A(z)), and h{z) is analytic at z 0 . We conclude 
that H(z ) is harmonic at z 0 (a typical point in D). | 


In this theorem it is not necessary that the mapping f be invertible. 

V 

However, if the analytic mapping/ \D —► E has an analytic inverse f :E -> Z), 
our theorem applies to the change of variable in each direction. Therefore, 
these mappings transform harmonic functions on E to harmonic functions on Z>, 
and vice versa. This is summed up in the following theorem. 


Theorem 7.4 (Conformal mapping principle) Let w =f(z) be an analytic 
mapping between two domains D and E that is invertible , and has analytic inverse 
z = f(w). Then a function H{w) = H(u , v), defined on E , is a solution of Laplace's 
equation throughout E if and only if the transformed function fl{z) = fl^x^y) is a 
solution of Laplace's equation throughout D . 
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Suppose we wish to solve Laplace’s equation in some geometrically 
complicated domain E in the complex plane. We can reduce our task to one 
of solving Laplace’s equation in a simpler domain, such as a half plane or an 
open disc, if we can recognize when the given region E can be mapped to a 
convenient standard domain D; we must also be able to calculate the mapping 

V 

f or f which accomplishes this task. As we go along, we will gradually develop 
a catalog of mappings between specific domains. At present we shall give only 
a few elementary examples. 

Example 7.9 Consider the harmonic function H(w) = e u cos v = Re(^ w ) 
defined on the w-plane. The analytic mapping w =f(z) = z 3 maps the 
z-plane onto the w- plane, and the substitution w = z 3 = (a: -f- (>^) 3 = (x 3 — 
3 xy 2 ) + i(3x 2 y — y z ) transforms H(w) = H(u , v) into a corresponding harmonic 
function in the z-plane //(z) = H(x y y) = exp(x 3 — 3xy 2 ) • cos(3x^> — y z ). 
Since we have applied only Theorem 7.3 to get this result, the mapping w = 
f (z) need not be invertible , and in fact w = z 3 is not a one-to-one mapping. We 
would need an invertible mapping if we wished to transform functions in the 
other direction, converting a function H(z) into a function H(w). 

Example 7.10 For an example that illustrates the conformal mapping of 
domains, let us take D to be the first quadrant in the z-plane, as shown in 
Figure 7.6. If we recall that h(z) = z 2 = (x 2 — y 2 ) -f i(2xy), we see that 
N(x,y) = x 2 — y 2 and H(x,y) = 2 xy are harmonic on D. They satisfy the 
Neumann and Dirichlet conditions dN/dn = 0 and H = 0, respectively, on the 
boundary of D. This can be verified by direct calculations, or by recalling that 
the vector X7N = grad N at a point p is always perpendicular to the level curve 
N = constant that passes through p. The level curves N = constant and 
H = constant are shown in Figure 7.6; it is obvious that the level curves of N 



Figure 7.6 The conformal mappings w =f(z) = z a and z = f(w) = w l l a , and their 
actions on the functions H(x y y) = 2 xy and N(x,y) = x 2 — y 2 . 
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are perpendicular to the boundary of Z), so that VN • n = dN/dn = 0 (except 
at the origin, where there is no well defined normal direction n and dN/dn 
is undefined). 

Suppose we wish to solve the corresponding problems for the wedge 
shaped domain with an opening of 7ra/2 radians (0 < a < 1), as in Figure 7.6. 
There is an obvious analytic invertible mapping of D onto E , namely 

w =f(z) = z* = e a ' Loez . 

The inverse mapping is given by 


1/a _ (1/a) ' Log w 


z =f(w) = w l/ « = 


= H 1/a • exp 


/log \w\ , . Arg w\ 

= exp-1- t -I 

\ a a / 


M- 


The function h(z) = z 2 , defined on D , is transformed to a new analytic 
function 

h(w) = h(f(w)) = (w 1/a ) 2 - w 2U — ft(u, v) + iH ( u, v), 


defined for w = u + iv in the wedge E. In the special case when a = \ 
(so that the angle in the wedge is 6 = 7t/4), h(z) = z 2 is transformed to h(w) = 
(w 1/a ) 2 = w 4 ; the real and imaginary parts are the harmonic functions 

N(u, v) = h 4 — 6mV + 

(10) for w = u + ^ in E. 

H(u, v) = 4 uv(u 2 - v 2 ) 

If the exponent a is not a simple fraction (for example, if a = V2/2), the 
expressions for the real and imaginary parts are more complicated: 


#(«, v) = R e(w 2/ ’) = (Vu 2 + V 2 ) z/a = (u 2 + V 2 ) 1,a 

ft(u, v) = Im (w 2/a ) = (2/a)Arg(M + tv ) = (2/a)arccos( U -: 

V « 2 + y 2 > 


(see Exercise 1). 

In the next section we will see that the transformation from //, N to fJ 
leaves the boundary conditions unaltered, so that 


— (w) = 0 and 
dn 


f}(w) = 0 on bdry(Z); 


this can also be verified by direct calculations (Exercise 2). 
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Suppose that z in D and w in E correspond under the transformations 
/and/; then w =f(z) and z = f(w ), and the values 

N(z) + iH(z) = A(z) = c + id 

N(w) + iH(w) = h(w) = h(f(w)) = h(z) = c + id 


are equal. By comparing real and imaginary parts, we see that the value of 


A 1 

' k ) 

N = Re(A) > at z is the same as the value of < 

SI = Re (A) 

H = Im(A) J 

Jd = Im(A) J 


w 


correspond under the given transformations between D and E. Thus, 
(11) The locus N(z) = c is mapped by w = f(z) to the locus $(w) = c 


(c a real constant), and similar results hold for the loci //(z) = d and H(w) = d 
(<d a real constant). The inverse mapping z = /(w) maps loci in the opposite 
direction. The reader should examine Figure 7.6 carefully, comparing the 
patterns of loci H = c, N = d and H = c, N = d in the respective domains D 
and E. 


In the last example it is easy to guess solutions of the Dirichlet and Neu¬ 
mann problems for the standard domain D ; it would be much more difficult to 
guess the solutions (10) to the corresponding problems for the wedge E. We 
have used the conformal mapping principle to transform the problem in E to a 
solvable problem for the standard domain D. 

In Chapter 9 we will discuss the Riemann Mapping Theorem , which shows 
that every simply connected domain, except for the special (and trivial) 
domain E = C (the whole complex plane), can be mapped to the open unit 
disc D = {z: \z\ < 1} by an invertible analytic mapping. Therefore, every 
question about harmonic functions on a simply connected domain can be 
converted, by means of the mapping principle, into a corresponding problem 
for the unit disc. 


EXERCISES 

1. Work out the formulas for real and imaginary parts of w 2,a , 
ft(w) = R c(w 2/a ) = {u 2 + v 2 ) l/a 
$(w) = Im (w 2/<x ) = (-^arccos— __—_- 

W yju 2 + V 2 


for 0 < a < 1 and w = u + iv in the wedge-shaped domain discussed 
in Example 7.10. Reconcile these formulas with the elementary formulas 
(10) obtained when a = 1/2. 
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2. In Example 7.10 verify, by direct calculation, that 

? ft 

H{w) = 0 and — = 0 
on 


on the boundary of the domain. 


7.6 TRANSFORMATION OF BOUNDARY CONDITIONS 


If we want to solve a boundary value problem for a certain domain E y 
using the conformal mapping principle, we must know how the boundary 
behavior of a harmonic function is transformed when we make an analytic 
change of variable. Otherwise, we would not know which boundary conditions 
to impose on bdry(Z)) in order that solutions of the new boundary value prob¬ 
lem, in the standard domain D , correspond to solutions of the original boundary 
value problem, posed for E. We will find that boundary conditions of the 
Dirichlet type, and the commonly encountered homogeneous Neumann condition 
dH/dn = 0, both transform to boundary conditions of the same kind. Other 
boundary conditions, including the non-homogeneous Neumann condition 
dH/dn = /(z), transform in more complicated ways. A detailed and mathe¬ 
matically rigorous account of these matters would involve us in some very 
technical questions about boundary behavior of harmonic functions, partic¬ 
ularly in studying Neumann problems. We will not attempt such a highly 
detailed account in this book. This section is intended as a brief introduction, 
adequate for dealing with the concrete examples we will encounter later on; 
technical fine points will be deliberately overlooked. For an account that 
squarely faces some of the technical difficulties, the interested reader might 
consult De Pree and Oehring [ 5 ], Sections 63 to 65, or Nevanlinna and Paatero 
[18], Chapters 11 and 17. 

Let D and E be domains in the z-plane and w-plane, respectively, and let 
w = f(z) be an invertible analytic mapping from D onto E. Let us also assume 
that w =/(z) and z = f(w) are defined and analytic on the boundaries. 
Then it makes sense to say that points z and w “correspond to each other” 
under the given mappings whenever w =/(z), or equivalently, z = f(w). In 
the Dirichlet problem for D we are given piecewise continuous boundary 
values A(z), defined on bdry(Z)), and we want a function H{z) which is con¬ 
tinuous on the closure D and harmonic within D, such that 


(12) //(z) = h(z) for all z on bdry(Z)). 

What values should a function H(w ), defined on E , have so that the trans¬ 
formed function H{z) = H{w) = H(f(z)) will be a solution of the original 
problem (12) in D? Since H(z) and H(w) have the same value at points that 
correspond under the mappings / and /, it should be clear that the boundary 
values for H(w) y appropriate to E y are given by 




for w on bdry(jE'). 
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That is, h(z) = h(w) if z and w are corresponding boundary points of D and E , 
respectively. In particular, if we start with an elementary boundary condition 
of the form 

(13) H(z)=c (c some real constant) 

on part of bdry(D), we must impose the same condition H(w) = c on the 
corresponding part of bdry(£). Such a transformation of Dirichlet boundary 
conditions has already been illustrated, in Example 7.10 of Section 7.5 (notice 
how level curves H = constant are transformed by the mappings w =f(z) 
and z = f{w) in that example). Here is a more complicated example, typical 
of the mapping problems that appear in physical applications. It illustrates the 
solution of a nontrivial mapping problem, together with the transformation of 
Dirichlet boundary conditions. 

Example 7.11 The fractional linear transformation 


w =/(z) 



maps the unit disc D = {z: \z\ < 1} conformally onto the upper half plane 
E = {w: Im(w) > 0} as we indicated in Example 4.16 of Section 4.8. Straight¬ 


forward algebraic calculations show that z = f(w) 



The mappings 


f and f are clearly analytic. Let us solve the following boundary value problem 
in D , 


H(z) = +1 on the semicircular boundary arc C 2 
H(z) =0 on the semicircular boundary arc C x , 


as indicated in Figure 7.7. The boundary values are discontinuous at z = -\-i 
and z = — i; let us insist that the solution H(z) be bounded as z —> +/ or 




Figure 7.7 The domains and mappings in Example 7.11. 
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z —> —i from within the disc. In the domain E we should impose the corre¬ 
sponding boundary conditions; since f maps the arc C 2 to the negative real 
axis ( — oo, 0), and the arc C x to the positive real axis (0, + oo), in the w-plane, 
we should require that the solution function H{w) on the domain E satisfy the 
conditions 

H{u + iO) = +1 for u < 0 
H(u + iO) =0 for u > 0. 

We should also have \ft(w)\ bounded as w -> 0 =/( — /) and as w —► oo = 
from within E , if the transformed harmonic function//(z) = H(f(z)) 
is to have the correct behavior at the exceptional points z — -\-i and z = —i 
on the boundary of the disc. The solution H(w) we give does fulfill these 
additional boundedness requirements. We have already solved the problem 
for the half plane (see Section 7.1); just take 

H(w) = — Arg(w + iv) — — arccosj ■■■ _ U 

ir TT \yj u 2 + V 2 / 

throughout the upper half plane. We transform this into a solution H(z) of the 

. Iz + i\ 

original problem posed for the disc, by substituting w =f(z) = —i I-:J in 

H{w) to get Z — 2 

H(z) = ^ Arg [ —for l z l < l - 

Notice that 

arg [~ = arg ^ — + ar s( z + 0 — * ar s( z — *) 

= —^ + arg (z + i) — arg(z — i) 

(modulo 2tt). The angles 0 X = Arg(z — i) and 0 2 = Arg(z + i) = Arg(z — 

( — i)) are shown in Figure 7.8 (counterclockwise angles are positive); clearly, 
Ad = 0 2 — is the angle shown, for a typical point z in the disc, and A 6 


-hi 



Figure 7.8 The angle A0 is measured positively, 
moving counterclockwise from the segment [z t -hi] to 
the segment [ z , — £]. 
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varies between +7t/2 (on the right hand boundary arc) and +37t/2 (on the left 
hand boundary arc). Therefore, we have the equality (rather than congruence) 


(14) H(z)=- - J + Arg(z + i) — Arg(z - i) =- A0 - ? ; 

TT [_ 2. J 7T L 2_ 


there is no need to adjust the expression in brackets by adding multiples of 2n 


to get it to agree with Arg 




for \z\ < 1. Obviously, H(z) = +1 


and H(z) = 0 on the appropriate parts of the boundary circle \z\ = 1, as shown 
in Figure 7.8. 

It would be difficult to arrive at this result by guesswork. This example 
illustrates the value of being able to transform the original problem for the 
disc into one for the half plane. One should notice that H(w) is constant on 
radial lines in the half plane E , and that the ray arg(w) = a is transformed into a 
circular arc as shown in Figure 7.7; the function H(z) on the disc must have the 
same value on this image arc as H(w) had on the original ray, namely H(z) = 
a/7r. Since H(z) is constant on each circular arc passing through the points 
z = +z and z = — z, it is easy to understand how the harmonic function H(z) 
behaves within the disc \z\ < 1. In particular, on the straight line segment 
[ + /, — i] we get H(z) = +£. 


For another example, the reader should re-examine the boundary value 
problem (I) in Example 7.4 of Section 7.1, where we used w = sin z to trans¬ 
form a problem in a half strip in the z-plane to a familiar problem for the upper 
half of the w-plane. 

Now let us examine Neumann type boundary conditions. If U and V are a 
conjugate pair of harmonic functions defined near /?, then VU and VV are 
perpendicular at p (if they are both nonzero). In fact, the Cauchy-Riemann 
equations show that the inner product is zero: 


(15) Vf/-VF = —• — + — • — 
v ' dx dx dy dy 


dU / dU\ + dU'dU 
dx \ dy) dy dx 


therefore, the vectors VU and VV (attached to p) are perpendicular, as shown 
in Figure 7.9. This observation about conjugate pairs of harmonic functions 
has interesting consequences in boundary value problems. 


Application 1 Suppose that F(z) = U(z) + iV(z) is analytic on a domain 
that includes a smooth arc segment T. Its real part U satisfies the elementary 
Dirichlet condition U = constant on T if and only if its imaginary part V 
satisfies the homogeneous Neumann condition dV/dn = 0 on T. 


This pairing of Dirichlet and Neumann problems will be discussed below, 
but first let us show why the conditions 

(i) U = constant on T 

(ii) = 0 on T 

On 
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Figure 7.9 


are equivalent. Since dV/dn = VF* n, by definition, statement (ii) is equiv¬ 
alent to showing that VF is tangent to F at every point on this arc. Since the 
gradients VF and Vt/ are perpendicular, this in turn is equivalent to the 
statement that Vf/ is perpendicular to F at every point on this arc. But if <f>(x 9 y) 
is any smooth function, its gradient vector V<£ is perpendicular to the level 
curve <f>(z) = constant = </>(/?) that passes through p. Applying this to <f> = U, 
we see that Vt/ is perpendicular to T if U = constant on T (so that T is part 
of the locus U = constant = U(p)). Thus, (i) implies (ii). We leave the 
converse implication, (ii) implies (i), as Exercise 18. 

By combining U and F in a slightly different way, to form the analytic 
function G = F — if/, we could equally well prove that 


dU 

dn 


= 0 on T if and only if F = constant on T, 


so that the relationship between the pair of functions U and F is symmetrical. 

Application 2 Suppose that w = /(z) is an invertible analytic mapping, with 
analytic inverse, that transforms a domain D to a domain E. Let f be a 
smooth arc in D and T = f(F) its image in E under the mapping f :D—>E. 
Let H(z) and H(w) be harmonic functions defined on D and E , respectively, 
which are transforms of each other under the analytic changes of variable w = 
f{z) and z = f(w). Then /?(z) satisfies the homogeneous Neumann condition 
dfjjdn{z) = 0 on the arc F in D , if and only if H(w) satisfies the same con¬ 
dition, dHjdn{w) = 0, on the corresponding arc F in E. 

Proof: Consider corresponding points z = p and w = q =f(p) on F and 
r respectively. There are conjugate harmonic functions U(z) and U(w ), defined 
near p and q respectively, that are related via the change of variable w = /(z); 
thus, F(z) = fh + iU and F(w) = H + iU are analytic. The conditions 
df}fdn(z) = 0 and dH/dn(w) = 0 are equivalent to the conditions t/(z) = 
constant and U(w) = constant on the respective arcs F and T, as indicated in 
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Application 1. But U(z) = constant on T if and only if U(w) = constant on F. 
Therefore, the Neumann condition dH/dn(z) = 0 corresponds to the Neumann 
condition dH/dn(w) = 0 under an invertible analytic mapping of domains. | 

Nonhomogeneous Neumann conditions, of the form dHjdn(w) = h{w) on 
an arc T, transform in a more complicated way. We cannot simply substitute 
w =/(z) into h(w) to get the correct boundary values of dH/dn(z) on the arc f 
in the z-plane. Instead, if H(w) satisfies the condition 

dH 

(16) — (w) = h(w) on the arc T in the w-plane, 

dn 

then the transformed function H{z) = H(w) 
different condition *- 


v=f(z) 


will satisfy a rather 


(17) 




■h{z) 


for z on the arc T, 


where we take h(z) = [h(w)\ w=fiz) ] = h(f(z)). We leave the verification of 
(17) as Exercise 21, and will only deal with homogeneous Neumann problems in 
the main part of this text. 

These observations are nicely illustrated by reconsidering Example 7.11 
above. On the half plane E we have mutually conjugate harmonic functions 
H{w) and N(w), associated with {—if 7r)Log u) = H(w) + iN(w ). Here 


H(w) = — Arg(^) and N(w) = — — log \w\, 

77 77 

and since H = 0 or H = 1 on the boundary (the real axis), the function N(w) 
must satisfy the homogeneous Neumann condition dNjdn{w) = 0 on the real 
axis (except at w = 0, where N fails to have a well defined normal derivative). 
The families of lines H(w) = constant and N(w) = constant are shown in 
Figure 7.10. These functions in the half plane are transformed by the change 


+ i 




Figure 7.10 Here z = +i goes to w = oo, and z = — i to w = 0; boundary arcs of the 
unit circle are mapped to appropriate halves of the real axis. 
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of variable w 

W < 1: 


into the harmonic functions defined in the disc 


- -(^) 1 
ff(z) = - [_ ? + Arg(z + 0 - Arg(z — t)J 


7T _ 


log | z + i| — log | z 


i \1 = - ~ 

7 T 


log 


z + i 


Z — l 


which make up the real and imaginary parts of the transformed analytic 
function ( t/77-)Log(/(z)) = ( *M Lo g[ t m . Since H is constant 


(H(z) = 1 or H{z) = 0) on the boundary arcs that connect +i and — i, 
N(z ) satisfies the Neumann condition dNjdn(z) = 0 on these arcs (and 
dN/dn is undefined at -\-i and —i). The mapping w = —i(z + i)l(z — i) 
maps the loci H(w) = c x and N(w) = c 2 to the corresponding curves H(z) = c 1 
and ft(z) = c 2 in the disc, as shown in Figure 7.10. 


These transformation principles will be illustrated repeatedly as we con 
sider additional examples in this and the following chapters. 


EXERCISES 

1. Consider/(z) = (z + 1 )/(z — 1), which is singular at z = +1- 


(i) Verify that its real part is given by U(z) = -— . 

I z 11 2 

(ii) Write Im(/(z)) = as a function of the variables 

x and^. 

(iii) Show that dV/dn = 0 on the unit circle |z| = 1, 
except at z = +1, where V(z) is undefined. 

Hint: The methods of Application 1 are useful. 


2. Show that the real and imaginary parts of Arcsin(w) = H{w) + 
iN(w ), defined in the upper half plane, satisfy the following boundary 
conditions along the real axis. Refer to Figure 4.34 of Section 4.10. 


(i) H(u + *’0) = —7t/2 

on (—oo, —1) 

H(u + iO) = +7 t/2 

on (1,+oo) 

(« + iO) = 0 
on 

on (-1, 1) 


dN 

(») T- (« + i'0) = 0 

on 


on (—oo,—l) and (1, +oo) 


N (u+ iO) = 0 on (-1, +1). 
Hint: Use methods from Application 1. 
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3. Arctan(w) = H(w) + iN(w) is harmonic on the half plane 
E = {a;: Re (a;) > 0}. Calculate the inward normal derivatives 

(0 + iv) and (0 + iv) 
dn dn 

of the real and imaginary parts as functions of v on the boundary segments 
— oo < v < — 1; — 1 < v < +1 ; 1 < < + oo in the imaginary axis. 

Hint: Refer to Figure 4.33, Section 4.10. 

4. Show that the imaginary part H(z) = Im (f(z)) of f(z) = 
-\-i — (2/7r)Log z on the upper half plane has boundary values 

H(x + iO) = +1 for * > 0; H(x + iO) = — 1 for * < 0. 

Use simple variants of the fractional linear transformations discussed in 
Example 4.16 of Section 4.8 to transform H(z) to functions H{w) on the 
unit disc D = {w — \w\ < 1} which satisfy the boundary conditions 
indicated in Figure 7.11. (H is bounded on the disc.) 

/1«;4-A /1 + 1 \ 

Answers: (i) 1 — (2/7r)Arg(--.); (ii) I — (2/7r)Arg(---I. 

\l w — ij \l w — 1/ 

5. Determine a fractional linear transformation that maps the disc 
D = {w: \w\ < 1} onto the upper half plane E = {z:Im(z) > 0} so that 
w — 1 and w = +i are mapped to z = 0 and z = oo respectively. Then 
extend the methods of Exercise 4 to find a solution of the boundary value 
problem indicated in Figure 7.12. 

Answer: H(w) = 1 — (1 /7 r)Arg— (1 + i) -rjj. 



Figure 7.12 
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6. By noticing that the fractional linear transformation z = f ( w ) = 
(w — 1\ 

— (i -f 1) I -jmaps circular arcs between w = 1 and w = +i to 

\w — i J 

rays from z = 0 to z = oo, sketch the loci H(w) = constant in the unit 
disc for the function ft{w) = 1 — (1 / it) Arg( f(w)) in Exercise 5. The 
loci H = 0 and H = 1 form the boundary circle \w\ = 1. Show that 
0 < H(w) < 1 on the disc, and determine the loci H = 3/4 and H = \j2 
explicitly. 

Hint: To decide which arcs map to which rays, note that z = f{w) 
is conformal at w = 1 (angles preserved). 

Answer: H = 3/4 on the line segment [1, +i]; H = 1/2 on the arc 
through 1, +i (within the disc) that is perpendicular to the circle \w\ = 1. 

7. From formula (15), deduce the following important result. 

Theorem: If H(z) and N(z) are conjugate harmonic functions near 

/?, then the loci through p, 

H(z) = c = H(p) N(z) =d=N(p ), 

are perpendicular. 

8. If H(w) is the solution of the boundary value problem in 
Exercise 5, it is constant on each circular arc from 1 to +i (Exercise 6, 
above). Let G(w) be a conjugate harmonic function; G exists because 
the disc is a simply connected domain. How are the loci 0(w) = constant 
related to the loci H{w) = constant ? Make a rough sketch showing both 
sets of curves in the disc. The families are orthogonal, by Exercise 7. 

9. Solve the boundary value problem for the disc |z| < 1 indicated 
in Figure 7.13(i) by transforming it to the problem in the upper half 
plane in Figure 7.13(ii). Roughly sketch the level loci H(z) and H(w). 

Hint: Use a fractional linear transformation. 

Answer: H{w) = — 1 + (l/7r)Arg(a; — 1) + (l/7r)Arg(w +1); 
substitute w = f(z) = —i(z + l)/(z — 1) so that/( + *) = —1; 

/(-i) = +!;/(!) = oo. 



Figure 7.13 
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(i) (H) (Hi) (iv) 

Figure 7.14 


10. Solve the boundary value problem shown in (i) in Figure 7.14. 
Then use suitably chosen mappings of the half strip in (i) to solve the 
other problems shown. 

Hint: Use w = sin z to get a half plane; use linear mappings to get 
the shifted domains (ii) and (iv). 

Answers: (i) H(z) = (2x + tt)I2tt = Re((2z + tt)I2tt)\ (ii) H{u + 
iv) = u; (iii) substitute z = Arcsin(w) = — zLog(!W + %/1 — w 2 ) (prin¬ 
ciple determination of square root), so H(w) = (4) + Re[(l/ 7 r)Arcsin w ]; 

(iv) replace w by (2w/3) — 1, so H{w) = \ + Re - Arcsin 

Ltt 



11. Solve the boundary value problem shown in Figure 7.15(i); 
then use the mapping w = z 1/2 to solve the problem in (ii). 

Hint: In (i), translate so right hand corner is at origin; then apply 
w = — 1/z and another translation to get a simple problem in the first 
quadrant. 



11 = 0 11 = 0 

(0 (H) 


Figure 7.15 
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12. The harmonic function 

H(x,y) = $- y + —J—- (* + *>^0) 

x 2 +/ 

has constant value 3 on the circle T = {z: \z\ = 1}. The analytic map¬ 
ping z — f(w) = e iw allows us to transform H(z) to a function H(w) = 
H(f (w)) defined on the r^-plane, and maps the real axis T' onto 
r. Calculate H(u , v) = H(u + iv) explicitly, and verify that H = 3 
on the real axis. This amounts to a direct verification of the transforma¬ 
tion law (12) for Dirichlet conditions on F' and T. 

13.. Calculate the inward normal derivative dHjdn(z) on the unit 
circle |z| = 1, for H(x,y) in Exercise 12. Calculate dH/dn(w) along the 
real axis in the z^-plane (n directed into upper half plane, which corre¬ 
sponds to the disc \z\ < 1 when z = e iw ). Show that dH/dn(z) and 
dHjdn{w) do not agree at corresponding points z and w. Thus, non - 
homogeneous boundary values in a Neumann problem are not transformed 
by assigning the same value at corresponding boundary points. 

Answer: In polar coordinates dH/dn(r, 6) = —dH/dr(r, 6) = sin 6 = 
yj\/x 2 + y 2 ; dH/dn(u, v) = dHjdv = 2 sin u sinh v. 

14. In Exercise 13, show that the Neumann conditions on T and T' 
are correctly transformed by the general formula (17). 

15. The transformation w = T(z) = (£) ^z H—j maps the domain 

shown in Figure 7.16 onto the upper half plane, carrying the circular arc 
to the segment [—1, +1]. Accepting the validity of this observation, 
solve the boundary value problem (i). 

Answer: H(z) = (2/7r)Arg(^-j—j-) = (2/-rr)arctan* ( — _ J , 

where 0 < arctan*(j) < tt for all t. 


16. Apply the comments of Exercise 15 to solve the boundary value 
problem (ii) shown in Figure 7.16. 

2 

Answer: H(z) = Re(/(z)), where f(z) = - Arcsin 
the half plane. n 




Figure 7.16 



7.7 THE POISSON FORMULA FOR THE DISC 457 


17. In a sketch, indicate the boundary conditions satisfied by the 
conjugate harmonic functions H*(z) associated with the solutions of 
Exercises 15 and 16. 


18. Let r be the trajectory of a smooth parametrized curve y(t), 
defined for a < t < b, and let H(x,y) be a smooth real valued function 
defined on an open set which includes T. Assume that dy/dt ^ 0 every¬ 
where (so there is a definite tangent at each point), and assume that VH 
is perpendicular to I\ Prove that <f> = constant on T; that is, <£(y(0) = 
<f>(y(t 2 )) for t l9 t 2 in 1>, b ]. 


dy 

Hint: Perpendicularity means VH •— =0; relate this to the deriva- 

dt 


tive of the composite function (//o y)(/) = H(y(t)) and integrate with 
respect to t. 


19. Explain why the result in Exercise 18 does not depend on the 
particular parametrization we used. 


20. Prove the converse of Exercise 18. Let H(x,y) be a smooth 
real-valued function defined on the trajectory T of a smooth curve y(t ), 
defined for a < t < b. If H(x,y) = c (a constant) everywhere on T, 
prove that VH is perpendicular to dy/dt for each t. 


21. Let r be a smooth arc in the z-plane which is mapped to a 

smooth arc T in the zf-plane under an invertible analytic mapping w = 

/(z). Let H(z) and H(w) be harmonic functions, defined on T and T 

respectively, which correspond to one another under analytic, invertible 

transformations w = f (z) and z = f{w). If H(w) satisfies the condition 

dH dH 

— (w) = h(w) for w on T, prove that H(z) satisfies the condition — —{z) = 


dn 

df 

dz 


h(z) for z on T, where h{z) 


= h(w) I 

y | iv=f(z)_ 


dn 




Hint: Introduct a parametrization y(t) of T, and use the corre¬ 
sponding parametrization rj(t) = f{y(t)) of T. 


7.7 THE POISSON FORMULA FOR THE DISC 

We have indicated that boundary value problems for a large variety of 
domains can be transformed into boundary value problems for the unit disc. 
In this section we derive certain integral formulas that solve the Dirichlet and 
Neumann problems in the unit disc D = {z: |z| <1}. Let /(z) be analytic 
on the closed disc |z| < 1 (that is, on some domain that includes this disc). 
We have already seen how the Cauchy Integral Formula takes the values of f 
on the boundary circle |z| = 1 and reproduces/(£) for points |£| < 1 within 
the disc. We have also seen that the real part U = Re(/) determines/up to 
an added constant through the Cauchy-Riemann equations (see Exercises 
5 and 6, Section 7.2), so we suspect that there should be an integral formula 
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that takes the boundary values U(e t9 ) and directly determines from them the 
harmonic function U(£) for |£| < 1. In the next paragraph we will use these 
ideas to deduce the correct integral formula; then we will show that this 
formula, although deduced in rather special circumstances, can be used to 
solve Dirichlet problems with bounded, piecewise continuous boundary 
conditions. 

Consider the following situation. We are given a function U(z) that is 
harmonic on the disc \z\ < 1 and on the boundary circle |z| = 1; this means 
that U(z) is defined and harmonic on some slightly larger disc D r = {z: \z\ < 
1 + 6}. Since D' is simply connected, there is an analytic function/defined on 
D' such that Re(/) = U (Theorem 7.1). We may adjust / by adding an 
imaginary constant so that U( 0) = /(0). Now,/has a series expansion 


(18) f(z) = 2 a n z n (convergent for |z| < 1 + 6) 

71 — 0 

with a 0 = /(0) = £/(0); this series is uniformly convergent on the circle 
T = {z: \z\ = 1} (indeed, on the closed disc \z\ < 1). The conjugated series 

OO 00 _ 00 

2 a n (z n )~ = ^ a n(z) n converges uniformly also, with sum /(z) = (^ a n zH )~ 

«=0 n =0 n=0 

(see Exercise 2), so we can add the conjugated series to the original series and 
express U(z) as 

(19) U(z) = Re(/(z)) = *(/(z) +/(!)) = ij> n z” + T„(z) n ) 

71 = 0 

= a o + il,(a n z n + <z“(z) n ). 

n=l 

Clearly, this series is uniformly convergent on the circle |z| = 1. Notice that 
z = 1/z when |z| = 1, so that the series in (19) may be written in the form 

(20) U(z) = a 0 + ^2 ( a n zTl + for 2 su ch that |z| = 1. 

We want to obtain /(z), starting from U(z). We can accomplish this if 
we can determine the coefficients a n in the series (18) starting with only the 
boundary values of U(z) on the circle |z| = 1. To this end, we multiply U(z) 
by various powers z k and integrate along the contour y(6) = e 10 defined for 
0 <,6 < 2tt; since (20) converges uniformly on the trajectory, we get 


1 

2ni 



2ni 


i"-*i 


z n+k dz + 
y 2iri 



for k = 0, ±2, .... Recall that J y z v dz = 0 unless p = — 1. It follows 

that, for each choice of exponent k, there is only one nonzero integral in the 
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whole right-hand sum, and from this we easily conclude that 



K = 7". f U{z) ~~ dz = ^— (* = -»- 1). 

2772 Jy Z + 277 Jo 

Now that we have determined the coefficients a n , let us substitute their values 
into (18) and examine the series at a typical point £ (|£| < 1). We get 


/(£) = I *«£" = 7" f rfz + | (2 • 7- f t/(z)z-"- 1 dz)^ 

n=0 Zm Jy n= l\ ZTTlJy ) 

= _L fr, +2 .2 £]£(£)* 

2772 Jy L n=l Z n J Z 

= _LU 2 ) i(i±JU. 

2oiJ» z\z-l) 

CO 

The interchange of J y (• • •) dz with ]£(••■) is justified because £ is fixed, and 

' ' ‘ n-1 

f » £»1 z _|_ £ 

so the series 1+2*2—= -z converges uniformly on the circle 

n=l Z n J Z — £ 

|z| = 1. We conclude that /(£) can be written as 


( 21 ) 


/(£) 




+ £ 
e* - £ 




for all points £ such that |£| < 1. We finally have an integral formula that 
determines/(£) for £ in the unit disc from the boundary values of U = Re(/). 
The original harmonic function t/(£) is the real part of/(£), and is obtained 
by taking the real part of this integral. For the Riemann integral on the right, 
this amounts to taking the real part of the integrand. Since U is already real 
valued we get : 

(22) 

= — I* 2 ’u(e i9 ) - ] — J - - d6 

2tt Jo 1—2p cos(0 — <j>) + p 2 

if we write £ = pe l<t> with p = |£| < 1. This important formula is called the 

Poisson integral formula. 


Note: For Riemann integrals with complex valued integrands it is true 
that Re{J£/(J) Re{/(/)} dt, but this is definitely not so for line 

integrals! In such integrals J y /(z) dz, the variable of integration dz is 
complex and contributes to both the real and imaginary parts of the 
contour integral, since J y /(z) dz = (J y U dx — Vdy) + i($ y V dx+Udy). 
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Now that we have seen what sort of integral can be expected to reproduce 
a harmonic function from its boundary values, we shall try to use this integral 
to solve the Dirichlet problem. Suppose we are given arbitrary continuous 
boundary values h(z) defined on the unit circle \z\ = l. It is not at all clear 
that the Dirichlet problem with boundary values A(z) is solvable; after all, 
we do not assume that h(z) has anything to do with a harmonic function on the 
disc \z\ < 1. The heart of the Dirichlet problem lies in deciding which functions 
continuous on the circle \z\ = 1 can be extended to functions H(z ) that are 
defined and continuous for |z| < 1 and harmonic for \z\ < 1, with //(z 0 ) = 
A(z 0 ) for every point z 0 on the boundary circle. The answer is that every 
continuous function h(z) gives a solvable Dirichlet problem, and furthermore, 
the desired harmonic function in the disc |z| < 1 is obtained by inserting h(e td ) 
in place of U(e te ) in the Poisson integral formula (22). In fact, we may allow 
h(e zd ) to be discontinuous but bounded at a finite number of places on the circle, 
and the formula will still work; the harmonic function //(£) will then be 
bounded at the points z 0 where h is discontinuous. 

Theorem 7.5 Let h{z) be any piecewise continuous f bounded function on the circle 
|z| = 1 which has real values. Then the function 

is defined and harmonic for |£| < 1; furthermore , 

lim //(£) = h(z 0 ) at points \z 0 \ = 1 where h(z) is continuous 
1 * z 0 

and 


|//(£)| is bounded as £ —► z 0 ( keeping |£| < 1) 
at points where h(z) is discontinuous. 

Note: If we define H{z) for |z| < 1 as in (22), and then define H{z) = 
h(z) at points on the circle |z| = 1, the limit relation lim H(z) = h(z 0 ) = 

Z *Zq 

H(z 0 ), valid for boundary points z 0 where h(z) is continuous, insures that the 
extended function on the closed disc solves the Dirichlet problem as we origin¬ 
ally described it. 

Proof: The integrand is a bounded and piecewise continuous function for 
0 < 6 < 2tt and for any choice of |£| < 1. To see that //(£) is harmonic, we 
shall actually produce the analytic function/(£) of which H(Q is the real part. 
Notice that //(£) is just the real part of a line integral along the contour 


| That is, h(z) is allowed to have discontinuities at a finite number of points on the circle. 
Aside from the assumption that \h(z)\ is bounded for |z| = 1, it is not necessary to specify 
the behavior at the discontinuities. 
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y(t) - e" 

(23) 


(0 < t < 27t); in fact, H = Re(/) where 


/(£) = — f 2 *A(«") (4^) —] d6 

2ttJo \e' 9 - y ie ,e 

= _L [MlL±l\ dz 

2iri Jy z \z — £/ 

- -L f * w p-1] dL 

2m Jy L z — t, zj 

27TZ Jy Z — £ 2ni Jy Z 

= _L f2M. 

27TZ Jy 


Jy Z — £ 


rfz + constant. 


Since 2 • A(z) is bounded and piecewise continuous on the trajectory of y, the 
Cauchy-type integral involving £ determines a function/(£) that is analytic 
off the trajectory of y, as explained in Theorem 5.22. Now //(£) is the real 
part of this analytic function, and hence is harmonic for |£| < 1. 

To complete the proof we must demonstrate that 


(24) lim H{z) exists and is equal to h(z 0 ) 

£-*20 

for each boundary point z 0 at which h(z) is continuous. The proof is based on a 
few elementary properties of the Poisson kernel function 


m, o) = J-rc 

2lT 



1 l-m g 

2t t \e ie - £\ 2 


that multiplies h(e l9 ) when we integrate to get //(£). 

Certain facts about formula (22) are almost self-evident. If |£| < 1, the 
numerator and denominator in X(£, 6) are positive (notice that \e l ° — £| 2 > 
(1 — I^D* > 0), so that 


(25) iC(£, 6) > 0 for all real 6 and for |£| < 1. 


By applying formula (22) to the harmonic function U(z) = 1 on the plane, 
we get 


(26) 



for all £ such that |£| < 1. 


Finally, //(£) has the same upper and lower bounds on the disc |£| < 1 as 
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h(z) has on the unit circle; if A < h(z) < B for all z such that |z| = 1, then 


A = 


A ■ K{l, 6) dd < r*h(e i9 )K(t, d) dd < B ■ \ K(£, 6) 

Jo Jo Jo 


dd = B, 


so that 


(27) 


A <:H(Q <B for |£| < 1. 


If H is not constant, these inequalities must be strict ; otherwise, H would have 
a relative maximum (or minimum) within the disc, in violation of the maximum 
principle. In our discussion, we may consider h(e l °) and K(£„ 6) as periodic 
functions of the real variable 0, so that integrating over any interval [ a , b ] 
has the same effect as integrating over [<a + 27 r, b + 27 t ]. To reduce notational 
confusion, we shall write 


r 


(*00+3 

(...) dd 

for 

(...) dd 

J\0-9 o \<d 


J0O-3 

r 


(*0q-\-2it—3 

(...) dd 

for 

(...) dd 

J\0-0 O \>3 


J0q-\-3 


Let us begin the serious details of verifying (24) by examining a special 
case. Take an arc T = {z: \z\ = 1 and a < arg z < /?} in the unit circle 
(a < < a + 2n) and let T' be the complementary arc, on which /? < 
arg z < a + 27 t; then consider the boundary values 


(28) 


h{z) = 


1 

0 


for z on r 
for z on P. 


Our first observation is that Poisson’s formula provides the correct solution for 
boundary values of this kind. Formula (21) gives us an analytic function 




where y(d) = e t0 for 0 < 6 < 2tt. But h(e t0 ) = 1 for a < 6 < /?, and is zero 
elsewhere, so we are really integrating along the smaller arc T traced out by 
Yj{d) = e xB for a < 6 < /?; thus, 


m n = — 

27 71 




dz . 
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This function is defined and analytic at all points £ lying off trajectory (rj) 
= F; moreover, we can calculate <f> explicitly, 



for £ in E = C ~ T. It is not hard to check that the principal determination 
of logarithm used here is analytic off the arc T, so that the last equality is 
correct on E. The real part of cf> is the harmonic function 

(29) „({; r> - R.(«{; O) - l - Arg(£^) - (^) • 

By noticing how the fractional linear transformation w = (e tfi — £)/(<?*“ — £) 
transforms C* ~ T to C* ~ [ — oo, 0], it is easy to see that 

co(£;r) = 0 for £ on the complementary arc T'; 

and if z 0 is a point on T that is not one of the end points, then 

a>(£;r) —► +1 as £ approaches z 0 from within the disc |£| < 1 

(30) 

co(£;T) —► — 1 as £ approaches z 0 from within the domain |£| > 1. 

Since 0 < A(z) < 1 in this problem, we also have 0 <o>(^ ; r) < 1 on the 
disc |£| < 1, by (27). Obviously co(£;T) is bounded near points where h(z) is 
discontinuous, so this function is the solution of the problem with boundary 
conditions (28). It is important to notice that this discussion applied to any 
arc. T in the unit circle. 

Now let us consider general bounded, piecewise continuous boundary 
values h(z) in (24). We already know that H(Q is bounded on the disc; if 
\h(z)\ <Mi or |z| = 1, then |//(£)| < M for |£| < 1. Thus, //(£) is certainly 
bounded near any point of discontinuity on the circle |z| = 1, and it is only 
necessary to examine the behavior of //(£) near a point z 0 = e t0 ° at which h(z) 
is continuous. Continuity of h at z 0 means that the values h(e te ) and h(e t9 °) are 
close together if \6 — 0 o \ is small enough; if £ is a given positive number, we get 


(31) | h(e ie ) - h(z 0 ) | < c/3 for all 6 such that 1 6 - 0 O | < d 
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by taking d > 0 sufficiently small. For this choice of <3, let T d be the arc 
6 0 — 6 < arg z < 6 0 + <5, and let F's be the complementary arc, in the unit 
circle. If we write h(e ie ) = [h(e te ) — A(z 0 )] + A(z 0 ), then formula (22) takes 
the form 


HQ = f h(e ie )KQ6) dd + 

J\e-o 0 \<6 

= f h(z 0 )KQd)dd + 

J\9-0 0 \<d 


f h(e ie )KQ 6) d6 

J\9-d 0 \>6 

f [A(0 - h(z 0 )]KQ6)dd 

J\e-e 0 \<s 


+ f h(e i6 )KQd) 

J | 0 - 0 O |><5 

= h(z 0 ) ■ coQ r,) + A(0 + BQ for Q < 1. 


dd 


We may estimate the size of the last two terms as follows. For |£| < 1, formulas 
(31) and (26) give 


M(S)l<f \h(e ie )-h(z 0 )\KQd)dd 

J 1 9 — 9q | < <5 

< f (e/3) KQ d) dd <; (e/3) f *'*(£, 6) dd = e/3. 

J\9-9 0 \<d JO 

Since \h(z)\ < M for all z on the unit circle, we get 

|B(£)l<;f \h{e ie )\ K(X,d) dd <m[ KQd)dd = M-co(t;r i ). 

v| 9 — 9o | J \9 — 

Combining these observations, we see that 


I HQ - h(z 0 ) | < |A(z 0 )| • |1 - o>Q r a )| + e/3 + M • co(£; T a ) 

< M |1 - coQ, r a )| + M ■ coQ, r;) + e/3 

for |£| < 1. But we already know how the functions co(£;Fa) and a>(£;F$) 
behave as £ approaches z 0 from within the disc; 


lim o>(£; r s ) = +1 and lim co(£; r' s ) = 0 (keeping |£| < 1). 

t-*Z0 £-*Z0 

Thus, we may insure that 


M- |1 - coQ r 4 )| < e/3 and M ■ \coQ, T')| < e/3 

for all £ such that |£ — z 0 | < r(e) and |£| < 1, by taking r(e) small enough. 
For these £, which occupy the shaded region D r{e) shown in Figure 7.17, we get 

I HQ - h(z 0 ) I < | l + l = e for all £ in D r{t) . 
j 5 5 
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Figure 7.17 The region D r{e) = 
{£ : ICI < 1 and |£ — z 0 | < r(e)} in the 
proof of Theorem 7.5. 



I 

I 


This reasoning works for any choice of e > 0, so we have proved that 
//(£) —► h(z 0 ) as £ approaches z 0 from within the unit disc, 
for any point of continuity of the boundary values/z(z). This finishes the proof. | 

The contour integral version of formula (22) can be quite useful in solving 
Dirichlet problems; it is often easier to deal with formula (21) than with 
Poisson’s formula (22), a Riemann integral, because we may apply the princi¬ 
ples of contour integration in evaluating (21). In the preceding discussion, this 
was done in determining the particular solutions co(£;T) associated with an 
arc T on the unit circle. 

For continuous boundary values h(z) the solution of the Dirichlet problem 
in the disc is unique; no solutions are possible other than the one given by the 
Poisson formula. This follows immediately from our discussion of the maximum/ 
minimum principle for harmonic functions. It is quite a bit harder to show 
that there is still only one harmonic function //(£) defined for |£| < 1 which 
satisfies the conditions 

(i) lim //(£) = h(z 0 ) at points z 0 where h(z) is continuous 
t~* z o 

(ii) |i/(£)| is bounded as £ approaches a point of discontinuity 

when we are given piecewise continuous and bounded values h(z) on the unit circle. 
This is the solution given by the Poisson formula (22). We have indicated 
in Section 7.1 that the solution need not be unique if we drop the boundedness 
condition (ii). We will not take the time to prove that the bounded solution is 
unique when we allow bounded, piecewise continuous boundary values. 

Slight modifications of the preceding discussion allow us to solve the 
exterior Dirichlet problem for the disc, in which we take the points exterior to 
the unit circle |z| = 1 as our domain. We then want a function //*(£), defined 
and harmonic for |£| > 1, that satisfies the boundary conditions 

(i) |//*(£)| is bounded on the domain |£| > 1 

(ii) H*(£) —*■ h(z 0 ) as £ -* z 0 (keeping |£| > 1), at points z 0 where h{z) is 
continuous. 
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The solution to the exterior problem is obtained by multiplying the Poisson 
integral in (22) by —1, and taking |£| > 1 instead of |£| < 1: 


(32) H \0 = ^J^(^) Re (^^) d6 for all |£| > 1. 

This function //*(£) is just the real part of ( — 1) •/(£) = /*(£)> where 


(33) /*(£) 




dd. 


The contour integral gives a function that is analytic off the circle |z| = 1 
(both inside and outside of the circle!), so that //*(£) is harmonic for |£| > 1. 
For |£| > 1, the modified Poisson kernel function appearing in (33), 


1 l£l 2 — 1 

K*a, 6 ) = (-1) • K(t, 6 ) = — ^ for ICI > 

satisfies the properties (25), (26), and (27) in the proof of Theorem 7.5. We 
must introduce the minus sign to get (25) for |£| > l; thus, if |£| > 1, we get 
( —1)(1 - |£| 2 ) = |£| 2 - 1 > 0, and we still have \e ie - £| 2 > (|£| - l) 2 > 0. 
We must also use the elementary solutions co*(£; T) = — co(£; T), defined for 
Iti > 1, corresponding to an arc T in the unit circle. The rest of the proof can 
be repeated almost word for word to prove that //*(£) satisfies the stated 
boundary conditions in the domain |£| > 1. 


Example 7.12 Let us examine more carefully the solutions to the interior 
and exterior Dirichlet problems corresponding to the boundary conditions 

h(e 10 ) = +1 on the arc T = {z : \z\ = 1 and a < arg z < /?} 
h(e l °) = 0 elsewhere on the unit circle (i.e., on T') 

|i/(£)| is bounded on the domain being considered. 

In the proof of Theorem 7.5 we evaluated the solution in the disc |£| < 1; 
H = Re(/), where 


Thus, 



#(£) = «(£; n = - Arg 

77 



Since the fractional linear transformation » = T(0 = (e ifi - £)/(*“ - 0 
maps T onto the extended negative real axis [— oo, 0] = {oo} U (— oo, 0] in 
C*, H(Q is actually defined and harmonic everywhere off T. Since T(e tfi ) = 0 
and T(e) ta = oo, it follows that T maps each circular arc through and e ta 
to a radial line between 0 and oo in the w-plane. It is a simple matter (Exercise 
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Figure 7.18 Interpretation 
of the solution H (f) = co(£; T) of 
the interior Dirichlet problem. 



4) to see that //(£) is constant on each circular arc from e ip to e ia (there is a 
discontinuity along the particular arc T). 

Geometrically, Ar g[(e lp — Ql(e ta — £)] is just the angle A0, shown in 
Figure 7.18 for typical points £ in the domains |£| < 1 and |£| > 1; Ad is 
measured from the segment [£, e l3t ] to the segment [£, e ip ] in either case, and is 
positive (counterclockwise) for |£| < 1. Thus, 


AO /B — ol\ 

«(£; r) = — - (£—) for £ in C - T. 

77 \ 2lT J 

Notice that (/3 — a)/2 < AO < 77 + (/? — a)/2, so that 0 < co(£;F) < 1, 
for |^| < 1. 

If |£| < 1, there is another geometric interpretation of co(^;T), one in 
which we hold £ fixed and consider various arcs T in the unit circle. If we 
extend lines from the end points e tp > e la , through £ to the opposite side of the 
unit circle, then the arc subtended by these extensions has length 

A l = [2A0 - (0 - a)] = 2 tt • co(£; T). 


This new arc is obtained by “projecting” T through £; a>(£;T) measures the 
fraction A//277 of the unit circle covered by this projected arc. The value 
a>(£; T) is generally referred to as the harmonic measure of the arc T with 
respect to £. For a more detailed development of this concept, we refer to 
Nevanlinna and Paatero [18], Sections 11.14 to 11.21. 

In the exterior domain, //(£) = ( Ad/n ) — (/? — a)/27r approaches —1 as 
£ approaches any point on T, other than one of the end points, keeping |£| > 1. 
Since //(£) is already equal to zero on the complementary arc T', 


«*«) -(-.)■n = + f—1 



is the solution to the boundary value problem in the exterior domain, as we 
expect. 
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The Poisson formula can be used to get explicit solutions to Dirichlet 
problems if the boundary conditions lead to an integral (21) or (22) simple 
enough to be evaluated; however, there are many situations in which such an 
evaluation is out of the question. Even then, integral formulas of the Poisson 
type are important because they lend themselves easily to approximate numerical 
calculations of the solution from the given boundary values. The reason is that 
error estimates are quite easy to make in a numerical calculation based on 
integration processes (as opposed to differentiation processes), and in deriving 
the Poisson formula we have obtained an explicit integration process for solving 
Laplace’s equation with boundary conditions of the Dirichlet type. Poisson’s 
formula is also important as a tool in theoretical investigations of how harmonic 
functions behave; for example (see Exercise 18), by its use we can show that 
the limit of a uniformly convergent sequence of harmonic functions is harmonic 
also. This is a result which could be very difficult to prove without the use of 
integral formulas such as (22). 


EXERCISES 

1. Verify the formula 


= — 
V 0 -£/ 1 - 


1 -P 2 


2pcos(0 — <j>) + p 2 


where £ = pe l<t> (p < 1) 


for all real 0, 


2. If a complex series a — ^a n converges, prove that the complex 

n=0 

( oo \ oo 

2 a n\ 1S given by ^ a n • Show that the conjugated 

71=0 / 71 = 0 71 

series is absolutely convergent if and only if the original series is absolutely 
convergent. 


3. Verify that the series 1 -f 2 ^ has radius of convergence 

71=1 

r = 1. Evaluate its sum, using what you know about the geometric 
series. If w = £/z with z on the unit circle \z\ = 1, and if £ is a fixed 

1 00 [l n \ 

point such that |£| < 1, show that the sum 1 -\— 2 \“) conver g es 

2 n=x \z n I 

uniformly on \z\ = 1 to the sum ^ aS a ^ unct * on z (holding £ 
fixed). 

00 

Hint: ^ w n converges uniformly to its limit on the circle \z\ = 1, 

71=0 

since |£| < 1. 
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4. If p = e and q = e ta , examine the mapping properties of the 
fractional linear transformation 


«»=/(£) 


- c 

e ia ~ Z 


(Z ^ or e“) 


and demonstrate that 

Log /(£) = Log^-—^ 

is constant on circular arcs from e la to e tfi , and is harmonic except on the 
arc r = {z: |z| = 1 and a < arg z < ft} on which there is a jump 
discontinuity. (Recall Section 4.8.) 

5. Extend the discussion of Exercise 4 to verify that the geometric 
interpretation 



illustrated in Figure 7.18, is correct. 

6 . Verify the boundary behavior of T) set forth in formula 
(30). (Also, see Exercise 4.) 

7. If a < (f> 0 < /?, consider co(£;F) near the point z 0 = e t<t>0 on 
the arc T. If e > 0 is given, prove that there exists an r > 0 such that 

|co(£;r) — 1| < e for all £ such that |£| < 1 and |£ — z 0 | < r 
as indicated in Figure 7.17. This proves that 

co(£;T) —> 1 as £ — > z 0 from within the disc |£| < 1, 
as required in the proof of Poisson’s formula. 

8 . Verify the geometric interpretation of a>(£;T) as the harmonic 
measure of T projected through £, as indicated in Figure 7.18. 

9. In the Poisson formula, G(£) = Im(/(£)) is a conjugate 
harmonic function for the solution //(£) = Re (/(£)) of the Dirichlet 
problem. If £ = P e%<l> (p < 0? calculate Im[(^ 10 + £ )/{e td — £)] and 
write out an explicit integral formula for the conjugate G(£). 
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10. In Exercise 4 (Section 7.6) we found that 


2 /I z 4- i\ 

H(z) = 1 — — Argl--I, defined for |z| < 1, 

77 \i z — ij 

solves the Dirichlet problem illustrated in Figure 7.1 l(i). Derive the 
same result using the Poisson formula. Express H(x,y) in terms of 
elementary functions of x and y. 

2 [\-x*-y 2 l , 

Answer: H(x,y) = 1-arc tan* --- , where arctan* t 

77 L 2x J 

is determined so that its values lie in [0, 77 ]. 

11. If iC*(£, 6) is the kernel ( — 1) • K(£, 8) in the Poisson formula 
for the exterior domain E = {z: \z\ > 1}, prove that 


/%2n 

K*(t,d) de =+1 


for every £ in E. 


12. Prove that the solution //*(£) to the Dirichlet problem in the 
exterior domain E = {z: |z| > 1} with boundary values h(z) for |z| = 1, 
given by formula (32), has a well defined finite limit at infinity, 


lim H = lim f **•(£, 0)A(*' fl ) d6 = — f*" ' h(e ie ) dd. 
£-*00 £-*00 Jo 277 Jo 


Hint: If £ > 0, then |(1/2 tt) - K*(0, £)| < £ for 0 ^ 0 < 2 t 7, if |£| 
is sufficiently large. 


13. Prove the Poisson formula for the exterior domain |£| > 1 
(formula (32)) by adapting the discussion of Poisson’s formula for the 
disc |£| < 1. 


14. Solve the boundary value problems 

(i) H(z) defined on the disc |z| < 1, with H(e ld ) = cos nO. 

(ii) //*(z) defined on the exterior domain |z| > 1 , with 

H*(e t0 ) = cos nd and lim H* finite 

Z —*>00 

for integers n = 0 , ±\, ±2, .... 

Hint: Is the Poisson formula really needed here? 

Answer: H(re t0 ) = r n cos n6; H*(re t0 ) = (l/r n )cos nd. 

15. Prove the following theorem using Poisson’s formula. 

Theorem: Let h{z) and g(z) be bounded, piecewise continuous 
functions on the unit circle |z| = 1. If h and g satisfy the condition 

\Kz) -£( 2)1 < e for all z on the circle |z| = 1, 
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then the solutions //(£) and G(£) of the Dirichlet problem in the unit 
disc satisfy a similar “closeness” condition throughout the disc, 

| H{Q - G(£)| < e, for all £ in the disc |£| < 1. 

Thus, boundary values that are “close together,” in the sense that 
\h ~ g I < £, yield solutions that are “close together,” | H — G\ < e for 
|£| < 1. In other words, solutions H of the Dirichlet problem depend 
“continuously ” on the initial values h. 

16. Let h n (z) and h(z) be bounded, piecewise continuous real 
valued functions on T = {z: \z\ = 1}, and assume that A n —► h uniformly 
on T. Prove that the solutions H n (t) and //(£) of the corresponding 
Dirichlet problems in the unit disc converge uniformly: H n -*H uni¬ 
formly on D = {£: |£| < 1}. 


00 

17. Show that h(e td ) = 2 ( cos nO)/n 2 is uniformly convergent on the 

71 = 1 

interval [ 0 , 2tt]. Use Exercises 14 and 16 to obtain the solution of the 
Dirichlet problem in the unit disc, expressed as a uniformly convergent 
series of elementary functions, 


H(Q=ZH n ( P> <f>)=J,- 2 p n cos n<f>, 

71=1 71=1 n 

where £ = pe t<f> is expressed in polar coordinates. 

In general, it is easy to find series representations of solutions if we 
can determine Fourier series representations of the boundary values 
h(e ie ). 


18. Fill in details in the proof outlined below. 

Theorem: If harmonic functions H n {z) converge uniformly to a limit 
function H(z) on an open set E , then the limit function H(z) is 
necessarily harmonic on E. 

If p is a typical point in E, consider a disc \z — p\ < r lying in E. Let 
h n (z) and h(z) be the values of H n and H on the circle T = {z: \z — p\ = 
r } and let //'(£) be the harmonic function on D = {z: \z — p\ < r } 
with boundary values h{z ), given by the integral formula (35) in Section 
7.8. The values h n (z) give H n (Q, since the H n are harmonic. Then 

(i) //'(£) is harmonic on D (Poisson formulas give harmonic 
functions) 

(ii) h n -+h uniformly on T (since H n -+ H uniformly on E) 

(iii) H n —► H' uniformly on D (Use (ii) plus simple adapta¬ 
tion of Exercise 16.) 

(iv) H n —> H uniformly on D (since H n —► H uniformly on E ). 
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Now observe that, for £ in D, we get 

0 < |//(£) - //'(£)| < \H(0 ~ H n (Q\ + |//„(£) - //'(£) | —► 0 as 

n —> co 

(uniformly on D). Thus, the given function H is equal to H' (harmonic) 
near each p in E. We conclude that H is harmonic on E. 


7.8 TRANSFORMING THE POISSON FORMULA TO OTHER 
DOMAINS 

If w — T(z ) maps a given domain E in the z-plane invertibly onto the 
unit disc D = {w: \w\ < 1}, boundary value problems in one of these domains 
may be transformed into corresponding problems for the other domain. 
Dirichlet problems transform into problems of the same kind, as we have seen 
in Section 7.6. In the disc D we may apply the Poisson formulas (21) and (22) 
to solve such problems, and by using the change of variable formula for contour 
integrals with the transformation T in mind, we may transform the Poisson 
formula to a new integral formula which operates directly on the boundary 
values given for E to produce the desired solution in E. 

Example 7.13 Let h(z) be a bounded, piecewise continuous function 
defined on the circle \z — p\ = r, and consider the Dirichlet problem in the 
disc E = {z: \z — p\ < r}, with boundary conditions 

(i) lim //(£) = h(z 0 ) if z 0 is a point of continuity on the circle |z — p\ = r 

(keeping £ within E) 

(ii) |//(£)| is bounded on E. 

We shall follow the steps indicated schematically in the following diagram, 


(34) 


A(z)- 


z=T(w) 


->h(w) 


(solution) 


(Poisson) 


H(C)+-±£L-#(S) 


E (z-plane) j 


unit disc (w-plane) • 


to get the solution //(£) in E from the boundary values h(z), defined on 
bdry(£) = {z:|z - p\ = r}. 
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The mapping w = T(z) = (z — p)\r transforms E conformally onto the 
unit disc. Substituting z = T(w) = rw + p transforms the boundary values 
h(z) on bdry(£) to boundary values h(w) = h((Tw)) on the unit circle \w\ = 1. 
It is not difficult to check that h(z) is continuous at z 0 on bdry(jB) if and only 
if h(w) is continuous at the corresponding point w 0 = T(z 0 ) on bdry (D). 
Now apply Poisson’s formula to obtain the solution /?(£) for Dirichlet’s problem 
in D with boundary values h(w ); //(£) is the real part of the analytic function 


M 



for HI < 1, 


where y(t) = e il for 0 < t < 2tt. Substituting £ = jT(£), we get an analytic 
function/(£) = /(T(£)) (a composite of analytic functions), and a harmonic 
function H(Q = Re(/(£)) = B{T{Q), defined for g in E : 


H(C) = fi(T(Q) and /(J) = — f + dw for | in 

2 77i Jy W \w-T(Q / 

Now //(^) is the solution to the original Dirichlet problem, posed for E. 
In fact, H(£) is bounded on the urtit disc D , so that //(£) = H(T(Q) must be 
bounded on If z 0 is a typical boundary point of E at which h(z) is continuous, 
then h(w) is continuous at the corresponding point w 0 = T(z 0 ) on bdry(Z)). 
Let us consider any sequence of points that approaches z 0 from within E; 
the image points £ n = T([ >n ) are in the unit disc D , and approach w 0 because T 
is continuous. Since /?(£) is the solution of the Dirichlet problem in the unit 
disc, we have H{w Q ) = lim Thus, for any sequence J sn —► z 0 we get 


H(U = -> A(a> 0 ) = h(z 0 ) as n -> oo ■ 

This proves that lim //(^) = A(z 0 ) at any point of continuity on bdry(£). 

C -**0 

We can get explicit integral formulas for/(£) and //(£) from the change of 
variable formula. If we parametrize the boundaries of D and E as 

w = y(t) = e it for 0 < t < 2tt 
z = rj(t) = p + reit for 0 < t < 277, 

respectively, then y = T o rj and, by the change of variable formula, 

f g(w) dw = f g(T{z))^dz 
Jy=Totj Jrj uZ 

for any function g(w) that is bounded and piecewise continuous on T = {w: 
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|u>| = 1}. Now dT/dz = 1 jr, so that 


/(£) = — 

r 

(“' +r «V» 


2 7 Ti , 

Jy=Torj W 

U - t(qJ 


_ J_ 

[ h{T{z)) 

T(z) + T(0 1 j. 

2iri , 

J, T(z) 

T(z) - T({) r 


J_ 

r K z ) z 



2ni , 

Jrj Z — p 

z — t 


=f i 


P) 

2 77 * J 

0 

1 

I 

D 

V. 

_J 

P). 


Taking //(£) = Re(/(£)), we get 


(35) 


m) 




re** + (C ~ p) 
re* 9 ~ (i -p) 




de 


f° r \£, — p\ < r. This is the direct integral formula we sought. 

Integration formulas of this kind may be worked out for many other 
domains E using the scheme of steps (34), the change of variable formula, and 
an appropriate transformation of E onto the unit disc D. For example, the 
reader may find it interesting to derive Poisson’s formula (32) for the exterior 
domain E = {z: |z| > 1} by transforming the usual Poisson formula with the 
mapping w — — 1/z in mind. 

An important special case is obtained when we use the fractional linear 
transformation 


. z — i ... 1 w + i 

w = i -;, with inverse z = - -;, 

z + i i w — i 

to transform the upper half plane E = {z:Im(z) > 0} conformally onto the 
unit disc. The steps in the scheme (34) may be carried out as before to get the 
solution //(£) in the half plane such that 

(i) lim H(Q = h(x + zO) for — oo < x < +oo 

C-KT+iO 

(ii) |//(£)| is bounded for £ in E , 

starting with boundary values h(x + z’0) that are bounded and piecewise 
continuous on the real axis. There are some technical difficulties in applying 
the change of variable formula; we may use y(t) = e il , defined for — 37 t /2 < 
t < 7 t /2 , to parametrize the boundary T of the unit disc \w\ < 1, but the 
corresponding contour rj(t) = T(y(t)) is unbounded, and traces out the real 
axis as t increases within the interval [ — 37 t/2, tt\ 2], since f{ + i) = oo. If the 
change of variable formula is applied with due regard for the unboundedness of 
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the transformed contour r \, we find that the solution //(£) in the half plane is 
given by the real part of the analytic function 


Thus, 


(36) 


m = 1 r 

77 J- 

tf ft )= 1 

77 J— oo S -4- 1 


h(s + z'O) 
• 0 ) 



ds. 




s + iO) 


% 

(s - X 0 ) 2 + y 0 2 


ds 


for £ = x 0 + iy 0 ( y 0 > 0) in E. These integrals are improper, but converge 
(for fixed £ in E) because the integrands include factors that decrease as 1 /s 2 
at infinity. We will not go into the technical details needed to handle un¬ 
bounded contours. For another approach, which obtains formula (36) as a 
limiting case of the superposition formula (4), see Kaplan [13], Section 7.4. 

In formula (36), notice that the boundary values h(s + z’0) are always 
integrated with the same kernel function 


m, s) = 


i Mil 

n(s- Re(£)) 2 + (Im(£)) 2 


for 


— 00 < S < +00 


to produce the solution //(£) at £. Since the upper half plane is simply con¬ 
nected, there is a well defined conjugate harmonic function //*(£); obviously, 
//*(£) is just the imaginary part of'/(£) = //(£) + z7/*(£), so that 



h(s + z'O) 
* 2 + 1 



ds 


for 


Im(£) > 0. 


Further comments on integral formulas for general domains can be found 
in Nehari [16], Section 4.9. Analogous formulas that solve the Neumann 
problem can also be derived; see Churchill [4], Chapter 11. 


EXERCISES 

1. Transform the Poisson formula (22) for the unit disc, using the 
mapping z = l/w, to determine the Poisson formula (35) for the solution 
of Dirichlet’s problem with boundary values h(z) in the exterior domain 
£ = {z:|z| > 1}. 

2. Consider boundary values along the real axis 

( a 0 for — oo < a; < x 0 

a k for <x <x k (k = 1,2, ... N) 

a N+i for x N <x < + co, 
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for the Dirichlet problem in the upper half plane Im(£) > 0. Show that 
the integral formula (36) leads to the same solution, 

H(0 = 5® Arg(£ - * 0 ) +i$Arg(/^-) 

1 _I A rg(^-^)] 

that was obtained in Section 7.1 by superposition. 

3. If h(x - f- z’0) is bounded and piecewise continuous on the real 
axis, so that | h(x + z‘0| < M < oo for real *, show that 

(i) The improper integral in formula (36) is convergent. 

(ii) The solution given by formula (36) is similarly bounded, 

\H{Q\ < M for all £ such that Im(£) > 0. 




8 PHYSICAL 

APPLICATIONS OF 

POTENTIAL 

THEORY 


In this digression into physics we shall list various standard applications of 
potential theory (theory of harmonic functions). In each application, harmonic 
functions play a central role in understanding the physical situation. Each 
application will be illustrated with two-dimensional examples, in which har¬ 
monic functions of two real variables, and complex analysis, are useful. Further¬ 
more, a large number of new boundary value problems and conformal mapping 
problems will be worked out in these examples. 

8.1 POTENTIAL THEORY AND THE PREVALENCE OF 
HARMONIC FUNCTIONS IN PHYSICS 

The “vector fields” studied in advanced calculus are almost made to order 
for describing physical situations in which a force field, or some mathematically 
equivalent object, is the physically observable quantity. We shall begin this 
excursion into physics (the “real world,” if you will) by recalling the basic 
terminology associated with vector fields in three-dimensional space; the same 
ideas apply in two dimensions, as we shall indicate at the end of this section. 

Let us adopt the usual notation for vectors based at the origin. These are 
interpreted as directed line segments from the origin to various points p = 
( a : 0 ,^ o > 2 o ) three-dimensional Cartesian space R 3 . If we write i, j, k for the 
unit vectors directed along the positive x , y, and z axes, a vector p is fully 
described by specifying its components (or Cartesian coordinates) in each of 
these directions: thus, 

(1) P = V + Joj + z o k 

477 
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if the coordinates of p are given by the set of numbers (x 0) y Qi z 0 ). A vector 
field is just a “vector valued” function F defined on some set D in R 3 ; it 
assigns a vector F(x) = F (x,y, z) to each point x in D. Geometrically, one can 
think of the vector F(p) as being attached to the point p in D. Such a vector 
field is fully described by three scalar valued functions 

f/(x) = U(x,y, z) F(x) = V(x,y, z) W(x) = W(x,y, z) 

which specify the components of the vector F(x), attached to x, as functions 
of the variables *, j, and z : 

F(x) = F (x,y, z) = U(x,y, z )i + V(x,y, z )j + W(x,y, z) k. 

We say that a vector field F is continuous (smooth, etc.) if the component 
functions U , V, and W are all continuous (smooth, etc.) as scalar valued 
functions. When we consider two-dimensional vector fields, both the variable x 
and the values F(x) are vectors in the Cartesian plane R 2 . Since a vector 
z = ai + b} corresponds in a natural way to the complex number z = a + ib, 
a vector field with components U(x,y) and V{x,y) 

F(*,J0 = U{x,y) i + V(x,y) j 

can be identified with an ordinary function of a complex variable, with complex 
values 

F{x + iy) = U(x,y) + iV(x,y). 

Vector fields may be given physically meaningful interpretations in a 
number of ways. For example, the electrostatic field produced by a distribution 
of charge in space is described by a vector field, the electric force field, which 
specifies the strength and direction (a vector quantity!) of the force the field ex¬ 
erts on a positive test charge of unit strength placed at the position x in space. 
In celestial mechanics, gravitational force fields are the objects of primary 
interest, and these are described by a vector field F(x) which specifies the 
gravitational force exerted on a test particle of unit mass placed at x. These are 
examples in which F(x) is interpreted as a force field , specifying magnitude and 
direction of forces of one kind or another on a test particle located at x. A 
different kind of model arises when we describe the velocity field of a fluid flow; 
here the vector field F(x) gives the velocity of fluid particles located at various 
positions x in space. Similar applications in which F(x) describes a more 
abstract kind of velocity field occur naturally in heat flow problems, in which we 
want to describe the magnitude and direction of heat flow past various points in 
space, or in diffusion problems where the flux of diffusing particles (neutrons, 
dye molecules, or what have you) is described by assigning a vector to each 
point in space. We will be more specific about these mathematical models in 
the following sections. 

The laws of physics are often expressed as equations involving the relevant 
vector fields F(x) and certain vector operators, such as gradient, divergence, 
and curl. Recall that the gradient operator acts on smooth scalar valued 
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functions <f>(x) = z) to give a vector field: 


(2) grad <f> = V<f> = + + 

dx dy dz 

the other two operators act on a smooth vector field F = Ui + Vj + W\l to 
give us a scalar valued function and a new vector field, respectively: 


div F = V • F 


dU dV dW 
dx + dy + dz 


curl F = V x F 


dW _ dv\ /at/ _ dW\. IdV 

,dy dz) \dz dx/ w* 


du\ 

dy) 


k 


These operators have different descriptions in other coordinate systems, such as 
spherical or cylindrical coordinates in R 3 , but their action on vector fields 
turns out to have a meaning which is independent of the coordinate system 
used to describe the operators and the vector fields. Thus, these operators have 
a coordinate-independent geometric meaning, which is the real reason why they 
are the operators that enter into the equations of physics, rather than other 
operators formed from combinations of partial differentiations. These ideas 
can be made precise, but we only mean to suggest the reasons behind the 
recurrent appearance of these operators in the laws of physics. 

Two kinds of laws tend to appear as consequences of the basic conservation 
laws that apply to the vector field F that describes a physical situation: 


div F = V • F = 0 

(3) in some domain D. 

curl F = V x F = 0 


The precise physical significance of these laws is not crucial in understanding 
why harmonic functions are intimately connected with any vector field which 
satisfies these laws. For a clear and detailed explanation of the physics behind 
these “conservation laws” we strongly recommend that the reader examine the 
Feynman Lectures on Physics [6], particularly Chapters 1-7, 12-14, and 
40-41 of v.2. 


The law V • F = 0 means that the density of whatever it is that is creating 
the field (charge, in the case of electrostatic problems; heat sources or sinks, 
in heat conduction problems; fluid sources in flow problems) is zero 
throughout the region of space where this equation is valid. 

The companion equation V x F = 0 is more subtle. The integral 

f b dx 

I F(x(f)) • —(0 dt (here (•) denotes dot product of vectors) measures the 
Ja dt 
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integral of the tangential component of F(x) along a contour x(f). If 
V X F = 0, these integrals are always zero when we integrate along any 
small closed contour. This fact, which can be viewed as a statement about 
“local path independence” of line integrals of F(x) along contours in three 
dimensional space, has natural physical significance in various situations we 
have mentioned. 


For vector operators certain identities are always true, no matter which smooth 
scalar or vector functions we apply them to. One of these is the equation 

(4) curl(grad </>) = V x (V</>) = 0, 

which can be verified directly from the definitions (2). This formula suggests 
that one way to get vector fields that satisfy the law V x F = 0 is to take F 
to be the gradient of some scalar valued function. Indeed, by using standard 
methods of advanced calculus one can show that this is essentially the only way 
to produce such “curl free” vector fields. 

Theorem 8.1 If F is a smooth vector field with the property V x F = 0, then near 
any point p we can find a corresponding smooth scalar valued function <f>{x,y, z) such that 
F = —grad </> = — Vfi near p. 

On domains that are simply connected! we get a globally defined “primi¬ 
tive function” fi(x,y> z) such that F = —grad </>. 

Theorem 8.2 If F is a smooth vector field with V x F = 0 on a simply connected 
domain D in R 3 , then there is a smooth scalar valued function <f>(x,y , z) defined throughout 
D with F = —grad <f> everywhere in D. 

The function for which F = —grad <f>, if there is such a function at all, 
is called a primitive function for the vector field F; it plays a role similar to 
that of an antiderivative of a scalar valued function (think of V as a kind of 
differentiation operation). Furthermore, one can prove that the primitive 
function is unique up to an added constant, so that it is almost completely 
determined by the original vector field. In fact, all information about the 
vector field F is implicit within the primitive function which, being scalar 
valued, is much easier to deal with than the vector field itself. Besides, this 
primitive function has its own physical significance in many applications, as 
we will explain. 

If a vector field F satisfies the conservation law V x F = 0, then by 
Theorem 8.1 it must have the form F = —grad on various domains, and we 
may invoke the second conservation law (3) to see that 


0 = div F = —div (grad <f>) = — V*(V<£). 


t We have not defined simple connectedness for sets in three-dimensional space, but there 
is a natural way to define this concept (it is rather different from the definition of simple connec¬ 
tedness for sets in the plane). All convex or star-shaped sets in R 3 are simply connected; so is 
any spherical shell. 
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But 


V.(V*)=VV = 

OX* 


ay 3z 2 


is just the familiar Laplacian operator V 2 applied to <f>. Thus, a vector field 
satisfying the laws (3) arises as the gradient of an essentially unique harmonic 
function. This function will be referred to as the potential function associated 
with F; it has the properties 


(5) 


F = —grad </> = — V</> 


V 2 </> = 0. 


There is no escape from this connection between harmonic functions and 
physically significant vector fields as long as conservation laws like (3) are 
valid; the equations (5) are mathematical consequences of the physical laws 
(3). Thus, potential theory—the study of harmonic functions of several var¬ 
iables—lies inevitably at the heart of many physical problems. 

From what we have said, one might be led to think that all of physics 
reduces to the same mathematical problem: solving Laplace’s equation in 
various domains. But there is more to the solution of a physical problem based 
on conservation laws (3) than just solving Laplace’s equation in any way we 
please; there are always boundary conditions which come to us as part of the 
problem, and this is where the difference between, say, electrostatic and heat 
propagation problems begins to appear. The boundary conditions natural to 
each type of application (electrostatics, fluid flow, heat propagation, etc.) are 
quite different. Thus, a boundary condition such as d<f>/dn = 0, which has a 
natural interpretation and might be expected to arise in heat conduction 
problems, is not meaningful (or at least, not natural) in electrostatic problems. 
Since solutions of boundary value problems for Laplace’s equation are very 
sensitive to changes in the boundary conditions, we face quite different mathe¬ 
matical problems in each kind of application. The boundary conditions 
natural to each kind of application will be reviewed case-by-case, with illustrat¬ 
ing examples, in the rest of this chapter; the physical significance of the poten¬ 
tial function <f> will also be indicated. 

Physical problems are intrinsically three-dimensional. Nevertheless, two- 
dimensional analogs of these problems are often relevant and useful, for reasons 
which have been outlined at the beginning of Chapter 7. In setting up two- 
dimensional analogs certain changes must be made, based on physical con¬ 
siderations, but these are not very extensive. For example, the gravitational 
potential of a point mass located at the origin in three-dimensional space is 
the well known “1/r potential” given by 

*(*> = K*> y >= / €==r=* {M = mass at origin) * 

v x + y + z. 
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the reciprocal of the distance (in R 3 ) from x to the origin 0 = (0, 0, 0). There 
is no two-dimensional space in real life in which we can experimentally deter¬ 
mine the potential associated with a point mass at the origin in the plane, but 
there are natural reasons which prompt us to use the “logarithmic potential” 

<f>(z) = <f>(x,y) = M • log yJ7T7 (z # 0) 

whenever we want a meaningful two-dimensional analog of the three-dimen¬ 
sional situation. These modeling questions are best left to a physics course. 
The important point is that in two-dimensional problems the central ideas are 
similar to those in three-dimensional problems; vector fields are gradients of 
harmonic functions. 

In two-dimensional situations there is also a conjugate harmonic function 
<f >*, and an analytic function of a complex variable/(z) = <f>(z) + ), 

associated with the harmonic function </> that solves a given boundary value 
problem for Laplace’s equation, j* When <f> is the potential function in a physical 
problem, the companion conjugate function </>* often has its own special phys¬ 
ical significance, and so does the analytic function f = (f> + *</>*• This 
(essentially unique) analytic function f is called the complex potential 
associated with the problem. It is especially useful in understanding two- 
dimensional fluid flow problems. 

In concluding this section, let us once again urge the interested reader to 
spend some time reading the Feynman lectures [6], where the physical aspects 
of this discussion are beautifully elaborated. 

EXERCISES 

1. Verify the identities given below for functions <f>(x,y, z) and 
smooth vector fields F (x,y, z) in three variables. 

(i) V x (V<£) = curl (grad <f>) = 0 

(ii) V • (V<£) = div(grad <t>) = + zA 

dx 2 dy 2 dz 2 

(iii) V • (V x F) = div(curl F) = 0. 

2. Verify the following properties of the gradient operation applied 
to smooth functions f(x) and^(x). 

(i) V(/± 5 ) = V/±V 5 

(ii) V(A/) = AV/ (A a real scalar) 

(iii) VUg) =/Vg + gVf 

3. If F(x) is a given continuous vector field and there is a smooth 
real valued function </>(x) such that F = —grad <f> , show that there is 
also a smooth real valued function y( x ) such that F = +grad xp. 

t At least this is true locally —on simply connected subdomains of the domain specified in the 
problem—as explained in Section 7.2. 
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4. If a vector field F is derived from a smooth real valued primitive 
function <£(x) via F = — V</>, prove that F must satisfy the following 
conditions: 


(i) In three dimensions, V x F = 0 

(ii) In two dimensions, if F = f/i -f Pj, the components 
satisfy the equation 

dU_dV =Q 

dy dx 

In (i) write F = Ui + Vj + fPk; what does V x F = 0 mean in terms 
of the scalar valued component functions ? Does this display an analogy 
between the conditions in (i) and (ii) ? 

5. Prove that the following vector fields in two dimensions cannot be 
derived from primitive functions <f> by the formula F = —V(f>. 


(i) F = xi - yj 

X 


(«) F = 


(* 2 +/) 


i + yy 


6. Let F be a continuous vector field in two dimensions defined on a 
domain. Assume there is at least one smooth primitive function <£(x) 
such that F = — V<f>. U ip is any other smooth primitive function for F, 
prove that <f> — ip = c (real constant). 

Hint: Prove that (/> — ip is locally constant first; prove <f> — ip = 
constant on any disc D within the domain of definition of F. Use partial 
integration. 

7. One might guess that the function <f)(x,y) = l/|z| = l/V* 2 + y 2 

is a potential function on the plane, since its three-dimensional analog 
<f>(x,y, z ) = i/V* 2 +j> 2 + z 2 is an important harmonic function in 
many physical problems. Prove that this guess is misguided by showing 
that <f>{x,y) is not harmonic (even if we exclude the obvious singular point 
x = 0, = 0). Verify that <f>(x,y, z) is harmonic in three dimensions. 

Note: We have already seen that the logarithmic potential 

<f>(z) = <f>{x,y) = — logV* 2 +jy 2 = log(l/V* 2 +y 2 ) 


is harmonic for z ^ 0. 


8.2 ELECTROSTATIC FIELDS 

Suppose that F(x) represents the steady electric field produced by a 
stationary distribution of charge in space; thus, the force exerted by the field 
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on a test charge of strength e located at x is given by the vector e • F(x). The 
charge e may be positive or negative. The law curl F = 0 holds throughout 
space; it can be demonstrated mathematically that this is a consequence of the 
fact that the electrostatic force between charged particles is central (directed 
along the line segment between the particles). No other physical properties 
of the force are needed to establish the validity of this law. 

More elaborate physical reasoning based on Gauss’ divergence theorem 
leads to the conclusion that div F is everywhere proportional to the charge 
density p(x), which is a scalar function of position, 

(6) div F = V • F = k • p(x) for all x (A; is a physical scale constant). 

In any charge free region, we must have div F = 0, so that both of the conserva¬ 
tion laws (3) are valid. Thus, there is a potential function <£(x) that determines 
F in such regions. Potential theory cannot be applied so easily unless we 
restrict our attention to charge free regions, but this situation is encountered 
commonly enough. 

The potential (f> is determined only up to an added constant; if we 
consider the difference in potential between points A <f> = <£(p 2 ) — <f>( Pi) 
within a charge free region, the added constant cancels out. These differences, 
rather than cf> itself, have great physical significance. If we move a particle with 
charge e from pj to p 2 , the amount of work that must be done against the 
electric field is given by 

(7) MV = e A* = <tf(Pi) -*(pi)]. 

(We adopt the convention that A W > 0 if work is done against the field, and 
AIT < 0 if work is done by the field.) In fact, the work done in moving a 
particle against a force field, along a curve y (t), is given by (—1) times the 
integral, with respect to arc length, of the tangential component of the force on 
the particle: 

(8) MV= - JV tan (/) ds = -£^F( Y (0) • dt. 

The minus sign arises from the convention that AW > 0 corresponds to work 
done against the field. These work integrals are defined for vector fields and 
parametrized curves in Euclidean spaces of any dimension, and should not be 
confused with the line integrals we have been using with functions of a complex 
variable. (See Kaplan [12], Sections 5.1 to 5.6 for further comment on such 
work integrals.) 


We shall briefly derive formula (8), taking a vector field F(x) and a param¬ 
etrized curve y(0 in three-dimensional space. Let us assume that a 
particle is moved from p 1 to p 2 along the path given by the parametrized 
curve 


Y(0 = *(0* + A 0i + 2 (0 k for a < t < b 
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(think of / as a time variable). Evidently, y (a) = and y(b) = p 2 ; the 
instantaneous velocity of the particle (a vector quantity) is given by 


H Y (t + A<) - y(0 

— = lim --- 

dt a*-*o Af 


dx # dy # dz 

= Jt 1 + 7< J + dt 


k. 


At time t the particle, located at p = y(f), is subjected to a force <?F(p) = 
eF(y(t)). Since 


t 



dy 

dt 


represents a tangent vector of unit length associated with p = y(t), the 
tangential component of the force e¥ at p is 


Wtan 


||cF|| cos 0 = (eF) • t = 



The integral — Ja(*F) tan ds with respect to arc length becomes a Riemann 
integral if we replace ds by \\dyjdtW dt ; thus, 


AW = - 



ds = - £ ( eF )tan | 

dy dz '1 

+ F-j + W — dt 
dt dt\ 



dt 


if F has components U, V, and W. If F also has the form F = — grad <£, 
then 


n d<i> dx d<f> dy d<f> dz\ 
Bx dt ^ dy dt ' dz dt j 

f b d 

= + ' 1 S 


wt(D)] dt - +,w<n)) - m-m 


— -f -eA<f>, 


The boundary conditions associated with electrostatic problems arise 
naturally from the following phenomenon. If a steady electric field extends 
through a region that includes a conductor, as indicated by the shaded region 
in Figure 8.1, then the electric field F = — grad <f> must be everywhere 
perpendicular to the boundary of the conductor. The presence of any tangential 
component of electric force would cause currents within the conductor, and a 
consequent redistribution of charge; since the charge (electrons) within the 
conductor contributes to the total field throughout space, F would vary as a 
result of these induced currents. This cannot happen in a steady field. Recall 
that grad <f> is always perpendicular to the level surfaces <f> = constant (except at 
a few singular points where grad <f> = 0 and the locus <f> = constant may fail 
to be smooth enough to have a well defined normal direction n) ; thus, 

(9) <f> = constant on the boundary of (and within) a conductor 
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in steady state problems. There is a boundary condition of this kind for each 
isolated conducting surface within the region we are considering. In the rest of 
the region, we have equipotential surfaces <f> = constant ; the amount of 
work required to move a charge from the surface <f> = V x to the surface <f> = V 2 
is always AIT = e • (V 2 — FJ, regardless of the particular path or initial and 
final points involved, in view of formula (7). 

In practice, one often encounters a charge free region that contains, or is 
bounded by, various conducting surfaces that are insulated from each other. 
Fields for which the potential </> assumes specified values V l9 . . . , V n on the 
conductors Ci> • • • > C n are of great interest; they are easily produced by 
connecting batteries to the separate conductors. Once the batteries have been 
connected, charge will flow briefly and distribute itself over the conducting 
surfaces until a steady-state situation has been achieved, and the potential is 
constant throughout each conductor. All charges are confined to the conduc¬ 
tors, so that the region outside of the conductors remains charge free and the 
field is given by a potential function cf>. In the final steady state we must have 


<t> = Vi on c x ; . . . ; <f> = V n on C n . 


Thus <f> is the solution of a simple Dirichlet boundary value problem. Notice 
that the only physical data we start with are the assigned potentials V l9 . . . , V n 
on the conducting surfaces (the boundary values). Here are some two-dimen¬ 
sional versions of these problems. 


Example 8.1 Let us derive the potential function within the upper half 
plane, when the boundary segments (— oo, 0) and (0, +oo) are maintained at 
potentials V = —10 and V = +10 volts, respectively, by means of a battery, 
as indicated in Figure 8.2; there is a thin insulator at z = 0 to separate these 
two conducting boundary segments. This problem is easily solved if we recall 
the discussion of Dirichlet problems in the upper half plane given in Section 7.1: 
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Figure 8.2 Equipotential lines (dashed) and boundary conditions in Example 8.1. 


take 


20 

<f>(z) = 10 — — Arg(z) 

77 



for all z such that Im(z) > 0. 


By applying the conformal mapping principle, we may transform this into the 
solution of related electrostatic problems in more complicated domains. 
Consider the disc E = {w: \w\ < 1} and the boundary conditions shown in 
Figure 8.2. The fractional linear transformation (recall section 4.8) z = 
f{w) = —i(w + i)/(w — i) maps E conformally onto the upper half plane; 
at the same time, the circular arcs extending from —i to -\-i that bound E are 
mapped onto the corresponding rays from z = 0 to infinity, that make up the 
boundary of the half plane. Therefore, by transforming <f>(z) to a function <{>{w) 
defined on the unit disc \w\ < 1 



\z=f(w) 



= 10 


20 


— — arccos 

77 



we get a solution of the boundary value problem in the disc. The equipotential 
curves in the upper half plane, given by <f> = constant , are just radial lines 
extending from the origin to infinity. These are transformed by the inverse 
mapping w =f{z) = i(z — i)/(z + i) to the equipotential curves $(w) = 
constant in the unit disc E. One can verify that the latter correspond to 
circular arcs from —i to +i. 


Example 8.2 Now let us start with a given harmonic function and inquire: 
What kind of electrostatic problems can it solve? In other words, we are 
starting with the solution and are looking for the problem(s) it solves. This is 
done by sketching the equipotential curves and realizing that any such curve 
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<f> = c 0 can be taken to be the boundary of a conductor maintained at the 
potential V = c 0 . 

First consider the function </>(z) = Re(z 2 ) = x 2 — y 2 ; its level curves are 
indicated in Figure 8.3. If we think of the loci </> = +1 and <f> = — 1 as 
conducting “surfaces” maintained at potentials of V= +1 and V= — 1 
volts, respectively, then (f> gives the potential function for the corresponding 
electric field within the domain E bounded by these curves. The curves in 
Figure 8.3 are now equipotential curves of </>. The field produced by this 
configuration of conductors is known as a “quadrupole field” and is the sort 
of field one might want to use in focusing certain kinds of electron beams (a 
beam oriented perpendicular to the page, and passing through the origin). 

For a more complicated example, let us recall our previous discussion of 
the mapping w = sin z, which transforms the strip D = {z: — tt/2 < Re(z) < 
7t/2} conformally onto the doubly cut domain E obtained by deleting the rays 
(-00, — 1] and [+1, +oo) from the real axis in the n;-plane. The inverse 
mapping z = Arcsin w is analytic on E. We have sketched the lines of constancy 
of its real and imaginary parts z = X(w) + iY(w ) = Arcsin w by methods 
explained in Section 4.10. The harmonic function X(w) is defined off the cuts 
and has as its equipotential curves the family of hyperbolas shown in Figure 8.4; 
the locus X(w) = c is the image of the vertical line z = c -f iy under the 
transformation w = sin z. The function X(w) is the solution of the electro¬ 
static problem in which we have two semi-infinite plates maintained at poten¬ 
tials +1 and — 1, and wish to find the electrostatic potential between the plates. 


EXERCISES 


1. Express the solution ${w) in Example 8.1 in terms of arctan*(/) 


<£(«, v) 


= — arc tan* 

77 
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where arctan*(j) is determined so that 0 < arctan*(J) < tt . Why is it 
not legitimate to use the usual determination, for which — 7r/2 < 
arctan(/) < 7 t/2 ? 

2. If a 0 and /? > 0 are real, show that H(z) = a • log |z| is 
harmonic for z^O. Use such functions to determine the electrostatic 
potential in the region between two coaxial circular conductors, as shown 
in Figure 8.5. 

Answer: (i) a = 1/log(r 2 /rj) and /S = l/r x ; (ii) a = l/log(r 1 /r 2 ) 
and j3 = 1 /r 2 . 

3. Determine the electric potential within the regions shown in 
Figure 8.6. These regions are bounded by conductors maintained at the 
potentials indicated; the potentials V(z ) are bounded near the points 
where thin insulators separate boundary segments, and are bounded at 
infinity. 

Hint: In (iii) transform to the upper half plane using w = sin(7rz/2tf). 




(/) 


an 


Figure 8.5 
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+ 

II z 

> 

< h- 

0 V = 0 

(0 (ii) (Hi) 

Figure 8.6 

Answers: (i) V(z) = (2/7r)Arg(z) = (2/77)arccos[*/\/* 2 + J> 2 ]; 

(ii) V(z ) = (l/rr)Arg(---) = (l/7r)arctan*[2 ayl(x 2 + y 2 — a 2 )] where 

\z a/ 

we take 0 <; arctan*(j) <, 77 , since (z — a))(z + a) is in the upper half 

, ,...* v 1 fsin (Bz) — a] 

plane; (m) V(z) = - Argl . — - ---- ; — , where p = ir\2a. 

77 Lsin (pz ) + 

4. Solve the electrostatic problem in the semidisc shown in Figure 
8.7 (potential V(z) bounded near —1 and +1), by mapping the semidisc 
onto the first quadrant. 

Answer: Use w = (1 + z)/(l - z); V(z) = (2/7r)Arg[(l + z)/ 
(1 _ 2 )] = ( 2 / 77 ) arc tan [2^/ (1 - * 2 - j 2 )] 

= (2/77)arcsin[2jv/\/4jv 2 + (1 — x 2 — y 2 ) 2 ] 

5. Find the electrostatic potential V(z) in the unbounded region 
shown in Figure 8.8. Assume that V(z) is bounded near the points —1 
and +1, which separate conducting boundary walls (maintained at 
different potentials), and assume that V(z) is bounded at infinity. Sketch 
a few equipotential lines. 

Hint: Apply the conformal mapping w = — 1/z; use Exercise 4. 
Note: This result could also be obtained using the observations in 
Exercise 15, Section 7.6. 

6. Find the electrostatic potential within the disc that corresponds 
to the boundary potentials shown in Figure 8.9. Sketch the loci V = 

V = V = | in the disc. 


V = 1 V = 4-1 




-1 V = 0 +1 

Figure 8.7 


Figure 8.8 
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Hint: Find a fractional linear transformation to get a familiar 
problem in the upper half plane. 


8.3 GRAVITATIONAL FIELDS 

Gravitational fields produced by a stationary distribution of mass may be 
analyzed by techniques similar to those used for electrostatic fields, except that 
there are no negative masses. Since the force between particles is central, we 
must have curl F = 0. Physical reasoning based on Gauss’ Divergence Theo¬ 
rem leads to the conclusion that 

div F = k • p(x) everywhere ( k a physical constant of proportionality), 

where p(x) is the mass density at position x. Therefore, in any mass free 
region both conservation laws (3) are valid and there is a potential function <f> 
that determines the gravitational field, F = —grad </>. The net force on a 
particle located at x is given by the vector m • F(x), where m is the mass of the 
particle. Once again, potential differences are physically meaningful; A</> = 
<^(p 2 ) — </>(Pi) is related to the energy required to move a point mass of 
magnitude m through space from position pj to position p 2 by the formula 

(10) A W=m- A <f>. 

The reasoning leading to formula (10) is the same as that used to derive formula 
(7) for electrostatic fields. 

When we turn to the question of physically meaningful boundary value 
problems, we are in for a surprise. In gravitational problems there is no analog 
of the “conducting region” we encounter so often in electrostatic problems— 
because there are no “mass carriers,” analogous to the charge-carrying electrons 
present in a conductor, that move freely within a rigid body under the influence 
of external gravitational fields. Thus, boundary conditions of the form <f> = 
constant do not arise naturally as they do in electrostatics. In fact, further 
thought indicates that boundary value problems almost never arise in a natural 
way in connection with gravitational problems! The physically natural initial 
data in such problems are not boundary conditions on the gravitational 
potential <£, such as <f> = constant or d<f>jdn = 0, but the mass density distri¬ 
bution p(x). We must work from this distribution by other means to determine 
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the gravitational field F(x), or its potential function <f>(x). Since boundary 
value problems play a very minor role in gravitational problems, we will not 
pursue this subject further. 


In electrostatic problems in which the potential has specified values on the 
boundary, the charge distribution on the surface of the conducting walls 
can be very complicated; it is not known at the beginning of the problem. 
This should further illustrate the profound differences in the kind of initial 
data we may expect in electrostatic and gravitational problems. 


8.4 HEAT PROPAGATION AND TEMPERATURE 
DISTRIBUTIONS 

Let us consider a region that has a reasonably smooth boundary and is 
filled with some homogeneous thermally conducting medium. We shall 
assume that various parts of the boundary are maintained at constant tempera¬ 
tures through contact with external heating or cooling devices, and that the 
remaining parts of the boundary are perfectly insulated so that no heat can flow 
across these parts of the boundary. Once the heat sources and sinks are opera¬ 
tive, heat will flow within the region until a steady flow is achieved (that is, 
until the temperature distribution no longer varies with time). The heat flow 
can be represented by a vector field F(x); this vector, at a point p in space, 
determines the heat flow per unit time, per unit area, across any small rectangle 
centered at p. If the rectangle has area A A and is perpendicular to the unit 
vector n = ai + bj + ck at p, then the heat flow (per unit time) across the 
rectangular surface is given, to first order approximation, by 

(11) AQ = (F(p).n)- 

that is, A Q is equal to this expression plus additional terms that become 
negligible in comparison with (11) as the diameter of the rectangle is decreased 
(the normal direction n is kept fixed). 

In such problems the vector field F is not easily measured. Instead, it is the 
temperature distribution T'(x), a scalar valued function, that is directly 
observed. Heat flow is completely determined once the temperature distribu¬ 
tion is known, by means of the equation 

(12) F = —k grad T = —k VT, 

where k = £(x) is the heat conductivity of the medium at position x. If the 
medium is homogeneous then k = constant. 


The fact that F = — k{x) • grad T follows almost immediately from the 
operational definition of how one measures the conductivity of the medium. 
The minus sign appears once we adopt the convention that positive heat flow 
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corresponds to heat flow from a high temperature to a lower temperature. 
This equation is valid even for time-varying heat propagation, and not just 
the steady state flows which are the focus of our attention. If F = F(x, /) 
and T = T(x,t), then 

r dT dT dT “1 

F (*,0 = (*>0* + ^-(*»0j + j^( x > 0 k J 


for all x and all t. 


Thus, in heat propagation problems the temperature function T(x) is the 
potential function associated with the heat flow, and it is this potential function 
that is measured, rather than the vector field F = —grad T describing the 
flow of heat. As a trivial mathematical consequence of equation (4), we see that 

(13) curl F = -k curl (grad T) = -k V x {VT) = 0 

in any homogeneous region. On the other hand, physical reasoning based on 
Gauss’ Divergence Theorem leads us to conclude that div F may be identified 
with the rate (per unit volume) at which heat is generated or lost at x for reasons 
other than simple flow of heat through the medium; that is, div F ^0 indicates 
the presence of some kind of heat source or sink that introduces or removes heat 
from the system. If there are no heat sources or sinks in the interior of the 
region E , we must have div F = 0 throughout E. Then F will satisfy both 
conservation laws (3), and the temperature distribution T will be a harmonic 
function, since —k V 2 T = div(— k VT) = div F = 0. 

Let us examine the boundary conditions on 7"(x) that arise naturally in the 
situation just described. Obviously the conditions T= T 1 ,...,T= T n 
prevail on the parts of the boundary that are maintained at constant tempera¬ 
tures. At any point p where the boundary wall is smooth, there is a well defined 
normal vector n perpendicular to the bounding wall, and the rate of heat flow 
across the boundary at p is given by 

3T 

n • F = — k(n • grad T) = —k — (p) (normal derivative), 

dn 

and this must be identically zero wherever the wall is insulated. Thus dT/dn = 
0 along insulated parts of the boundary. Heat propagation problems therefore 
lead to boundary value problems for Laplace’s equation with mixed Dirichlet 
and Neumann boundary conditions. 

Figure 8.10 shows the isothermal curves T = constant (isothermal 
surfaces in a three-dimensional problem) as solid curves for a typical two dimen¬ 
sional problem. The reader should notice that these curves are always 
perpendicular to the insulated portion of the boundary. Indeed, for any 
smooth function T{x,y), the gradient vector VT at p is always perpendicular 
to the level locus (a surface in three dimensions) T = constant = T( p) that 
passes through p. The condition 0 = dT/dn = n • (grad T) means that the 
normal vector n is perpendicular to grad T; therefore, n is tangent to the 
locus T = constant . This is precisely what we mean by saying that the surface 
T = constant is perpendicular to the boundary. It also means that the heat 
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Figure 8.10 Shaded portions of the boundary are insulated ( dT/dn = 0). Solid* curves 
are isothermal lines T = constant; dashed lines are the orthogonal curves T* = constant, 
which represent lines of heat flux. 

flow F = —k grad T has no component perpendicular to the boundary along 
the insulated sides. 

If T is the temperature distribution in a simply connected plane domain, 
there is a conjugate harmonic function T* which is determined up to an added 
constant; this function has its own significance. First recall that the gradient 
vectors VT and VP are perpendicular at any point (see the discussion of 
Section 7.6), which means that the loci T* = constant are curves that are 
perpendicular to the isothermal curves T = constant. Consequently, the 
vectors X7T and F = —k grad T are always tangent to the loci T* = constant. 
Since —grad T indicates the direction of heat flow, one can think of heat as 
flowing along the curves T* = constant ; thus, the loci T* = constant are 
often referred to as “lines of flux” for the heat flow. 

We may take an entirely different view of the conjugate function T* by 
recalling that boundary conditions on T of the form T = constant or dT/dn = 0 
correspond to the opposite conditions on T*, dT*/dn = 0 and T* = constant , 
respectively, as explained in Section 7.6. Therefore, for every temperature 
distribution T(x), there is a conjugate temperature distribution T*. The latter 
is a solution of the conjugate boundary value problem that is obtained by 
interchanging boundary conditions, as indicated below. 

dT* 

T = constant —► -= 0 

dn 

dT 

— = 0 —> T* = constant, 
dn 

Finally, we note that one must sometimes specify the behavior of T at 
infinity in an unbounded region; usually we encounter conditions of the form 
dT/dn = 0 (no gain or loss of heat at infinity) or T = constant (infinity main¬ 
tained at a fixed temperature). The first condition is the most common. 

Example 8.3 Consider the following boundary value problem for the 
infinite horizontal strip E = {z: 0 < Im(z) < +tt}; 


T(x, 0) = +1 if * < 0 0)=0 if x>0 

T(x, tt) = +1 if x < 0 T(x, 7t) = 0 if x > 0, 
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Figure 8.11 In Example 8.3, the function T(z) (and its boundary values) on the strip 
are transformed to T(w) (with appropriate boundary values) on the half plane. 

as indicated on the left in Figure 8.11. The boundary temperatures are dis¬ 
continuous at z = 0 and z = -f which should be thought of as thin insulat¬ 
ing strips between isothermal boundary walls. The mapping w = e z transforms 
this strip conformally onto a half plane D = {^:Im(«;) > 0}, so we can convert 
the given problem into a more tractable problem in D. Our mapping trans¬ 
forms the shaded part of E to the shaded half-disc in D. The given boundary 
values in E correspond to the following boundary conditions on the real axis 
(the boundary of/)) in the tf-plane: 


T(u, 0) = 0 if — oo < m < — 1 or +l<w<+oo 

0) = —|— 1 if — 1 <C u < T" 1 ? 

as indicated in Figure 8.11. The latter Dirichlet problem for the half plane is 
already familiar from Example 7.3 of Section 7.1, and has as its solution the 
harmonic function 

< ,5 > rw =; Arg (^rr) =Re [f Lo8 (^tr)] 

for w in D. Now substitute w = e z to get the desired temperature distribution 
within the original domain E , 


(16) 


r(2) =" ; Ars (7^T7^) 

= i A ^(u.nh(i)). 


r w - 11 1 

Since £ = tanh(z/2) = -- lies in the upper half plane for z in 

iw 1 

E (and w = e z in £>), we may write Arg(£) = arccos[Re(£)/|£|], and by directly 
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calculating real and imaginary parts of £ we may express T as a function of the 
real variables x and y. 


(17) T(x,y) = — arccos Sm ^ * .- 1 for x real; 0 < y < 77. 

Lv sinh 2 x + sin 2 yJ 

The inverse mapping z = Log w carries the locus T(w) = c to the 
corresponding locus T(z) = c in the original domain E. We have already 
indicated, in Figure 7.2 of Section 7.1, that T(w) is constant on circular arcs 
passing through — 1 and +1; these are mapped to the solid curves in the 
strip shown in Figure 8.11. We leave it to the interested reader to work out the 
equations of these curves, the isothermal lines in the z-plane. It is not very 
difficult to start with equation (16) and derive the following formula for the 
conjugate harmonic function: 

/as%\ rr,*, \ —1 i i i / /n\. 1 i /cosh x + cos y 

(18) T*(z) = — log |tanh(z/2)| = - log / -- . 

77 77 V cosh x — cos y 

The level curves T* = constant are indicated by dashed lines in Figure 8.11; 
these are the lines of heat flux. We leave the derivation of formula (18) and 
other properties of the conjugate harmonic function T * as Exercises 3 and 12. 

Example 8.4 In Example 7.4 of Section 7.1 we derived solutions to a few 
Dirichlet and Neumann problems in the semi-infinite strip E = (z 1 — 77/2 < 
Re(z) < + 77/2 and Im(z) > 0}, by noticing that the transformation w = 
sin z maps E conformally onto the upper half of the w-plane D = {zt>:Im(^;) > 
0}, a domain in which the corresponding boundary value problems are far 
more manageable. The boundary conditions indicated in parts (I), (II), and 
(III) of Figure 7.3 (in Section 7.1) involve the elementary conditions T = 
constant and dTjdn = 0. The solutions we obtained were 


rr , % If /sin x cosh y — 1 \“ 

H l \x y y) = — 77 — arccosl-;-1 

77 L \ cosh y — sin x ) _ 


= - [77 — Arg(sin(* + iy) — 1 )] 
77 


Hin( x >y) = 


respectively. Clearly, these harmonic functions may be interpreted as solutions 
of two-dimensional heat propagation problems in a homogeneous semi-infinite 
strip, some of whose sides are maintained at constant temperature, while others 
are insulated. We interpret the level curves for Hi, H u , and // m in Figure 7.3 
as isothermal lines, and we note that these curves are perpendicular to the 
insulated parts of the boundary in each problem. 
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We may solve a number of similar problems by using the mapping w = 
sin z to transform them to problems in the upper half plane E = {w : Im(zt») >0}. 
For example, we can solve the temperature distribution problem whose 
boundary conditions are illustrated in Figure 8.12; the appropriate boundary 
values on the real axis, in the transformed domain E , are 


T(u + i0) = 


(+10 if — 00 < u < — 1 
0 if — 1 < u < +1 
— 10 if +1 < u < +oo. 


The solution T(w) in the half plane is evidently 


T{w) = 10 — — Ar g(w — 1) — — Arg+; + 1) 

7 T 7T 

= 10 — — Arg[(a> — l)(u; + 1)] 

7 T 

= 10 — — Arg(t^ 2 — 1). 

7r 


(This is an equality, rather than a congruence; see Exercise 11.) Substituting 
w = sin z, we get the solution on the half strip, 


T(z) = !T(sin z) = 10 — — Arg(sin 2 z — 1) 

77 


= 10 — — Arg(—cos 2 z). 

77 
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But Arg( —cos 2 z) = Arg(— 1) + 2 Arg(cos z) = +n + 2 Arg(cos z), modulo 
2i t, and one can show that this congruence is really an equality if z is in the 
strip (Exercise 11); thus, 


T(z) = 10 - 10 - — Arg(cos z) 


= — — Arg(cos z). 

77 

If z is in E , then w = cos z lies in the right half of the w-plane; using the 
formulas (40) of Section 2.6, we may represent Arg (u + tv) = A(u , v) explicitly 
in this half plane, to get 


rpf \ 20 . / 

T(x,y) = — — arcsml- 
77 V 


— sin x sinh y \ 
Vcos 2 x + sinh 2 y! 


for z in E. 


Since T(z) is the real part of the analytic function f(z) = T(z) + iT*(z) 
= i( 2 O/ 77 ) log (cos z), defined throughout E, the conjugate harmonic function 
is given by 


T*(z) = Im/(z) = (20/ 77 )log |cos z| = (10/77)log |cos z| 2 
= (1 0 / 77 ) log(cos 2 x + sinh 2 y) 

The lines of heat flux, T* = constant , are shown as dashed curves in Figure 
8.12; naturally, these are orthogonal to the isothermal curves, T = constant , 
shown as solid curves. 

EXERCISES 


1. Solve the temperature distribution problem with boundary 
conditions indicated in Figure 8.13. Then calculate the conjugate 
harmonic function T*, and describe its boundary behavior. What is the 
physical significance of the conditions satisfied by T and T* at the 
boundary ? 

2. Solve the temperature distribution problem shown in Figure 
8.14. Sketch a few isothermal curves T(z) = constant ; notice that, by 
the symmetry of the problem, T = 0 along the^-axis. Verify that |T(z)| 
is bounded as z —► 0, or as z —► 00 , from within the half strip. 

Answer: 


T ( X >J>) = 10 — (20/7r)Arg[sin(7rz/2)] 

sin(77*/2)cosh(7T7/2) 


= arccos 


-J si 


V sin 2 (77^/2) + sinh 2 (77_y/2)- 
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0 8T = () 2 -1 0 1 

ft ii 


Figure 8.13 Figure 8.14 


3. The function T(z) = (l/7r)Arg[tanh(z/2)], defined for 0 < 
Im(z) < 7 r, appears as the solution of the temperature distribution 
problem in Example 8.3. Perform the calculations needed to express T 
in the form 

r^f x 1 r sinh * 1 

1 ( x , y) = — arccos - ■ 

^ LVsinh 2 x -f sin 2 ^J 

for x real; 0 <y < 7r. Here s = arccos (t) is the usual determination, 
normalized so that 0 < < 7r for —• 1 ^ ^ +1. 

4. Solve the heat propagation problem illustrated in Figure 8.15 
by examining the solution ofExample 8.3, and noticing what boundary 
conditions are satisfied in the half strip E' = {z:Re(z) > 0 and 0 < 
Im(z) < 77 -}. 

Hint: Locate the T = isotherm in Example 8.3; use z = 
—iiriw — 1) to map the unshaded half strip in Figure 8.11 onto E'. 

Answer: 

T{w) = (2/7r)Arg[tanh[ — iiriw — l)/2]] 

2 f sinh 7 tv "I 

= — arccos I - . _ . 

77 Lysinh 2 7 tv + sin 2 7r(l — u) J 



Figure 8.15 
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^ = 0 
d n 

+ 17T 

Mn i n n n mi Jq_ 


T = 0 


z = x 4- iy 


111 ! I 1 1 I I I I I H lO" 


11=0 

dn 


0 


r = l 


Figure 8.16 

5. Solve the problem in Figure 8.15 by another method; map the 
half strip in Figure 8.15 onto the upper half plane Im(£) > 0 via £ = 
<f>{w) = sin[7rit> — (7t/2)]. The corresponding problem in the half plane 
has the familiar solution 

7T U 


\l + 


1 )' 


so the solution in the half strip is 


H(w) = - Argf- 


1 * WM ~ r 


7r 


+ lj 

Reconcile this answer with the one obtained in Exercise 4. 


6 . Solve the temperature distribution problem in Figure 8.16 
using conformal mappings from Example 8.3. 

Answer: T(z ) = (1/2) + (l/ 7 r)Re[Arcsin(^ 2 )] 


11 • i 

- j_ — arcsm £ 

2 ' 7r * 


yj e 2x + 2**(cosj) + 1 — e 2x — 2e x (cosy) + 1 


(Recall Exercise 10, Section 4.10 for the last version of the answer.) 


7. Show that the temperature distribution problems in Figure 
8.17 are equivalent under a suitable conformal mapping. Solve both 


II 


w 


^ 1111111 
0 

ttttI 3 — 

2 

T = 1 

ar 

chi 

= 0 

(i) 



Figure 8.17 
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o 



(i) 0'i) 

Figure 8.18 


problems. Sketch and compare the level curve T = constant in the two 
domains. 

Answer: T(w) = (2/7r) Re [Arcsin (w/2)]. 

8 . Use w = z 2 to demonstrate the conformal equivalence of the 
boundary value problems in Figure 8.18, and find explicit solutions T 
in each domain. 

Answer: 

T(w) = (1/2) + (l/7r)Re[Arcsin w]; 

T(z) = (1/2) + (1 / 7r) Re [Arcsin (z 2 ) ] 

= - + - arcsin \\s](x 2 - y 2 + 1) 2 + 4x 2 y 2 
2 7T L 

- V (x 2 -y 2 - l) 2 + 4x 2 y 2 J 

(Recall Exercise 10, Section 4.10, for the last version of the answer.) 

9. Solve the temperature distribution problem on the left in 
Figure 8.19 by converting it to the problem on the right. Find a fractional 
linear transformation that effects this equivalence. Sketch a few level 
curves in each domain (start with the right-hand problem). 



T = 1 r = 0 T = 0 T = 1 

(i) (ii) 


Figure 8.19 
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2 / 1 ) 

II 

— 

0 7 = 0 

Figure 8.20 


Answer: Set w = (1 - 
sin w ]; !T(z) = ^ + - Re 

-4 77 

(m, v) or (*,j), use Exercise 10, Section 4.10. 

10. Using Exercise 9, solve the boundary value problem illustrated 
in Figure 8.20. 

Answer: Use mapping £ = (z 2 /4) — 1; finally, 


z)/{ 1 - z); l [w) = (1/2; + (l/7r)Ke|Arc- 


Arcsin 


-G4-3]- 


To express as functions of 


T(z) = ^ | Re Arcsin^±_§) . 


11. If Im(zi>) > 0, verify that the equality 

(i) Arg(w 2 — 1) = Arg(u/ + 1) + Arg(w — 1) 

is valid (rather than a congruence modulo 27t). If z is in the half strip 
E = (z:Im(z) > 0 and — 7 t/ 2 < Re(z) < + 7 t/ 2}, show that the follow¬ 
ing identity is valid: 


(ii) Arg( —cos 2 z) = Arg(—1) + 2 Arg(cos z) 
= 77 + 2 Arg(cos z). 


Hint: If z is in E , then cos z is in the right half of the w-plane. 
12. Show that the formula (used in Example 8.3) 


—log 


tan h(f) = log 

ctnhf-\ 

\2 / 

\2 / 


/cosh x + cos y 
I cosh x — cos y 


is valid in the strip 0 < Im(z) < +77. Calculate the limits 


lim T* and lim T* 

e-+0 z-*tir 
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of the conjugate temperature distribution in Example 8.3. Also, calculate 
the limits (if they exist) of T*(x + iy) as y -> -f oo, and as y —> — oo, 
keeping x fixed (0 < x < +n). 

Hint: tanh(z/2) = (e z — 1)1 (e* + 1). 

Answers: (i) T* —► — oo at z = in; (ii) T* —► + oo at z = 0; 7"* 
does not approach any definite limit as z —> oo from within the strip. 


8.5 STEADY FLOW OF PERFECT FLUIDS 

Under certain conditions one may ignore the effects of viscosity in describ¬ 
ing the flow of a fluid; there are also situations in which real fluids do exhibit 
perfect (that is, frictionless) flow. For example, liquid helium at very low 
temperatures becomes a “superfluid” due to quantum effects and, in this state, 
viscosity effects are not observed. When it is reasonable to disregard the effect 
of viscosity in a fluid flow problem, one can define a vector field F(x) that 
specifies the instantaneous velocity of the fluid at x, and by physical reasoning 
deduce that F should satisfy the conservation laws (3) in simply connected 
regions. We will summarize this reasoning below. Thus the theory of perfect 
fluids is intimately connected with potential theory. It is interesting to note 
that these conservation laws are only approximately true for real fluids, and the 
description of fluid velocity fields F(x) by potential functions </> with F = —V<f> 
rests upon this approximation. In an exact treatment we would have to solve a 
complicated and non-linear set of partial differential equations, the Navier- 
Stokes equations, which are formidable even in two-dimensional problems, 
and potential theory would be much less useful. The other applications of 
potential theory we have discussed so far do not rest on approximations of this 
kind; for example, the conservation laws (3) seem to be satisfied exactly by 
electrostatic fields in charge free regions and by temperature distributions in 
homogeneous, source-free media. 

We will consider steady flows of a perfect fluid; thus, the velocity field F(x) 
is assumed to be time independent. In a full scale hydrodynamic theory we 
would allow F to change with time, so that F = F(x, t), but these generaliza¬ 
tions are more appropriate as part of a physics course. We will also assume that 
the fluid is incompressible , which implies that the fluid is homogeneous (has 
constant density) throughout the region in which the flow is being considered. 
Physical reasoning based on Gauss’ Divergence Theorem once again allows us 
to identify the physical significance of the divergence V • F ; this turns out to be 
the rate at which fluid is created near x. Therefore, if div F ^ 0 at a p, then 
there is a fluid source (if V • F > 0) or a sink (when V • F < 0) at p. This 
source may be concentrated at a point or may be distributed continuously over 
an area, as when fluid is lost by diffusion through a porous medium. Within the 
region in which the fluid is flowing (i.e., away from the boundary walls) it is 
usually true that there are no fluid sources or sinks and there the first of our con¬ 
servation laws holds, 


(19) 


div F = 0 in any region without sources or sinks. 
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The reasoning that leads to the companion law V X F = 0 is more subtle, 
and is based on an examination of the circulation of fluid along various closed 
curves. The circulation along a closed curve y is, by definition, the integral 
with respect to arc length of the component of fluid velocity tangent to the 
curve; expressing this as a Riemann integral, we get 

(20) Circulation =j |1f(y(0) • dt. 

There are physical reasons to expect that the circulation must be zero along all 
small closed curves. We will not go into this reasoning here (see, for example, 
Feynman [6], Chapter 40 and 41 of v.II). Once we know this much, based on 
the physics of the situation, we may proceed by mathematical reasoning. There 
is an intimate relation between these circulation integrals and the curl V x F 
and by judicious use of Stokes’ Theorem we may conclude that the curl is zero 
everywhere, V x F = 0. Thus, both conservation laws hold, although we have 
been a little vague about the precise circumstances in which we may expect the 
curl of the velocity field F to be zero. Flows in which V xF = 0 are referred 
to as irrotational flows in many texts. 


An adequate discussion of irrotational flows would require at least a brief 
study of time dependent flows in which the velocity field changes with time. 
One can prove the following remarkable fact for any time dependent flow 
of a perfect fluid: if at some instant of time t = t 0 we have V X F = 0, then 
we must have V X F = 0 at all later times. In particular, any steady flow 
of a perfect fluid obtained by starting with a body of fluid at rest (F(x) = 0 
everywhere, so that V x F = 0 everywhere), and letting the flow develop 
into a steady flow due to the presence of sources and sinks on the boundary 
must be an irrotational flow. 


Next we examine the boundary conditions relevant to fluid flows. An 
obvious condition is that there can be no transverse flow across a solid (impene¬ 
trable) boundary wall. This means that the normal component of fluid velocity 
vanishes at the wall, 

(21) F n = -V<£ • n = - ^ = 0, 

dn 

where <f> is the potential function that determines the velocity field F = — V<£. 
Here n is the unit normal vector, perpendicular to the boundary wall. Dirichlet 
conditions on the potential function, such as <f> = constant , do not arise naturally 
as boundary conditions for a steady fluid flow. There is a rather peculiar 
situation which can arise for the homogeneous Neumann condition (21), in 
which the boundary condition d<f>/dn = 0 is imposed everywhere except at a 
finite number of points p 1? . . . , p m . If we demand that d(f>/dn = 0 everywhere , 
without exceptions, one can show that constant functions are the only possible 
solutions; these lead to extremely trivial flows, since — V<f> = 0 everywhere. 
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But if we allow exceptional points like p x , . . . , p m there may be non-trivial 
solutions with d<f)jdn = 0 everywhere else on the boundary. These solutions 

will behave quite singularly as z approaches the exceptional points from 
within the domain of the flow; in particular, we cannot expect the potential to 
be bounded near these points. Flows with this kind of behavior arise naturally; 
the exceptional points may be regarded as one-point fluid sources or sinks 
located on the boundary. To fully specify the solution <f>(z ), additional con¬ 
ditions must be imposed on the behavior of <f> at such points. Most often 
physicists use integral conditions which, in physical terms, specify the rate at 
which fluid enters or is lost at each of the exceptional points. We will give some 
indication of what these conditions are, at least' for two-dimensional problems, 
in the examples below. 

Now let us examine a few special features of two-dimensional problems. In 
view of the conservation laws, there will be a potential function <j>(z) such that 
F = but in any simply connected domain there is also a conjugate 

harmonic function <f>*(z), and an associated complex potential for the flow, 
the analytic function f(z) = <f>(z) + i<f>*(z). The potential </> does not have 
any direct physical significance (although it does fully determine the velocity 
field), but the complex potential is very useful. The velocity vector at />, 


f u>) = -vm = 



can be identified with the complex number 



the complex conjugate of —dfjdz. Furthermore, when we identify a vector 
x = ai + bj with the corresponding complex number z = a + ib , the length 
or magnitude of the vector ||x|| = yj a 2 + b 2 is the same as the absolute value 
of the complex number, so that the speed ||F(/>) || of the fluid passing the position 
p is given in terms of the complex potential by 


( 22 ) 


W(p)\\ = 


J ip) 

dz 


There are other properties of the flow which may be determined from the 
complex potential f(z) and its derivative dfjdz. One important observation 
is that the velocity vector at a point p (where F ^ 0) is always tangent to the 
curve <£*(z) = constant = <f>*(p) which passes through the point p , and is 
perpendicular to the curve <f>(z) = constant = <f>(p). To see this, one should 
first recall that the loci (f> = Re(/) = constant and <f>* = Im(/) = constant 
are orthogonal at any point where \df\fz\ ^ 0, as we indicated in Chapter 4. 
It is well known that the gradient F = — V<f> is always perpendicular to the 
locus <f> = constant , whenever this gradient vector is nonzero. Thus, F is 



506 PHYSICAL APPLICATIONS OF POTENTIAL THEORY 



Figure 8.21 Equipotential lines <£ = constant (dashed) and stream lines <f>* = constant 
(solid) near an impenetrable wall. 

perpendicular to the curve </> = constant , and is therefore parallel (tangent) to 
the curve <f>* = constant. Since the fluid velocity is tangent to the curves 
<f>* = constant , one can show that a small particle released into the steady flow 
will move along the appropriate curve </>* = constant ; thus, fluid molecules 
move along these curves. For this reason, the curves <f>* = constant are called 
the stream lines of the flow. The orthogonal family of curves <f> = constant 
are called equipotential lines, but do not have a direct physical significance. 

There is an interesting relationship between this pattern of curves and the 
boundary condition d(f>/dn = 0 that holds along the walls which bound the 
region of the flow. Since dcfr/dn = V(f> • n, where n is the unit normal vector 
directed into the region, the gradient V<f> must be tangent to the boundary 
curve. This means that equipotential curves <f> = constant are always per¬ 
pendicular to the wall at points where d<f>/dn = 0; at the same time, the 
velocity vector is tangent to the wall along such a segment of the boundary. 
Thus, this piece of the boundary must coincide with part of a stream line. This 
is shown in Figure 8.21, and is also illustrated in a number of the examples that 
follow. 

This observation can also be used in a rather different way; if we have a 
known flow and locate some particular stream line <f>* = c 0 within the body of 
the fluid, it is possible to replace this stream line with an impenetrable boundary 
without affecting the flow in the rest of the region. This is allowed since the 
curves <f> = constant that meet this stream line are perpendicular to it, so that 

0 = — V<f> • n = —d<f>/dn everywhere on it. 

Our final comment on two-dimensional problems concerns boundary 
conditions that specify the rate at which fluid enters or leaves at exceptional 
boundary points (sources or sinks on the boundary). These conditions are 
based on the fact that, for any positively oriented simple closed contour y, we 
may calculate the net rate at which fluid enters the region enclosed by y by the 
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Figure 8.22 The vector t and 
normal vector n, used to derive formula 
(24). The component of F parallel to n 
is the component of velocity normal to 
the boundary curve, into the (shaded) 
domain enclosed by 



following integral, 


(23) 


Jy Ja \_dx dt dy dt J 


where p is the density (mass per unit area) of the fluid. (For simplicity, we 
shall always assume that p = 1). The normal vector n is obtained by taking 


dy 

the normalized tangent vector t = — 

dt 

tangent vector is rotated counterclod 


dy 

dt 


at each point on the curve; when this 


kwise by 7t/2 radians, we get a unit vector 


n = i 


.dy 
dt I 


dy 

dt 


that is normal to the curve and directed into the domain enclosed 


by y , as indicated in Figure 8.22. The dot product F • n = — V<f> • n is the 
component of fluid velocity normal to the boundary, measured positively when 
directed into the domain, so that the net flow of fluid into the domain per unit 
time is obtained by integrating this dot product with respect to arc length 
\dy\ 


ds = 


dt 


dt, 


J -V<f> • n ds = J*(-V^(y(0) • n) & dt 


(24) 



2*^1 dt 
dy dt_ 


if y(t) = *(/) + iy(t) for a < t < b. We will use this integral in a few of the 
examples which follow, but we cannot pretend that these few examples illustrate 
all of the uses of integrals like this in studying flow problems. In three-dimen¬ 
sional problems there are similar integrals, now surface integrals, for calculating 
the net rate of fluid loss across the boundary of a region. 

Here is another version of formula (24). If vectors a and b are interpreted 
as complex numbers, it is easy to see that the value of the dot product is given 
by a • b = Re(ai). If the velocity field F = Ui + Fj is regarded as a function 
F = U + iV, having complex variable and complex values, the integral of 



508 PHYSICAL APPLICATIONS OF POTENTIAL THEORY 


F • n along a contour y (closed or not) may be expressed as a contour integral, 

.dy 




(25) 


dy\ 

dt 


dt 


= dz J. 


If the potential function <f> admits a conjugate <J>* on a region containing y , 
thenF = — ( dfjdz ), where/ = <£ + z</>*. The net flow across the arc 7 (parallel 
to the direction of the normal vector determined by i dy/dt) is given by a contour 
integral involving the complex potential f : 


(26) 


A Q = -Im[j F(z) rfzj 

---US'*] 

= M/(yW) -/(y(«»] 
= [^*(yW) - ^*(y(«))] 
= V* 


the n*/ variation in the conjugate function <f>* as we move from one end of the contour 
to the other. It is important to notice that these formulas are valid even if y 
is not a closed curve; when y is closed, A Q measures the rate at which fluid is 
accumulating in the domain enclosed by y. 


Example 8.5 

/(*) = z > 


Consider the flow associated with the complex potential 
< f>(x + iy) = x and <f>*(x + iy) =y- 


The fluid velocity is given by the function —dfjdz = — 1 + iO, interpreted as 
a vector field; there is a constant velocity at each point. The stream lines 
</>* = constant are just the horizontal lines y = constant , since the velocity 
vector is directed horizontally. 
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Figure 8.23 Flow associated 
with the complex potential /(z) = 
az + b; F = — a everywhere. 

Similarly, any linear function/(z) = az + b (with a ^ 0) is the complex 
potential of a constant velocity flow whose velocity vector corresponds to the 
complex number —dfjdz = —a; the stream lines are all parallel to — a , as 
indicated in Figure 8.23. Obviously, the choice of constant b does not affect 
the velocity field. The complex potential of any flow is determined only up to 
an added complex constant, which disappears when we differentiate to calculate 
the velocity. 

Example 8.6 A more subtle flow is the one with potential 
(27) <f>(z ) = log \z\ = \ log(x 2 +y 2 ) 

defined on the domain E = {z:z ^ 0}. The origin is not part of the domain, 
and will turn out to be a fluid sink. Since the domain is not simply connected, 
the conjugate harmonic function </>* is given by the multiple valued harmonic 
function </>*(z) = arg z. The complex potential f = <f> + i<j>* = log z is also 
multiple valued, but single valued determinations of log z can be defined on 
simply connected subdomains of E. The derivative of the complex potential is 
single valued , although the potential itself is multiple valued; dfjdz = 1/z no 
matter which locally defined determination of/= log z we start with. This 
derivative determines the velocity field, 

F =— — =(— 1/z) = —1/z for z 0. 
dz 

At every point on the circle |z| = r, the magnitude of the velocity is constant, 
\dfjdz\ = |l/z| = 1/r, and the velocity vector is directed toward the origin. 
There is an inward flow of fluid from infinity to a sink located at the origin, 
associated with the potential Stream lines are rays emanating from the 

origin, and equipotentials are circles centered at the origin. If we parametrize 
the circle \z\ = r in a counterclockwise direction and calculate the net rate 
of fluid flow across the boundary (toward the origin) using formula (26), we 
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find that 

A Q = J —V<f> • n ds = dz j = +Im J - rfzj 

= A y [<£*(z)] = A y [arg z] = 2 tt. 

Now div F = 0 everywhere in E , so there are no sources or sinks anywhere else 
in E\ thus, the origin (or infinity) is the only place where we can have a net 
loss of fluid that could account for this net flow across the circles |z| = r. 
It is not surprising then, that this integral has the same value for all radii r > 0. 
The origin is a source of strength — 2tt (a sink); since fluid is lost , at the rate of 
2tt units per second, the strength is assigned a negative value. Fluid removed 
at the origin is replaced by fluid flowing in from infinity. The flow pattern 
becomes quite singular near the origin; in particular, the velocity becomes 
infinite. 

If we multiply the potential </> by a positive or negative constant k ^ 0, the 
new potential y) = k • log |z| describes a flow toward a source of strength — 2irk 
located at the origin. The pattern of stream lines and equipotential lines for 
the potential \p is the same as that for </>, although the velocities are all scaled by 
the factor k. 

Example 8.7 Next we shall consider a simple flow in the half plane 
Im(w) > 0 , and use it to solve problems in more elaborate domains by con¬ 
formal transformation of the potential function cf)(w ), and also of the complex 
potential f{w). We shall also make use of the principle that any stream line 
<f>* = constant can be replaced by a solid, impenetrable boundary. A similar 
idea has been used in electrostatics problems (recall Example 8.2). 

We start with the flow toward the origin along radial lines associated with 
the potential cf)(w ) = log |zi>| in the upper half plane. The two parts of the real 
axis are regarded as impenetrable boundaries, where d<f>jdn = 0; the potential 
log \w\ obviously satisfies this requirement. In effect we are replacing two 
stream lines of the flow in Example 8.6 with solid boundaries. The flow pattern 
associated with this potential is indicated on the right in Figure 8.24. There is 


M = 0 

dn 

/ 


z = —i 
z — plane 



dn dn 

w — plane 



Figure 8.24 Flow lines (solid) and equipotential lines (dashed) in Example 8.7. 
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a single valued conjugate harmonic function <f>*(w) = Arg w , determined only 
up to an added constant, and we may take f(w) = Log w as the complex 
potential. There is a source located on the boundary at w = 0, and its strength 
is determined by taking a semicircular closed contour y = y x + y 2 (diameter 
included), such as the one shown in Figure 8.24, and calculating 



Consider the integrals along the boundary segment y x and along the circular 
arc y 2 separately. Along the segment y x the curve normal coincides with the 
inward normal n to the boundary wall, so that — V<f> • n = —dcfr/dti = 0 and 
the integral is zero. Thus, the amount of fluid flowing across y (toward the 
origin) per unit time is 

4s-in.rftfj.4fff* 

LJy dz J Uy* dz 
= MAJ/(z)]]=AJ^(z)] = +77. 

Notice that the sink at w = 0 has half the strength of the sink in Example 8.6 
(where the flow covered the whole plane). 

Let us transform </>, </>*, and f — <f> + i<f>* using the fractional linear 
transformation w = T(z) = —i(z -f i)/(z — i) to map the unit disc \z\ < 1 
onto the half plane Im(w) > 0. The rays ( — oo, 0) and (0, +°o) that bound 
the half plane correspond to the left and right hand arcs extending from —i 
to +i in the circle \z\ = 1. The boundary condition d(f>/dn = 0 is transformed 
without alteration, as we indicated in Section 7.6. The transformed harmonic 
function 

$( z ) = UmI 1 = lo S ——•• for \ z \ < 1 

L \w=T(z )J z ~ 1 

satisfies the Neumann condition dfydn = 0 on the boundary arcs, and the 
complex potential is 



It is clear that the loci <f>*(w) = constant , the stream lines of the original flow 
in the w-plane consisting of radial lines from the origin, are transformed by 
z = T(w) to the loci <f>*(z) = constant in the disc in the z-plane, so that the 
stream lines of the transformed flow in the disc \z\ < 1 are circular arcs from 
— i to +i, as indicated in Figure 8.24. Likewise, the equipotential lines <f> = 
constant for one flow are transformed into the corresponding equipotential 
lines for the other flow under the mappings w = T(z) and z = T(w). 
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In the original flow the point at infinity acted as a source of fluid of strength 
+ 77, to match the sink at w = 0. In the transformed flow, w = oo is mapped 
to z = +i, and it is quite apparent that there is a source on the boundary 
circle at z = +i to match the sink of equal strength located at z = — i = T( 0). 
In Exercise 5 we indicate how to verify that the strengths of the transformed 
sources, at +i and — i, are +77 and —77 (just as they were in the half plane). 

Example 8.8 This example is fundamental to a number of advanced 
topics in hydrodynamics. In it we examine the potential function 

<f> = Re(/) where f{z) = ^(z + ^), 

and notice that there are certain natural loci where d<f>ldn = 0. Identifying 
these loci with boundary walls, we obtain irrotational flow patterns that are 
quite interesting since they correspond to the perturbation of a constant velocity 
flow caused by a stationary obstacle. The mapping w =/(z) by itself is ex¬ 
tremely useful as a conformal mapping, and with it we will be able to solve a 
variety of problems. 

First consider /(z) as the complex potential of a fluid flow in the domain 
E — C. When z is very far from the origin, the term 1 /2z may be regarded as a 
small perturbation of the basic potential function/ 0 (z) = z/2. If we calculate 
the velocity fields associated with these potentials, it is clear that the flow 

<28) F =(-f) = ( -' /2) ( 1 -r-) 

differs only slightly from the constant velocity field F 0 = ( — 1/2) + z‘0, associ¬ 
ated with the unperturbed complex potential/ 0 . Thus the complex potential/(z) 
satisfies a new kind of boundary condition, one in which its asymptotic behavior 
at infinity is prescribed. Conditions like this are very important, especially in 
problems concerning the flow of fluid around a finite obstacle; in such situa¬ 
tions it is just about the only physically natural boundary condition at infinity. 
Explicitly, the behavior we expect at infinity is that 


h =. 


should exist. The value of this limit (a complex number) corresponds to a 
constant flow that has complex potential / 0 (z) = az. 

As a second step in the analysis of the flow (28) we try to determine the 
curves on which d<f)/dn = 0. We may use the principle that V<f> is always 
perpendicular to the curves of the form <f>* = constant ; thus, we will always 
have d<f>/dn = 0 along such curves. Write out the real and imaginary parts of 


/(*), 


/(z) = <f> + i<f>* 
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Figure 8.25 The loci <f> = Re(/) = constant (dashed lines) and <f>* = Im(/) = con - 
stant (solid lines) for/(z) = -(z + . 

if z = x + iy. Plotting the loci <f>* = c requires tedious calculations, but there 
is one locus of particular interest whose shape may be determined easily. The 
locus <f>* = 0 is given by 



and consists of the unit circle \z\ = 1 , together with the whole real axis (where 
y = 0). For our purposes we shall regard the unit circle as a solid obstacle and 
examine the flow pattern in the exterior domain \z\ > 1 , simply ignoring the 
domain interior to the unit circle. The equipotential curves </> = constant 
must be perpendicular to the locus <f>* = 0 where they meet it,f so we have 
d(f>ldn = 0 there. The circle \z\ = 1 may legitimately be thought of as an 
impenetrable boundary for the flow. The stream lines <f>* = c with 0 are 
the smooth curves within the exterior domain E = {z: \z\ > 1} shown in Figure 
8.25. Notice how the stream lines tend to become horizontal and equally 
spaced at large distances from the origin, as we expect from the asymptotic 
behavior of the complex potential of this flow near infinity. This flow pattern 
in the exterior domain E describes the flow which results when a circular obstacle 
is introduced into a constant velocity flow parallel to the real axis. 

t Except at points z = — 1 and z = + 1; here the locus branches and there is no well de¬ 
fined normal direction to refer to in verifying the boundary condition; the normal derivative 
cannot be defined at these points. 
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Example 8.9 Now we shall use w = T(z) = (£)(z -f- (1/z)) as a con¬ 
formal mapping, rather than as a complex potential, to determine the flow 
pattern of a fluid around objects with irregular shapes. For this application we 
must know the mapping properties of T on the exterior domain E = {z: \z\ > 
1}. The mapping is conformal since 


dT 

dz 



^-(1 — >0 for z in E. 

2 \ |z| 2 / 


For our purposes we only need to know that it maps E invertibly onto the slit 
domain obtained by removing the closed interval [—1, +1] from the real axis 
in the w-plane (recall Exercises 19 and 20, Section 4.10). 


Given the level curves u = constant and v = constant for w = T(z) = 
u + iv, as shown in Figure 8.25, we can deduce all global mapping prop¬ 
erties of T from this pattern. For example, we have v = <f>*(z) =0 and 
— 1 < u < +1 for 2 on the circle |z| = 1; it follows that this circle is 
mapped twofold onto the segment [—1, +1], which is the boundary of the 
domain D in the w-plane. One can also verify that T is univalent (one-to- 
one) from E into D, and that T(E) = Z), by inspecting Figure 8.25. 


The interval [—1, +1] will now be considered as an obstacle for flows in 
the w- plane. We will use w = T(z ) to transform known flows around the 
circular obstacle in the z-plane to obtain interesting flows around the slit. Let 
us start with a flow from top to bottom in the z-plane, around the disc |z| < 1, 
which behaves like a constant velocity flow near infinity. The desired flow may 
be obtained by rotating the flow shown in Figure 8.25 counterclockwise by an 
angle of 7t/2 radians. In the new flow the velocity (and complex potential, 
etc.) at a point z = iz should be the same as the velocity (complex potential, 
etc.) of the original flow at the point z, since z' is rotated tt/2 radians counter¬ 
clockwise from z. Thus the new complex potential g(z) has the property 
g{iz) = /(z), which is the same as saying that: 

(29) g(z) =/(|zj = z ) for l z 1 > l - 

At great distances from the origin this potential is virtually indistinguishable 
from the constant velocity potential g 0 (z) = —izf2 = z/2i; the velocity of the 
corresponding flow, 

-dgjdi =m = -it 2, 

is directed downwards, as it should be. Let us transform this flow around the 
disc to a corresponding flow around the slit. This can be done by using the 
inverse mapping z = T(w ), which maps the cut plane D onto E. Substituting 
z = T(w) into the complex potential g(z), we get the complex potential g(w) 
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of the corresponding flow around the slit, 

liw)= M„ J ■ - H 

- 'Kfw + rw ] - T{w) ] 

(30) =f= iT(T(w)) — iT(w) = iw — iT(w) 

(remember that T(f(w)) = w). Putting aside the question of finding explicit 
formulas for z = i(w) 9 we know that the curves <f>(z) = constant and <f>*(z) = 
constant are transformed by the forward map w = T(z) to the curves $(w) = 
constant and = constant in the zt>-plane, where g(w) = f(w) + 

Since we have at least a rough idea of how w = T(z) deforms the exterior 
domain E to the slit domain Z), we can make a rough sketch of these trans¬ 
formed curves in the w-plane. This is done in Figure 8.26. Notice that the 
flow associated with complex potential g(w) is substantially perturbed by the 
presence of the barrier along the slit because the fluid flows broadside to this 
plate. 

Thus we have the solution to a rather non-trivial problem concerning 
flow around a linear barrier. By similar reasoning we could start with a flow 
around the disc in the z-plane which behaves asymptotically like a constant 
velocity flow oriented at any prescribed angle 6 to the positive real axis; we 
have just considered the angles 6 = —n and 6 = — 7t/2. By transforming this 
flow to the w-plane (by z = T{w)) we would get a flow around the slit that 
behaves asymptotically like a constant velocity flow in the w-plane with the 
same direction 6. We leave it as an exercise for the reader to work out the form 
of the complex potential/(z) associated with such a flow in the z-plane, and to 
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sketch the level curves of the corresponding flow around the slit in the w-plane 
(Exercise 14). 

As for the problem of writing out an explicit formula for the inverse 
mapping z = T(w ), we note that all the possible solutions of the equation 
w = T(z) = (l/2)(z + (1/z)) are the same as the solutions z of the quadratic 
equation z 2 — 2 wz + 1=0 (zt; fixed), so that 


( 31 ) Z = W ± y/w 2 — 1 . 

Since, by other means, we may demonstrate that the mapping T.E-+D is 
univalent and onto, there is just one choice of the square root that gives the 
correct value for z, with z in E , for a given point w in the cut plane D. We leave 
it to the reader (recall Exercises 21 to 25, Section 4.10) to determine how the 
proper choice of \Jw 2 — 1 should be made for w in various parts of the domain 
D to give z = T(w) = w + X]w 2 — 1; the symbol V* ■ * indicates the analytic 
function on D so defined. It may disagree with the principal determination of 
square root, denoted by yj • • •, but clearly \j w 2 — 1 = (± 1 ) • yj w 2 — 1 for 
each w. Substituting this formula for T into equation (30), we may express 
the complex potential g{w) explicitly as 

g(w) = —itjw 2 — 1 , 

from which we can obtain the potential function <f>{w) = Re(g(w)) and the 
velocity field F = (—dg/dw) by direct calculations. 


Other fluid flows are considered in the exercises. In the problems just 
reviewed we generally started with a known (complex) potential and deter¬ 
mined the stream lines and other features of the associated flow. In effect, we 
found, or described, the problem that fits the given potential, or else we made 
conformal transformations of simple known flows to describe more complicated 
ones. We generally do not proceed from boundary conditions in a domain to 
the desired flow that meets these requirements. One reason for this is that there 
are sources and sinks located on the boundary in most of these problems, for 
which we have rather troublesome integral boundary conditions that specify 
their strengths; there are also asymptotic conditions at infinity. Conditions 
like these do not arise so frequently in other applications. 


EXERCISES 

1. Calculate the conjugate function <f>* and the complex potential 
f(z) = <f> + i(f>* associated with the harmonic function <f>(x,y) = x 2 —y 2 
in the first quadrant. Interpret <f> as the potential function of a fluid 
flow. Sketch equipotential curves ( <f> = constant) and flow lines (<(>* = 
constant ), and indicate the direction of the flow. Does the fluid velocity 
go to zero as z —► oo ? 
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2. Transform the potential <f>(z ) in the quadrant, in Exercise 1, to 
a potential (f>(w) in the sector 0 < arg w < 7 t/ 4 . Calculate <f>{u , v) = 
<fi(u + iv ) explicitly; sketch equipotential lines and flow lines. Calculate 
the complex potential. 

Hint: Use w = z 1/2 . 

3. If a > 0 and c > 0, consider the potential cj>{z) = c log |z — a\ 
+ c log |z + a\ = c log |z 2 — a 2 |. Prove that d<f>/dn = 0 on the imagi¬ 
nary axis, so this axis may be regarded as a wall that bounds a flow 
in the right half plane. Sketch flow lines and a few equipotential lines in 
this half plane; indicate the direction of'flow. Is there a source or a 
sink at z = a -f iO ? 

4. If vectors a — + y\ and b = ui + v) are interpreted as 

complex numbers a = x + iy, b = u + iv> show that the value of the dot 
product is given by a • b = Re(flt). 

5. In Example 8.7, consider the arcs y 2 an< ^ 72 (transforms of one 
another) illustrated in Figure 8.27. Show that the strengths of the 
sources, at w = 0 and z = —i respectively, are equal. Use formula (26) 
to express the net flow (per unit time) of fluid across each curve, toward the 
sink, in the forms AQ = A y 2 [<f>*(w)] and A Q = A~[<^*(z)] = Ay 2 [</>* 
(T'(z))]. Since <}>*{w) and <£*(z) = <f>*\T(z)) have the same value 
at corresponding points w and z, it is easy to see that A Q = A Q. 

6. Calculate the strength of the source/sink at z = a + iO in 
Exercise 3. 


7. Verify that w = T(z) = (z — l)/(z + 1) maps the upper half 
plane Im(z) > 0 to the upper half plane Im(w) > 0, and that 

(i) r(-l) = oo, T( 0) = -1, T( + l) = 0 

(ii) T maps the arc |z| = 1 in the half plane to the positive 
imaginary axis. 

Use T to transform the potential <j>{w) 
z — 1 


(l/7r)log|w| to the potential 


${z) = (l/7T)log 


Z + 1 


Then, 


(iii) calculate the conjugate functions ) and <^*(z); 



z = ~i ic = 0 

Figure 8.27 
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(iv) sketch the equipotential lines and flow lines <f>(w) = 
constant , and <f>*(w) = constant ; sketch the transformed 
loci $(z) = constant and $*(z) = constant in the z 
plane. (Indicate direction of flow in each case.) 

Hint: In (ii), remember that the fractional linear transformation T 
maps lines to circles. 

Answer: <f>*(w) = (l/ 7 r)Arg w; <J>*(w) = (l/7r)Arg[(z — l)/(z + 1)] 
taking principal determinations (why?). 

8. In Exercise 7, calculate the strengths of the source at z = — 1 
and the sink at z = +1. 

Hint: Use formula (26) to avoid calculating contour integrals. 

Answer: Strength = +1 (source) at z = — 1; strength = — 1 
(sink) at z = +1. 

9. In Exercise 7, calculate the fluid velocities in each domain, 
expressing them as functions of the complex variables w and z. Does the 
velocity approach zero as z —> oo in the z-plane ? Does the velocity have a 
limit (improper value oo allowed) as z —► — 1 or z -> 1 ? 


10 . Consider the complex potential /(z) = <f> - 1- i<f>* = (1 /tt) Log(z) on 
the domain D obtained by deleting the segment [+l,+ oo) from the half 
plane Re(z) > 0. Transform it to the complex potential /(£) of a flow in the 
strip E = {£ : 0 < Im(£) < 7 r}, using the conformal mapping z = sin(^/2r). 
Verify that the transformed equipotential curves (dashed) and flow curves 
(solid) have the form indicated in Figure 8.28. 

11 . In Exercise 10, show that the sink at £ = 0 has strength —1 using 
the methods outlined in Exercise 5. Show that £ = -{-in is neither a source 
nor a sink (strength = 0). Then consider the velocity F(^) = — (df/d£), and 
show that F has limit velocities at infinity 


1 

lim F(s + it) = — o— an d 
«-*+» ^ 


lim F(s -f it) = + 


1 

27T 


for 0 < t < 77. Explain the physical meaning of these limits; compare 
them with the strength of the sink at £ = 0. 


£ = in 



Figure 8.28 
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12 . The flow considered in Example 8.8 has somewhat irregular 
behavior at —1 and +1 on the boundary of the disc (examine the flow 
lines in Figure 8.25). In particular, the normal derivative d(f)/dn(z) 
is not defined at z = — 1 and z = +1, and we should consider the 
possibility that there are sources or sinks at these points. By applying 
the method outlined in Exercise 5, and by examining the behavior of the 
conjugate function </>*(z), show that fluid does not enter or leave 
the exterior domain |z| > 1 at these points (i.e., +1 and —1 have 
strength zero). 

13. Use the results of Exercises 19 and 20 (Section 4.10) to 
show that w = T(z) = (l/2)[z + (1 /z)] maps the exterior domain D = 
{z: |z| > 1} onto the cut plane £’ = C~[ —1,+1]. Give an algebraic 
proof that T is univalent on D. Use the symmetry property T(z ) = 
T(l/z) to determine the image of the punctured disc D' = {z:0 < 
|z| < 1} in the w-plane. 


14. Determine the complex potential f(z) of a flow around the 
unit disc in the z-plane, whose velocity “at infinity” is described by the 
unit vector e +t0 (0 < 8 < tt/ 2). Then transform this to a corresponding 
potential £(w) around the cut [ — 1, +1] in the zf-plane. Verify that the 
flow lines in the w-plane have the form indicated in Figure 8.29 and show 
that the velocity of this flow approaches e+ t0 as w -> oo in the cut plane. 


Answer: To get /(z), replace z by e 


i(n—$) —i0 

z = —e 


1/ 1\ ,, v — cos 6 f 1"| i sin 0 r 1" 

Si 1 + z) ; ' hus/(z) " —2~ + ~z\ + — [ Z ~ z_ 


z in T(z) = 
= —e~ ie T(z) 


i sin 6 
z 


V - 

Then, substitute z = T(w) = — i\Jw 2 — 1 to get g(w): 
g(w) = f(T(w)) = —e~ te w + sin 6/XJw 2 — 1. 


15. Sketch the flow lines associated with the complex potential 
f(z) = 1 /z, for z^O. This is a new kind of flow. There is a source and a 


iv 



Figure 8.29 



520 PHYSICAL APPLICATIONS OF POTENTIAL THEORY 




8.6 COMMENTS ON PHYSICAL APPLICATIONS 521 


sink at the origin; they are adjacent, but isolated so that their effects 
do not cancel. Fluid flows away from the origin in one direction, circulates 
in the plane, and then returns to the origin from the other side. Such a 
compound source generates what is known as a “dipole flow.” 


8.6 ADDITIONAL COMMENTS ON PHYSICAL APPLICATIONS 

Table 8.1 summarizes the basic details of each of the applications of 
potential theory we have examined. Perhaps the most important entries are 
(i) the boundary conditions natural to each type of problem, and (ii) the 
physical conditions under which we may expect the vector field F to satisfy the 
basic conservation laws V x F = 0 and V • F = 0. In a more detailed 
exposition we would encounter situations in which the conservation laws are 
not always true (as we have stated them), and the problems are not time- 
independent. Potential theory can still be used to advantage, although other 
mathematical tools must also be introduced. Whenever potential theory can 
be applied, complex analysis can be used in the study of important two- 
dimensional analogs of the actual three-dimensional problems. 

Two general principles deserve some final emphasis. One might be called 
the principle of duality between problems with Dirichlet boundary conditions 
of the form <f> = constant and Neumann problems with boundary condition 
dcfr/dn = 0. In any simply connected two-dimensional domain, a harmonic 
function <f> satisfies one of these conditions along a smooth boundary arc if and 
only if the conjugate harmonic function </>* satisfies the conjugate boundary 
value problem with the other condition. For example, in a temperature 
distribution problem with mixed boundary conditions, the conjugate harmonic 
function T* may be interpreted as the solution of a conjugate temperature 
distribution problem, as we indicated in Section 8.3. The general idea is 
nicely illustrated by the level lines </> = constant (solid lines) and (f>* = constant 
(dashed lines) in Figure 8.10; T = <f> is the temperature distribution 
in the original problem, and T* = <f>* is the temperature distribution in the 
conjugate boundary value problem. Other examples may be re-examined 
from the same viewpoint. The only complication in this pairing of temperature 
problems is illustrated by the situation in Figure 8.12 accompanying Example 
8.4. The original boundary conditions are all of the form T = constant , with 
discontinuities at the corners of the domain, and in the conjugate problem the 
temperature T* satisfies dT*/dn = 0, except at these corners; the isotherms of 
the conjugate temperature distribution, are given by the dashed curves in 
Figure 8.12. In the conjugate problem the walls are insulated, but there are 
point heat sinks at the corners and a heat source at infinity which keep the 
solution from being a constant function throughout the domain. Indeed, the 
reader can see for himself that 

lim T*(z) = lim T*(z) = - oo 

z-+—n/2 z-+it/2 

lim T*(z) = +oo. 

z-+ oo 
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On the other hand, there are certain applications in which the conjugate 
boundary value problem is not at all like the original one. When we start with 
an electrostatic field produced by potentials 

<f>=V l ,...,<f>=V n 

on the boundary of the domain, the conjugate harmonic function <f>* satisfies 
the condition d(f)*/dn = 0 on each of the corresponding parts of the boundary; 
but this kind of boundary condition is not at all natural to electrostatic problems. 
In order to make it physically meaningful, the conjugate problem should be 
interpreted as some other kind of problem, possibly a fluid flow or heat propaga¬ 
tion problem. In Figure 8.4 we have shown the equipotential lines. (f> = 
constant for one of the problems discussed in Example 8.2. Here <f> + i<f>* = 
Arcsin w and the curves </>* — constant for the conjugate harmonic function 
(see Figure 4.34 in Chapter 4) are semi-ellipses orthogonal to the family of 
hyperbolas shown in Figure 8.4. The function = Im(Arcsin w) may be 

regarded as the potential associated with the flow of fluid through a gap between 
two semi-infinite barriers in the plane, corresponding to the segments (— oo, — 1] 
and [+1, + oo) in the real axis. The complex potential f(w) of the flow 
should have Re(/) = </>*, so that/ (w) = —i Arcsin w. This harmonic function 
<f>*(w) may also be regarded as the solution to a rather unrealistic temperature 
distribution problem in which heat flows between source and sink at ±*0), 
and the segments ( — oo, —1] and [ + 1, + oo) represent insulating portions of 
the real axis. 

As another example, the reader might find it interesting to sketch the level 
curves of the conjugate harmonic function <f>*(w) in Example 8.1, comparing 
them with the equipotential curves (f> = constant shown in Figure 8.2 (recall 
Figure 7.10 of Chapter 7), and to consider how the conjugate boundary value 
problem whose solution is <f>* might be interpreted as a heat flow or a fluid 
flow problem (the latter somewhat unrealistic unless we examine the function 
in the larger domain E = C ~ { + z, — i}). Other examples of dual, or 
conjugate, boundary value problems are mentioned in the exercises which 
follow. 

At the other extreme there are physical problems which seem very differ¬ 
ent, as physical problems, but lead to the same kind of boundary value prob¬ 
lems for Laplace’s equation. Once this happens, we realize that the physical 
problems have mathematically equivalent formulations, and there is a direct 
correspondence between problems in one physical situation and problems in 
the other. We might refer to this as the principle of analogy of physical prob¬ 
lems, as opposed to the principle of duality (relation through conjugacy) we 
have just been discussing. For example, electrostatic problems may be identified 
with a certain class of temperature distribution problems—those in which the 
boundary condition d<f>/dn = 0 does not appear—but there are temperature 
problems which do not correspond to any meaningful electrostatic problem. 
Likewise, certain fluid flow problems are analogous to a special kind of tempera¬ 
ture distribution problem. On the other hand, there is no analogy at all 
between the kinds of electrostatic boundary value problems we have been 
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discussing and fluid flows in an enclosed region; these problems are related 
only by being conjugate to one another. 


EXERCISES 


1. The function <f>(z) = Re(l/z) is discussed in Exercise 15 of 
Section 8.5 as the potential of a “dipole flow” in the plane. Interpret <f> 
as the electrostatic potential obtained when positive and negative charges 
of equal strength are brought together at the origin. The charge distri¬ 
bution that produces this potential is called an electric dipole; these 
arise quite often in practical applications. 


2. Find a conjugate harmonic function T*(z) for the solution of 
the temperature distribution problem in Exercise 2 (Section 8.4). What 
boundary conditions are satisfied? Explain how T* can be interpreted 
as the potential of a fluid flow (with a source or sink at z = 0). Sketch 
the flow lines, and calculate the derivative dfjdz of the complex potential. 
Explain why the point z = 0 must be a source and not a sink (examine the 
velocity field associated with the potential T*). 

Answer: T + iT* =f(z) = 10/ — (20/7r)Log[sin(7rz/2)]; dfjdz = 
— 10 ctn(7rz/2). 


3. Exercise 2 can, alternatively, be interpreted as a temperature 
distribution in which 

(i) heat flows from a source at z = 0, toward infinity; 

(ii) walls are insulated, except at z = 0. 

Show that lim T* = + oo (z —► 0 within the half strip). 

z -+o 

Note: One can show that the quantity of heat entering at z = 0 
(per unit time) is fixed; this is the boundary condition satisfied at z = 0, 
rather than any other condition, such as having \ T*(z)\ bounded. 


4 . Show that w = T(z) = e z + z maps the lines y = + tt and 
y = — 7T to the half lines C 1 and C 2 , shown in Figure 8.30; show that the 
strip D = {z:—7r < Im(z) < + 77 } is mapped one-to-one onto the 
complementary region E = C ~ (C 1 U C 2 ). 

5. Using Exercise 4, transform the constant velocity horizontal flow 
in the strip Z>, associated with the complex potential /(z) = — z, to a 
flow in E . Verify that the flow lines have the general form indicated in 
Figure 8.30; then draw in a few lines of constant fluid potential. 

Note: f{w) = — T(w) describes flow from an open channel into the 
rest of the plane. 
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Figure 8.30 


6 . Interpret the flow lines in Figure 8.30 as the equipotential 
curves of an electric field between two semi-infinite charged plates. If the 
inverse function z = T(w) were known, would the electrostatic potential 
<f>(w) be given by Re[— T(w)] or by Im[— T(w)]? How would you 
interpret <f>{w) as the solution of a temperature distribution problem? 



9 CONFORMAL 
MAPPING 
PROBLEMS 


We have seen, in Chapter 7 and elsewhere, that it is extremely useful to 
be able to map certain domains conformally onto a standard domain such as the 
unit disc |z| < 1 or the upper half plane Im(z) > 1. We have already built 
up a substantial catalog of particular conformal mappings in the course of 
working out examples, and we will go a bit further in this direction in this 
chapter. Special attention will be given to techniques based on the Schwarz 
reflection principle and on the Schwarz-Christoffel formula. We will also 
examine new kinds of mappings not previously discussed. Finally, we shall 
discuss a theoretical result, the Riemann mapping theorem, which states that 
every simply connected domain in C, except for the special domain E = C, can 
be mapped conformally onto the unit disc. This theorem guarantees that most 
boundary value problems for Laplace’s equation in plane domains can be 
converted into corresponding problems for Laplace’s equation in the unit disc. 


9.1 GEOMETRIC PROPERTIES OF FRACTIONAL LINEAR 
TRANSFORMATIONS 

When fractional linear transformations were introduced in Section 4.8 we 
were not yet ready to study their global mapping properties. In this section we 
will concentrate on these properties, so that the reader can use fractional linear 
transformations more effectively in practical mapping problems. We first show 
how to express fractional linear transformations in normal form, from which we 
can obtain geometric information more easily than we could from the usual 
formula T(z) = (az + b)/(cz + d ). 

Theorem 9.1 Let T be a fractional linear transformation and let {p , q } be points in 
the plane with T(p) ^ oo and T(q) oo. Then there is a complex constant [x ^ 0 

525 
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such that the image point w = T(z) is always related to z via the equation: 

( 1 ) W ~ = p for all z in C*. 

w-T{q) z-q 

Formula (1) is called the normal form of T with respect to the base 
points {/?, q}. The normal form is particularly simple (and interesting) when T 
has two distinct fixed points; if we use these as the base points then p — T(J>) 
and q = T(q), by definition of a fixed point, and w = T(z) is given by 

(2) — -- = [x - -- for all z in C*. 

w — q z — q 

Proof of Theorem 9.1 : Set z x = p, z 2 — q , and select any third point z 3 
different from z x and z 2 such that T(z 3 ) ^ oo. The points {z 3 , z 2 , z 3 } are 
mapped to points {w v w 2 , w 3 }, and T is uniquely determined once we know this 
much about its action. Then T must satisfy the following identity (equation 
(32) of Section 4.8): 


/ W 3 — w 2 \ 

w 

- *"1 

1 * 3 - Z 2 \ 

Z — Zj 

\w 3 — wj 

w 

— W 2 

\z 3 - zj 

z — z 2 


On dividing both sides by (w 3 — w 2 )/(w 3 — wj we obtain 

= where | 
w — w 2 z — z 2 \w 3 — w 2 I \z 3 — zj 

If we are given the normal form of T, we may easily solve for w in terms of 
z and obtain the usual formula. Conversely, to determine the normal form once 
the base points p and q have been chosen, all we need is the value of //; this can 
be obtained by inserting the values w = T(z) into (2) for some third point z 
different from p and q. The choice z = oo is allowed. 

Example 9.1 Express w = 1/z in normal form with respect to the fixed 
points p = -f 1 and q = — 1. Since T(p) = +1 and T(q) = —1, the normal 
form is given by 

w — 1 w — 1 _ z — 1 

w + 1 w — (— 1 ) ^ z + 1 


To determine the constant [X we might insert the values z = and w = 
1/z = — i into this equation; then /x = j | j = — 1. This calcu¬ 

lation is even easier if we use the special values z = 0 and w = 1/0 = oo, so 
oo — l 

that 1 =-- = ix 

00 + 1 
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When we take absolute values of both sides in (1) we get an equation with 
great geometric significance, 


( 3 ) 


l«> - ZM! _ I . l z - P\ 

\w-T(q)\ W \z-q\ 


for all z in C*. 


This shows that the ratio of distances |z — p\ and |z — q\ to the base points in the 
z-plane is altered by a constant factor \pi\ > 0 when we measure from w = T(z) 
to the new base points { T(p ), T{q)} in the w-plane. The scale factor \pi\ is fixed 
once T and the base points { p , q } have been given; it does not vary as we ex¬ 
amine different points z and w = T(z). This formula becomes especially 
interesting when we recall the following geometric fact, whose reasonably 
straightforward proof will be left as an exercise. 

Theorem 9.2 Let p and q be distinct points in the plane , let a be any positive real 
constant (0 < a < oo), and let A a be the set of points z that satisfy the equation 


\ z — q\ 

If a = 1, A x is a line (the perpendicular bisector of the segment from p to q); if cl ^ \ 
the locus A a is a circle that separates p from q in the complex sphere. 

For fixed base points p and q , the curves A a form the family s/{p, q} of 
circles (including an extended line A x ) displayed in Figure 9.1. These are 
called the circles of Apollonius. Their centers all lie on the straight line L 
passing through p and q , on either side of the segment [/?, q]. It is easily seen that 
the A a close down on the point p as a —> 0 and close down on q as a —► + oo. 
Different circles A a , and A a ~ in this family are disjoint. The exceptional circle 
A x is regarded as a degenerate circle with center at infinity. 



Figure 9.1 Apollonian circles A a (0 < a < oo). The arrows from p and q represent the 
distances \z — p\ and |z — q |. 
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A transformation with normal form (1) must map the family srf = { A a : 
0 < a < 00} of Apollonian circles based on points p and q in the z-plane to the 
family cS/ = {A a \0 < a < 00} of Appolonian circles in the w-plane based on the 
image points { T(p ), T(q)}. In fact, the circle or extended line (line plus point 
at infinity) 


A 


a 



* - P 
z - q 



is transformed to the circle (or extended line) 



L. 

it; - T(p) 

r 

W - T{q) 



for each 0 < a < + 00 . 

Example 9.2 The transformation w = (3z + l)/(z + 3) has just two 
fixed points, p = +1 and q = — 1. The constant [X in the normal form with 
respect to these base points, 

w — 1 z — 1 

- = A-, 

w+l z+ 1 

may be obtained by substituting z = 0 and w = T'(O) = £ into this equation; 
thus, /* = (£)+ *0 and \/jl\ = \ in equation (1). Considering the families srf 
and si of Apollonian circles with respect to the base points +1 and — 1 in both 
the z-plane and w-plane, we see that T maps A a one-to-one onto the circle 
A^^ a = A a/2 in the w- plane. It may be better to think of T as transforming the 
z-plane onto itself, so that the circles A a and their images T(A a ) = A a/2 may be 
compared directly. Each point z on A a is transformed to a point T(z) on A a/2 , 
which is a circle closer to the base point p = +1; thus, T moves points away 
from q = — 1 toward p = +1; Apollonian circles in the family £&{p, q} are 
transformed to different circles in the family. The action of T is illustrated in 
Figure 9.2. Later in this section we shall demonstrate that points are indeed 
shifted along the dashed circular arcs that connect p and q , as we have indicated 
in the figure. (This need not be the case for other transformations). 

Before we go on to examples, we must point out that the relation (3) 
obtained by taking absolute values in the normal form has as its counterpart the 
equation obtained by comparing the arguments on either side of (1). We 
obtain a congruence (modulo 2 77 ), instead of an equality, because of the 
indeterminacy of arg z: 

(4) [arg(it> - T{p)) - arg {w - T(q))~\ 

= arg (ft) + [arg(z — p) — arg (z - j)] 

This is valid provided that z ^ p and z ^ q. 
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The reduced equations (3) and (4) taken together contain all the informa¬ 
tion present in the original equation (1), and therefore they completely deter¬ 
mine the transformation T; the separate equations (3) and (4) display this 
information in two convenient separate parts. Consideration of the first equa¬ 
tion shows how T transforms the Apollonian circles based on { p , q }; there is a 
complementary geometric interpretation of the second equation. To make 
this interpretation we must identify the sets B 0 of all points z in the plane that 
satisfy the equation 

(5) arg(z — p) — arg(z — q) = 6 (mod 2 t r), 

where 0 is a fixed real number. This is a straightforward task in analytic 
geometry, so we will only summarize the important conclusions as Theorem 9.3, 
without giving a detailed proof. Since arg(O) is not defined, even modulo 2n, 
the left side of (5) is undefined if z = p or z = q\ let us interpret this to mean 
that the points p and q never appear in the sets B 0 . It is obvious that 6 and 
6 + 2irk (k any integer) determine the same set of points, so B e = B 0+2j r k , and 
all possible curves B d are obtained as 6 varies through some half open interval 
such as [0, 2 tt ). 

Theorem 9.3 Let {/?, q } be distinct points in the complex plane and consider the set of 
points B 0 determined by equation (5), where 6 is a fixed real number. Then B e = B 0+2vk 
for any integer k. Furthermore , 

(i) IfO = 7T (mod 2n r), then B 0 is the straight line segment connecting p to q , with 
the points {p> q} deleted. 

(ii) If d = 0 (mod 2i r), then B 0 is the straight line L determined by p and q , 
with the segment from p to q and the points { p , q } deleted. 

If we regard a line as a circular arc in C*, these special cases fit nicely into the general 
situation: 
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Figure 9.3 The circular arc B 0 . Angle 6 is measured as shown (counterclockwise angles 
are positive). 


(iii) If 6 ^ 0 ( mod 2tt) and 6 ^ tt ( mod 2t t), then B e is the circular arc from p 
to q whose tangent line at p makes an angle ( tt — 0) with the directed line seg¬ 
ment from p to q (measured from the arc to the segment). 

The location of B e is illustrated in Figure 9.3. Notice that the angle con¬ 
dition in (iii) is the same as saying that the tangent line at p makes an angle 6 
with the ray from p to oo that points in the direction opposite that of the directed 
line segment from p to q. From this description of the curves B e the following 
important point is clear. 

Corollary 9.4 The curves B 0 and B e+n = B 0 _ n , together with the points p and q. 
fit together to form a circle through the points { p , q}. Furthermore , if 6 ^ <f> (mod 2t r), 
the curves B 0 and B^ never intersect. 

The reader should examine these curves to understand how B 0 varies as 6 
increases from 6 = 0 to 6 = 2tt, keeping Figure 9.3 in mind. He should also try 
to understand how the exceptional curves B 0 and B n fit naturally into these 
families (a look at what is happening on the complex sphere is helpful). 

The family &{p, q} of all curves B 0 we obtain this way is complementary 
to the family of Apollonian circles ^/{p, q} = {T a :0 < a < + °o} based on the 
points {p, q}. A circle A a and circular arc B 0 are orthogonal where they meet, 
and intersect in exactly one point. Every point z in the domain E = {z:z p 
and z q) is the intersection of exactly one pair of these curves A a and B 0 ; 
therefore, the families s/ and & are orthonormal and give us an orthogonal 
curvilinear coordinate system on E. The families s/ and taken together, are 
called the Steiner circles based on the points { p , q). 

The points p and q are singular in this coordinate system, much as the points 
z = 0 and z = oo are singular with respect to polar coordinates. The point 
oo has well defined coordinates in the circular coordinate system just described 
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(it is the intersection of A 1 and B 0 ), and the coordinates are well behaved near 
oo on the complex sphere. 

Let T be a fractional linear transformation and let { p , q } be distinct points, 
neither a singular point for T. The congruence (5) shows us that the circular 
arc B q in 88{p> q} is transformed by T to the circular arc 5 e+arg(/i) in &{T(p), 
T(q )}, for each 0. Now that we know how T transforms both kinds of curves in 
the coordinate system of Steiner circles based on { p , q} to curves in the system 
based on { T(p ), T(q )}, we have a complete geometric picture of how T acts 
once it has been Written in the normal form (1). If z is any point in the plane 
(other than p or q), take the unique curves A a and B 0 in the coordinate system 
about {p, q} that meet at z, so that {z} = A a n B d ; then T transforms A a to 
T(A a ) = j a in the system of Apollonian circles stf{T(p), T(q)} and trans¬ 
forms B e to the circular arc T(B e ) = S 0+aiTgitl) in the system 33{T(p), T(q)}. 
The unique point where the transformed curves meet is just T(z ). The descrip¬ 
tion of T is particularly simple when {/?, q } are fixed, points , so that T(p) = p and 

T{q)=q. 

Example 9.3 We have calculated the normal form of w = (3z + 1)/ 
(z + 3) about the fixed points p = +1 and q = — 1: 

^ = (-) 2—1 for all z in C*. 
w + 1 \ 2 / z + 1 

Here arg(//) = 0 and \[jl\ = J, so a point z lying on the circles A a and B 0 is 
mapped to a point w = T(z) lying on a different Apollonian circle A a/2 , but 
the image remains within B 0 . The new point has coordinate parameters (a/2, 
6) and is obtained by shifting z along the circular arc B 0 from A a to A a/2 , as we 
have indicated in Figure 9.2. Our geometric picture of how T acts as a “shift” 
of points toward p = +1 and away from q — — 1 is now completely justified. 

Example 9.4 The transformation w = i(z — i)/(z + i) maps the upper 
half plane Im(z) > 0 conformally onto the unit disc |w| < 1; we shall now 
consider it as a mapping of C* onto itself. The fixed points of T are p = +1 
and q = — 1 (an easy calculation). To determine // in the normal form 


— - = u - - for all z in C*, 

w+l z + 1 

we may substitute z = +z and w = T(i) =0; then ju(i — 1)1 (i + 1) = — 1, 
so that [X = (1 + i)I{ 1 — i) = i = e tnJ2 . Equations (3) and (4) take the form 

I W ~ * 1 — 1 I z ~ 1 I 

I w + 1 I I z + 1 I 

arB (^ri) 3 f +arg (7Tr) <mod2 ’ ) 

if z is not one of the fixed points. Since \/x\ = 1, it follows that T(A a ) = A a , so 
that T maps each Apollonian circle into itself. On the other hand, an arc B 0 is 



532 CONFORMAL MAPPING PROBLEMS 


by 


a = 1 



mapped to the arc ^ +jr/2 * A point with Steiner coordinates (a, 6) is transformed 
to one with coordinates (a, 6 + tt/ 2). Points on an Apollonian circle A a are 
moved around within this circle; T causes a rotation-like shift of points along 
A a as shown in Figure 9.4A. The reader should try to see, by inspecting this 
figure, that T really does map the upper half plane onto the unit disc, the ex¬ 
tended real axis onto the unit circle, and the lower half plane onto the exterior 
domain {z: \z\ > 1}. 

On the exceptional circle A 1 the action of T can be regarded as a rotation¬ 
like shift, which moves points while preserving their relative order, if we 
examine the action in A* = A l U {oo}, a circle through oo in C*. Thus T 
moves points across the point at infinity and moves oo to the point -f i. This 
action on A* is illustrated in Figure 9.4B. The exceptional behavior of T 


T(x) 



z — i 

Figure 9.4B The action of w = i on the extended line A x (the imaginary axis) in 
Example 9.4. z + * 
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on A 1 can also be understood by examining the action of T on nearby circles 
A a with a close to 1 (but a ^ 1); the action on A x is the “limit” of the 
rotation-like actions on A a as we let a -► 1. 


Finally, we examine a family of transformations which will be useful in 
later sections. 


Example 9.5 Let 0 < R < 1 be fixed and consider the fractional linear 

R — z 

transformation w = T r {z) = —- — . The extended real axis R* is clearly 


Rz - 1 


mapped onto itself, and 


T( 1) = 1;3T(—1) 


-1 ;T(R) =0;T(0) = -R;T(-R ) 


-2 R 
1 + R 2 ' 


The fixed points are p = +1 and q = — 1, and the normal form is 


w — 1 z — 1 1 + R 

- = u - where U = - . 

w+l z+ 1 1 - R 


Here fi = \(/,\ > 0 and arg /u = 0, since 0 < R < 1. Points are shifted along 
the circles B e , toward —1 and away from +1. The arcs B n/2 and B ^/ 2 are 
the two halves of the boundary of the unit disc D = {z:|z| < 1}, so T R 
maps the disc conformally onto itself and also maps the circle \z\ = 1 onto 
itself. The general features of the shift of points within D are illustrated in 
Figure 9.5, where we show how various parts of the unit disc are transformed. 
The circle T through R + iO and orthogonal to the unit circle is just the 


Apollonian circle A a with a = 
mapped by T R to half discs. 


1 - R 


; it separates D into two pieces which are 


1 + B 

Notice that = A ly the imaginary axis. 
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These examples illustrate the particularly simple interpretation of T when 
the constant [x in the normal form has arg [x = 0 or \/x\ = 1 respectively, and 
when {p, q } are fixed points for T. Other examples appear in the exercises. 

Sometimes we seek geometric information that is best revealed by taking 
base points other than the fixed points of T ; furthermore, there are transforma¬ 
tions with just one fixed point, and there are not enough fixed points to set up a 
normal form whose base points are fixed by T. For a more detailed account 
of normal forms, and the geometry of fractional linear transformations, see 
Ford [7]. 


EXERCISES 

1. Let A a and A a . be Apollonian circles based on {p, q}; show that 
A a and A a > are disjoint if a a'. Explain why A a closes down onp as a -> 
0 and closes down on q as a —> + °o. 

2. If p and q are fixed points in C for a fractional linear transforma¬ 
tion w = T'(z), show that the constant /x in the normal form 


w — p z — p 

= [X 

w — q z — q 

may be calculated as 



3. If 0 < a < +oo (with a +: 1), and if p + q are points in C, 


prove: 

Theorem: The locus 


z- p 


= a is a circle of radius r„ 


m _ z ~ 9\ 

centered at the point (p — a 2 ^)/(l — a 2 ). 


a \p - q\ 

(1 - a 2 ) 


Verify that reciprocal parameters a and 1 /a give circles of the same radius. 
Verify that the center lies on the line determined by the points p and q , 
and lies off the segment [£, q\. 

Hint: Set p = a + ib and q = r + is, and use straightforward 
analytic geometry to convert \z — p\ = a \z — q\ to the form (x — A) 2 + 
( y - B ) 2 = R 2 . 


4. Take p = — 1 and q = +1, and explicitly determine the loci 


A 



z - P 

z- q 



for a = xo, ol = \, a = 1, a = 2, a = 100. Sketch their locations. 
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5. If base points p ^ q are given, show that w = T(z) = {z — p)j 
(z — gr) transforms Steiner circles in the following way: 

(i) r(/>) = 0 and T(q) = 00 

(ii) 38{p' ) q } is transformed to the family of all rays extending 
from 0 to 00 . 

(iii) srf{ p , q } transforms to the family of all circles centered at 
the origin. 

Hint: Circles map to circles in C*; orthogonality relations are 
preserved since T is conformal. There is a simple reason why T(B e ) 
equals the ray arg w = 6. Statement (iii) follows easily from (ii). 

6. Use Exercise 5 to verify that the loci B e = {z:arg(z — p) — 
arg(z — q) = 0 (mod 2i r)} are indeed the circular arcs shown in Figure 
9.3. 

Hint: T maps the locus B e to the ray R e = (zi;:arg(zt>) = 0}; thus 
B 0 = T(R e ) is the desired circle. 

7. Take p — 1 and q = + 1 ; sketch the loci B d for 0 = 0, ±7 t/ 4, 
±7r/2, ±37 t/ 4, and + 77/6. 

8. Take the Steiner coordinates (a, 0) based on the points p = +1 
and q = — 1, and locate the points in C* with the following coordinates. 
Give their Cartesian coordinates. 

(i) a = 1, 0 = 0 (iv) a = 0 = 7r 

(ii) a = 1, 0 = 7r (v) a = I, 0 = 77/2 

(iii) a = 1, 0 = +7 t/ 2 (vi) a = 2, 0 = tt/2 

Hint: Use the results in Exercise 3. 

Answers: (i) 00 ; (ii) 0; (iii) +i; (iv) (J) + iO; (v) (3 + 4i)/5; 
( vi) ( — 3 + 4z)/5. 


9. Express the following transformations in normal form with 
respect to their fixed points: 

z 2 z 3z — 4 z 

w =- w =- w = - w =-. 

2z — 1 3z — 1 z — 3 2 — z 


z P 


10. Verify that H(z) = log -— is harmonic on the domain E = 

z “ q 

C ~ {p 9 q}. Show that H(z) = 0 on the perpendicular bisector of the 
segment [ p , q], and that 


lim H = — 00 lim H = + 00 . 

z-* v Z~*Q 

Is \H(z)\ bounded as z —► 00 ? Evaluate lim //, if this limit exists. 

Z —*-00 
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11. Let T 1 and T 2 be the circles |z — 1| = \ and |z + 1| = 
respectively. Find a harmonic function H(z) y defined for points z that are 
exterior to both circles, such that 

H(z) = -1 for z on I\ 

H(z) = +1 for z on V 2 . 

\H(z)\ bounded at infinity 

This is an extremely important boundary value problem in electrostatics 
and the theory of heat propagation. 

Hint: Use Exercise 3 to locate points p and q (q = —p) on the real 
axis, such that and T 2 become loci A a and A 1/a . 

Answer: (i) r = 1/2 implies p = (1 — a 2 )/4a; (ii) center p = 1 im¬ 
plies/? = (1 — a 2 )/(l + a 2 ). Thus a = 2 — \/3, p = V3/2, and 


H{z) = A- log 


2z- V3 
2z + yj3 


A [ "(2* ~ V3) 2 + 4^ 

2 10g L(2, + V3) 2 + 4/J 


where yl = 1 /log(2 — \/3) = 1/log a. 


12. Use Exercise 11 to find harmonic functions that satisfy the 
boundary conditions indicated below. 

(i) H(z) =0 on the imaginary axis, H(z) = -10 on the 
circle |z — 5| =2, H(z) bounded on the domain be¬ 
tween these curves. 

(ii) H(z) = 0 on the circle |z + 1| = £, H(z) = +10 on the 
circle |z — 11 = -J-, H(z) bounded on the domain be¬ 
tween these circles. 


13. We may consider the boundary value problem in Exercise 11 
as either an electrostatic or a temperature distribution problem. Sketch 
the level curves H(z) = c( — 1 < c < +1). Sketch the lines of constancy 
//*(z) = constant for the conjugate harmonic function (the lines of heat 
flux, in a temperature distribution problem). How are these related to 
the families s/{ — l, +1} and 88{— 1, +1} of Steiner circles? 

14. Map the domain bounded by |z| = 1 and |z — (£)| = \ onto 
an annulus 1 > \w\ > R. How large is the outer radius R? 

Answer: R = 2 + \/3. 

15. Given two disjoint circles I\ and T 2 , prove that it is always 
possible to choose p + q in C, and parameters a 7 ^ in the interval 
(0, + 00 ), such that and T 2 are the Apollonian circles A a and A fi , 
respectively. 

Hint: By rotating the plane we may reduce to the case where the 
centers of F 1 and T 2 are on the real axis. It may help to distinguish cases: 
(i) each circle lies exterior to the other; (ii) one lies in the disc enclosed by 
the other. 
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16. Make a diagram that illustrates how w = T R {z) = (/? — z)/ 
(Rz — 1) acts on the Steiner coordinates (a, 0) with respect to the points 
p = +1 and £ = — 1, the fixed points of Tr. Use Figure 9.4 as a model. 

17. Let/? be fixed (0 < R < 1). Prove that w = T R (z) = (R — z)j 
{Rz — 1) maps the unit disc conformally onto itself and verify that Tr 
maps points, arcs, and regions as indicated in Figure 9.5. Then, 

(i) Show that the inverse has the same form: 

z = T R (w) = (R- w)/(Rw - 1). 

(ii) Calculate the fixed points. 

(iii) Write out the normal form of Tr with respect to the 
fixed points. 

Hint: Use the results of Exercise 16. 


18. Explain why the circle that passes through R + iO and is per¬ 
pendicular to the unit circle |z| = 1 (as shown in Figure 9.5) is actually 
part of an Apollonian circle A a , with respect to the base points p = +1 
and q = —1. Show that a = (1 — /?)/(l + /?). 

Hint: T R and T R map Apollonian circles in srf{ p, q ) to circles of 
the same kind. What is Tr{A 1 ) ? 

19. Make a diagram similar to Figure 9.5 that shows how the 
negative of T R (the mapping N R (z) = ( —1) • T R {z)) transforms the 
regions and arcs on the left-hand side of Figure 9.5. This negative is 
the mapping we will actually use in applications. 

Hint: Use the facts worked out in Exercise 17. Think of N R as the 
transformation £ = Tr(z), followed by the elementary transformation 
w = — £. 

Note: We will use N R later on, but T R has a simpler normal form. 
Thus, it is convenient to examine geometric properties of T R and then 
multiply by ( — 1) to determine the behavior of N R . 

20. Consider the transformations T whose normal forms are 


w — 1 _ /1\ z — 1 
w+ 1 \2/ z + 1 


(ii) 


w ~ 1 = z ~ 1 
w +1 z+1 


w - 1 _ ie il,/i \ z - 1 _ / I + i \ z - 1 
w + 1 _ \ 2 / z + 1 _ \ 2yj2 ) z + l 


Compare their actions by setting up individual diagrams, similar to the 
one in Figure 9.4, which show how the families 1, —1} and 3S{— 1, 
+ 1} of Steiner circles are transformed. 
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21. Use the results of Exercise 20 to determine the images of z = 0 
under repeated applications of T and T. Do this for each of the mappings 
(i), (ii), and (iii). Do the points 

r»(0) = r(-- • (7T(0))- • •) 

h times 

r- n (0) = f(- --(f( o))- • •) 

n times^ 

approach limits in C* as n —► oo? 


9.2 SCHWARZ’ LEMMA 

An entire function is constant if it is bounded on C, and is a polynomial if 
it satisfies a growth condition of the form |/(z)| < A \z\ N for sufficiently large 
|z|.f There are many results like this in complex analysis; a holomorphic 
function that satisfies certain extra conditions may be so restricted that it is 
almost completely determined. Schwarz’ lemma is closely related to this family 
of results, and is quite useful in resolving some emminently practical mapping 
problems. As one application we demonstrate that every invertible conformal 
mapping f:D -> D of the unit disc onto itself must be a fractional linear trans¬ 
formation, and is more or less determined once we specify the image/(0) of the 
origin. 

Theorem 9.5 ( Schwarz 9 lemma ) Let w =f(z) be a holomorphic function 

defined on the unit disc D = {z: |z| < 1}, and assume that 

(i) |/(z)| < 1 for \z\ < 1 (thus f maps D into the closed disc \z\ < 1). 

(ii) /(0) = 0. 

Then |/( 2 ) | < \z\for all z in D. Furthermore, f satisfies the stronger inequality 
(6) |/(z)| < l z l f or nil 2 in the punctured disc o < M < 1 

unless f is a rotation, f (z) = e l<t> • z (<f> a real constant ). 

Proof: There is a convergent series expansion f(z) = a x z + a 2 z 2 + • • • 
throughout D, whose constant term is zero since/(0) =0. Accordingly, g(z) = 
f{z)fz has a removable singularity at z = 0, and series expansion g(z) = 
a x + a 2 z + • • • . On a circle |z| = R with radius R < 1, we have |g(z)| = 
|/(z)/z| = \f(z)\/R < 1 /R; now apply the maximum principle to g(z) to see 
that \g(z)\ < 1 jR throughout the disc \z\ < R. This is true for every R < 1; 
discs of radius R < 1 fill D, and \/R l as R increases to 1, so that |g(z)| < 1, 
and thus |/(z)| < |z|, throughout D. 

Suppose that there is a point z* such that 0 < |z*| < 1 and |/(z*)| = 
|z*|, so that the last inequality fails to be strict; write f(z*)/z* = e x *. Now 


| This is referred to as “polynomial growth” at infinity; see Exercise 4, Section 5.13. 
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|g(z*)| = 1 and g achieves its maximum modulus at an interior point of the disc; 
by the maximum principle, g(z) = constant = g(z*) — e'* throughout D. 
Therefore f (z) = e'*z for all z and/is a rotation, unless the strict inequality (6) 
holds for every point such that 0 < |z| < 1. | 

Here are some applications of the Schwarz lemma, arranged in order of 
increasing difficulty. 

Example 9.6 If w = f(z) is an invertible conformal mapping of the unit 
disc onto itself, and if f leaves the origin fixed, then f is a rotation about the 
origin,/(z) = e^z. 

In this situation the inverse z = f(w) is also a holomorphic map f :D —> D, 
and leaves the origin fixed. Applying Schwarz’ lemma to both mappings, we 
see that \f{z)\ <L \z\ and \f(w)\ < \w\. Thus, |z| = |/(/(z))| < |/(z)| < |z|, 
which implies that |/(z)| = \z\ for all z. Obviously, the strict inequality 
|/(z)| < |z| cannot hold for z ^ 0, so that f must be a rotation. If the origin is 
not left fixed,/ need not be a rotation; there are, in fact, numerous other 
fractional linear transformations of the disc D onto itself. 


Example 9.7 Determine all fractional linear transformations of the unit 
disc onto itself. 


Theorem 9.6 If S and T are fractional linear transformations of D onto D , and if 
S( 0) = T( 0), then S and T can differ only by a rotation R x = X • z = e t4> • z (where X = 
e t<f> has absolute value 1), in the sense that S(z) = T(X • z) = (T o /? A )(z). If the 
derivatives at the origin have the same values , or even the same argument , arg dSjdz{ 0) = 
arg dTjdz (0) (modulo 2i r), then S = T. 


Proof: The composite T o S maps the disc invertibly onto itself and the 
origin to the origin. It must then be a rotation, T(S(z)) = X • z for some X such 
that \X\ = 1, and so S(z) = T(X • z) for all z. The scalar X is determined by the 
arguments of the derivatives at the origin, since dS/dz( 0) = X • dTjdz(0). | 

To produce a transformation T:D —► D that maps the origin to a different 
point w 0 = Re l ° in the disc, we may transform the origin to R + *’0 using the 
negative w = ( — 1) • T R (z) = (z — R)j(Rz — 1) of the mapping defined in 
Example 9.5. If this is followed by the rotation w = e t0 z , we obtain a particular 
mapping w = e 10 (z — R)/(zR — 1) of the disc such that T( 0) = Re' 0 . In view 
of Theorem 9.6, all other fractional linear transformations with this behavior 
are of the form 


( 7 ) 


S(z) = T(e i(t, z ) = 


e*+z - R 
Re'+z - 1 


e i{ ++ 9) z - Re i0 
Rj+z - 1 


where <f> is any real number. Notice that there is one adjustable (real) param¬ 
eter <f> left, once T'(O) is specified. There is a different family of mappings if 
we wish to map the origin to some other point in D ; replace (R , 6) with the 
new polar coordinates ( R' , O') of T( 0). If we let all three parameters, R, 0, and 
<f >, vary, keeping 0 < R < 1 and 6 and </> real, we obtain all possible fractional 
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linear transformations of the unit disc onto itself. This family may also be 
described as the set of transformations having the special form 

( 8 ) T(z) = r Z (a and b complex, such that \a\ > | 6 |) 

bz + a 

See Exercise 7 for the details needed to identify the families (7) and ( 8 ). 

Example 9.8 Determine all invertible conformal mappings of the unit 
disc D onto itself. 

Using Schwarz’ lemma we will show that such a mapping T must be 
fractional linear , one of the mappings determined in the last example. In fact, if 
T( 0) = Wq .there is a fractional linear transformation S:D —► D which carries 
w 0 back to the origin, so (So T)( 0) = 0. Obviously, S o T is an invertible 
conformal map of D onto D , so the remarks of Example 9.6 apply: (5 o T) (z) — 
e l<t> • z and T(z) = S(e l4> z) = (S o R x )(z ), where X = e l<t> . Clearly, $ and the 
composite So R x are fractional linear, and so is T. 

The preceding remarks may be varied in a routine way to identify all in¬ 
vertible conformal mappings from one disc \z — p\ < r to another disc 
\z — q\ < r", and to prove that they are all fractional linear transformations. 
More interesting variants, discussed below, allow us to determine all conformal 
mappings between more complicated domains. For example, suppose we wish 
to determine all conformal mappings of the upper half plane E = {z:Im(z) > 
0} onto itself. Certain obvious transformations come to mind: real translations 
w = z + b (with b real), and scaling operations w — Xz where X > 0; succes¬ 
sive composites of these map E onto E and are sufficient in number to shift the 
point z = +i to any prescribed new position w 0 —simply take w = (Re(w; 0 )) + 
(Im(^o)) 1 z. 

How shall we determine all invertible conformal mappings T:E-^E 
which map +i to w 0 ? One way is to set up an analogous problem for the unit 
disc D so we may apply the results of Examples 9.6 to 9.8. This is done using the 
familiar conformal map f:E —► D and its inverse: 

w =f(z) = i—- z =f(w) = 7 —t- . 

Z + l l W — l 

If T maps E onto E, we get a corresponding map T:D —> D by transforming 
both the variable and the values in w = T(z ) via f and f. Starting from Z), apply the 
mappings w = f(z ), w = T(z ), and w = f(z) in succession. As indicated in 
Figure 9.6, we obtain a mapping T =f° Tof\D-+D, and if T^-f-z) = w 0 
it is clear that T( 0) = (f o T)( + i) = f(w 0 ), since /(0) = +i. Let us label 
f(w 0 ) = w* so that T( 0) = Wq. We know that T is a fractional linear trans¬ 
formation, and have actually calculated all possible transformations T:D —► D 
such that !T(0) = w*. The transformation T we really want is easily recovered 
from T since | 

T= (/of) o To (fof) =fo (fo Tof) of=fo Tof 


t Remember that (/°/)(z) = z = (/ of)(z), since f and f are inverses of one another. 
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Obviously T = f o T of is fractional linear, being a composite of such trans¬ 
formations; T can be any transformation ofZ) onto itself such that !T(0) = w*. 

Example 9.9 Determine all invertible conformal mappings T:E — ► E 
that leave z = + i fixed. 

The only conformal mappings of the disc onto itself that leave the origin 
fixed are the rotations R x (z) = A • z (|A| = 1). Thus, if A = e z<t> is any scalar with 
absolute value one, there is a corresponding mapping of the half plane T x = 
f°R X °f ; thus, 


P) » = TM =/(;■> = ,T z < ‘ + 

\ z+i) Lz(l - A) + 1(1 + A)J 


maps E onto E so that T x (i) = i . We can see that the transformations T x retain 
many characteristics of rotations by examining their normal form with respect 
to the fixed points p = +i and q — —i . Substitute z = 0 and a; = 7^(0) = 

i -- into the normal form to determine u: 

1+ A 


( 10 ) 


w — i z — i 

-: = - : 

W + l Z + l 


[1 = \ = 


Since \[x\ = 1, Apollonian circles A a about { + i, — i) are mapped onto them¬ 
selves, and in particular points on the extended real axis R* = R U {oo} = A x 
are shifted around within R*. The Steiner circles B 0 are transformed into 
Be+argn = an< ^ the net action of T x is illustrated in Figure 9.7. When this 
action is viewed on the complex sphere, it really is a rotation of C* (about the 
axis through the equatorial points +i and —i ); see Exercise 14. The action of 
T x on C* should be compared with the action of the original rotation of the disc 
w = Az from which it was derived. 
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0 = 0 



Figure 9.7 Rotation-like action of Tx on the upper half plane, illustrated for A = 
e*4 = (i + 1 )/V2, so that (f> = + 7t/4. Thus, Tx maps B 0 to 2 ? 0 +jr/4 . 


Similar reasoning allows us to devise mappings of the half plane onto itself 
for special purposes. We might ask that +i be mapped to some other point w 0 , 
or that +i be fixed, while certain points on the boundary are shifted in a par¬ 
ticular way. 

There is an interesting characterization of the transformations which map 

az -f- b 

E onto E. In any fractional linear transformation w = T(z) = ——- we may 
always adjust the coefficients by multiplying all of them by a common complex 


scalar so that det 



— ad — be — -f-1 1 


this adjustment does not change 


the mapping T. If this normalization is made, the transformations of the half 
plane are precisely the ones with real coefficients a , b , c, d. 


In general, the transformations T^:E-+E in (9) do not have real coeffi¬ 
cients, but this happens because their determinants, ad — be = — 4A, 
have not been normalized. Multiplying each coefficient by a = 
i/(2VJ) = (i/2) yields normalized determinants equal to a 2 

(— 4A) = + l, and makes each coefficient in Tx real. 


EXERCISES 

1. Prove that the coefficients a , b , c> d in a fractional linear trans¬ 
formation may be multiplied by a common complex factor //, so that the 
new coefficients a = [xa , . . . , d' = /xd have determinant +1. (This is 
not always possible if we restrict the multiplier fx to be real ; give an ex¬ 
ample.) 
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2. If S and T are invertible conformal maps of the unit disc D onto 
itself that leave fixed a point p in D, prove that S = T if we also have 
arg S'(p) = arg T'(p). If T.D -* D, and if 

(i) T(p) =p (ii) arg T'(p) e= 0, 

show that T must be the identity map , so that T{z) = z for all z in D. 

3. The fractional linear transformation w = T(z) = — i(z + i)/ 
(z — i) maps the unit disc D to the upper half plane H. Write out the 
fractional linear transformations S obtained by the following construc¬ 
tions. 

(i) S equals a rotation R(z) = Xz (|A| = 1) followed by T. 

(ii) S equals T followed by a translation P(w) = w + b (b 
real). 

In either case, we get new mappings S:D -> H. 

4. If p and q are points in the unit disc D, show that there is a 
fractional linear transformation T of D onto D such that T(p) = q. 
Is this mapping unique ? Write out a formula for such a mapping when 
p = \ and q = 2i/3. 

Hint: Map p to 0; then map 0 to q. Map is not unique (try case 

P = q = o). 

5. The general mapping S:D —> D of the unit disc onto itself that 
carries the origin to w 0 = Re ld ( 0 < R < 1) has been determined in (7). 
The inverse z = £(w) maps D onto D , carrying w 0 to the origin; show 
that $ has the simple form 

S(w) = e ta zr -— (a real) 

w Q w — 1 

Note: In fact a = — (<£ + 6) where <f> is the angle appearing in (7). 

6. Exercise 5 shows that every mapping of the unit disc D onto 
itself that carries w 0 to the origin (|zt> 0 | < 1) can be put into the form 


(11) S(w) = e ix ™^ (a real) 

w 0 w — 1 

for suitably chosen real a. Give a direct proof of the converse statement: 
given |w 0 | < 1 and a real, every mapping of this form transforms D onto 
jD, carrying w 0 to the origin. Thus a fractional linear transformation maps 
D onto D y carrying w 0 to the origin, if and only if it has this form. 

7. Show that a fractional linear transformation w = T(z) maps 
the unit disc D onto itself if and only if it has the form 


( 12 ) 


az -4- b 

T{z) = 

bz + a 


(ia, b complex, such that \a\ >l*i) 
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Two steps are required in a careful proof; you must show that: 

(i) If T has the form (12), then it does map D onto D. 

(ii) If T maps D onto D , it can be expressed in the form (12). 

Hints: For (i), divide numerator and denominator by |a| and write 
af\a\ = e ta/2 , a/\a\ = e ~ tal2 (a real); then cast T into the form (11), which 
is known to map D onto D. For (ii), T maps some points z 0 to the origin, 
so T can be written in the form (11) for suitable real a. Then write e ta = 
/x/X where fx = e ta/2 and X = e~ ta/2 ; after multiplying numerator by /X 
and denominator by X, T is cast in the desired form (12). 

8 . Try to obtain a simple formula for the most general invertible 
conformal map of the unit disc onto itself that leaves the point z 0 = Re t0 ° 
fixed. 


9. Suppose that 


T(z) = 


az + b 
cz -j- d 


and suppose that the coefficients a, b , c, d have been normalized , so that 
ad — be = +1. Show that T maps the half plane Im(z) > 0 onto itself 
if and only if a , b , c, d are all real. If the determinant ad — be is not equal 
to +1 ( — 1 will not do), the transformation may have real coefficients but 
fail to map the half plane onto itself; try a = 0, b = 1, c = 1, d = 0. 
(See also the comments at the end of Section 9.2.) 


10 , Let points {p l9 /? 2 , p 3 } on the extended real axis R* be labeled so 
that the upper half planes lies to the left as we move through p l9 p 2 , p 3 - 
Prove that there exists a fractional linear transformation w = T(z) such 
that: 

(i) T maps the half plane Im(z) > 0 onto itself 

(ii) T (Pi) = 0, T(p t ) = +1, T(p,) = oo. 

Hint: Recall Example 4.16, Section 4.8. 

11. Extend Exercise 10 to prove that: given two such triples, 
{pi,p 2 >Pz} an d {?i> ? 2 > <7a}> on R* there is a unique fractional linear trans¬ 
formation w = T(z) that maps the half plane onto itself and T(p k ) = q k 
for k =1,2,3. 

Hint: Uniqueness follows from Theorem 4.10. 


12. State and prove a version of the result in Exercise 11 valid for 
triples of points labeled in counterclockwise order around the circum¬ 
ference of the unit disc |z| < 1. 


13. Explain why there is a one-to-one correspondence between 
invertible analytic mappings of the unit disc D onto itself, and invertible 
analytic mappings of the half plane H = {z:Im(z) > 0} onto itself. Use 
this correspondence to prove that: 
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Theorem: Every invertible analytic mapping of H onto itself is a 
fractional linear transformation. 

14. If |A| = 1 and <f> = arg A, show that the transformation 


T x 



(1 X)z i{\ — A) 
(1 — A)z + z(l+ A)_ 


discussed in Example 9.9, acts as a rotation of the complex sphere C* by 
an angle <f> , around the axis through and —i. 

15. If b is real, the translation T b (z) = z + b of the upper half 
plane H gives a mapping S b = <j> o T b o <f> of the unit disc D onto itself, if 
we use w = <f>(z) = i(z — i)/(z + i) to map // onto Z) and to ‘‘lift” 
mappings of H to mappings of D. Write an explicit formula for S b (w). 
Which points in D are the image S b (0) of the origin as b varies through R? 

Answer: Images 5 b (0) fill the circle |w — (z/2)| = £ except for the 
boundary point (—oo < b < + oo). 


9.3 THE RIEMANN MAPPING THEOREM 

Our commentary on the Riemann mapping theorem will deal with the 
main ideas of the proof, some of which are useful in other conformal mapping 
problems. In order to solve boundary value problems in the plane it is obviously 
important to know whether two domains D x and D 2 are conformally equiv¬ 
alent, in the sense that there is an invertible analytic mapping f with non¬ 
vanishing derivative, which maps one domain onto the other. The simplest 
version of this question is the following: given a standard domain, such as the 
unit disc D = {z:|z| < 1}, which domains are conformally equivalent to D? 
Boundary value problems for this category of domains can be transformed into 
equivalent problems on the disc by the conformal mapping principle. 

Theorem 9.7 (Riemann mapping theorem) Let E be a domain in the complex 
plane , E <= C. Then E is conformally equivalent to the unit disc D = {z: |z| < 1} if 

(i) E is simply connected , and 

(ii) E is not equal to the whole complex plane C. 

Since there are fractional linear transformations between the disc |z| < 1 
and the upper half plane Im(z) > 0, any domain that can be mapped con¬ 
formally onto the unit disc can also be mapped onto the upper half plane. 

A few preliminary concepts are needed. The exceptional domain E = C 
cannot be mapped conformally onto the disc. If such a mapping /: C —► D 
existed, w=f(z) would be analytic throughout the plane, and would be 
bounded since \w\ = |/(z)| < 1 for every z; by Liouville’s theorem, constants 
are the only functions meeting these requirements, and evidently these are not 
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conformal mappings onto the disc. One can also prove that every domain 
conformally equivalent to the disc |z*;| < 1 must, like the disc itself, be simply 
connected; thus, there is no hope of mapping multiply connected domains onto 
the disc. 

Theorem 9.7 is proved in two steps. First, E is mapped onto a simply 
connected domain E' that lies within the unit disc D; this can be done with 
familiar conformal transformations. Then one must prove that any simply 
connected domain in the disc, such as E\ can be mapped conformally onto the 
disc. The conformal mappings T:E —> E' and S:E' —► D obtained in each step 
may be composed to give a mapping w = S(T(z)) = (So T)(z) which is a 
solution of the Riemann mapping problem for E. We will prove Step 1 and will 
indicate the general idea behind Step 2. A proof of Step 2 would require con¬ 
fident use of some advanced techniques from analysis, in particular the concept 
of “normal families” of analytic functions. These details are not important for 
the rest of the discussion in this book, nor are they necessary for a full under¬ 
standing of the significance of the mapping theorem. Thus we have chosen to 
omit them, giving suitable references for further reading. 

Proof of Step 1. Since E is not all of C, there is a point p outside of E. If 
there is actually a disc of positive radius, such as |z — p\ < 8 , outside of E we 
can transform E into a subset of the unit disc via the invertible conformal 
mapping w = 8/(z — p). However, there might not be any disc like this, as 
when £isa cut plane or is obtained by removing other curve segments from the 
plane. To circumvent this difficulty, the reader should recall how the square 
root function w = z 1/2 “opens up” a cut plane to give a half plane; because 
the image set covers only “half” of the plane, the transformed domain has a 
substantial complementary set. We are assuming that E is simply connected, 
so there must be well defined analytic determinations of log(z — p) on E , and 
also determinations of the square root function (z — p) v 2 given by f(z) = 
ex p((£) log(z — />)); recall Section 5.19. For each z in E the number f(z) is 
one of the two possible square roots ±\/z — p , and since/(z) 2 = (±1 ) 2 (z — p) 
= z — />, we see that 


(13) 


«- X - 1 and 

4L 

_ 

i i 

dz 2/(2) 

dz 


2 f(z) 


i i z - p\- m 


for all z in E . 

The mapping w =f(z) is one-to-one since f{z x ) =/(z 2 ) implies that 
— p =f{z i) 2 =/(2 2 ) 2 = z 2 — p, so z 1 = z 2 . The derivative never 
vanishes on E since z = p is not in E , sofis an invertible conformal mapping of 
E onto a new simply connected domain E '.| Our most important observation 
is that the negative —z of a point z in E' must lie outside of E'. 


Suppose that z and — z are both in E Consider the points z and z" in 
E such that f{z) = z and f{z") = — z. Then z — p = f(z) 2 = 
z 2 = { — z) 2 =f(z") 2 = z" — />, so that z' = z" and z = — z. This can 


t The image set E' =/(E ) is an open set, by the open mapping theorem (Theorem 2.21). 
For simple connectedness of E', recall Exercise 10, Section 5.19. 
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only happen if z = 0. But a determination of Vz — p cannot take the 
value zero on E (this value can only arise at z = p y which is outside of E). 
It follows that z and — z cannot both be in E' for any z. 


Now take any point q* in E'; since E f is an open set, there is also a disc 
D * of positive radius 8 and center q* that is contained within E'. The nega¬ 
tives of points in D* compose a disc D = —D* about q = —q*, with radius 8, 
and D lies outside of E'. Now we may transform E f into a simply connected 
domain E" lying inside the unit disc, by applying g(z) = 8/ (z — q). The 
composite mapping h(z) = (g °f)(z) = 8 • (/(z) — q)~ l transforms E into £", 
which lies in the unit disc |w| < 1. If E" does not include the origin, we may 
perform an additional fractional linear transformation of the disc onto itself that 
shifts E" to a domain that does include the origin (see Example 9.7, Section 9.2). 

Proof of Step 2 (Outline) . Let E be any simply connected subdomain of 
the unit disc that contains z = 0. We seek a procedure for constructing confor¬ 
mal mappings T that map E into Z), leaving the origin fixed, so that the image 
E 1 — T(E) fills up more of the disc. As a measure of how much of D is filled up 
by a domain containing the origin, we define the inner radius r in (E) to be the 
distance from z = 0 to the nearest point in bdry(£); thus, the disc |z| < r in lies 
within E and is the largest open disc centered at the origin that does so.| 

We seek a transformation defined on E that has the following properties. 

(i) \T(z)\ < 1 for each z in E (so that T maps E into D) 

(14) (ii) T( 0) = 0 

(iii) T is an invertible conformal map of E onto a domain E l which 
satisfies r^E^ > r in (E). 

The domain E is simply connected, but this is all we know about it and it could 
have a very irregular boundary. As a prototype of the problem, we might try 
to transform the cut disc E (segment [/?, 1] removed) shown on the left in 
Figure 9.8 to a new domain in D with larger inner radius. This special case can 


f E is an open set, so bdry(£) is disjoint from E and is a closed bounded set in the plane. 
All boundary points lie within the closed disc |z| < 1. 



Figure 9.8 Transformation of a slit disc with r ln = R < 1 to a “notched disc” with 
larger inner radius = V~R. 
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be solved using transformations only slightly more complicated than fractional 
linear ones.| More important, a similar construction can be devised for any 
simply connected domain E> so the prototype provides the key to the general 
problem. 


The fractional linear transformations w = T a (z) = -- 

OLZ — 1 


map D con- 


v uu — a 

formally onto itself and have inverses z = T Aw) = -- , for each choice of 

a w — 1 

0 < a < 1, as explained in Example 9.5. In Figure 9.8 we have r in (E) = R ; 
T r maps D onto itself and the segment [/?, 1] to [—1, 0]. Now apply w = z 1/2 
(principal determination) to transform E' = T R (E) onto a half disc E", 
followed by the inverse Ty/ R which maps E" to the “notched disc” E 1 on the 
right side of the figure. Obviously, r in (£' 1 ) = V R > R = r in (E ), so that the 
composite mapping 


W = T(z) = T r {z)] for z in E 


has each of the properties (14). Notice that T is obtained by solving the 
rational quadratic equation 


( 15 ) 


[ w — x /R \ 2 z _ R 

I ——- I =- (solve for w as a function of z), 

\jRw - 1/ Rz - 1 ' 




because (T^(w)) 2 = ((Ty R o T^)(- • -)) 2 = (T R (z) 1/2 ) 2 = T R (z). The 
solution w = T(z) is multiple valued , since a square root is involved; the 
construction indicated in Figure 9.8 defines a single valued determination of 
T on E. 

Now let E be an arbitrary simply connected domain that includes the 
origin, and let R = r in (E). There is a point z* on bdry(£) such that |z*| = R; 
a suitable rotation w = e t<f> • z moves z* to R + i0 on the positive real axis. 
By using the results of Section 5.19, one can show that, for a suitably chosen 
determination of square root \/z, the transformation 


" =/« = f Vn 




maps the rotated domain E 0 invertibly onto a new domain E x which lies within 
the unit disc, and has r^E^ > r in (E 0 ) = r in (E) = R. If the preliminary 
rotation is now included, the desired mapping T:E —► E x is given by 


( 16 ) 


w = T(z) = T 


, T / e^z - R T 

Vr \A Rj+z - i:J: 


for all z in E . 


| No fractional linear transformation can have all of the properties (14). Why not? 
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Once we know how to transform any simply connected domain in the unit 
disc which includes z = 0 to another domain of this kind with strictly larger 
inner radius, we can repeat the whole procedure, now starting with E 1 instead 
of E. Repeated applications yield a sequence of successive domains E , E l9 
E 2 , . . . which contain the origin and fill up increasingly larger portions of the 
unit disc.f At the same time we obtain invertible conformal mappings from 
one domain to the next. 



each map T k \E k _ 1 —> E k has the properties (14). The composite mappings 
F n = T n © • • • o T x are also invertible and conformal, and map E onto E n . 
The inner radii of the image domains E n = F n (E) are strictly increasing (with 
R n < 1); the construction of each T k is designed to accomplish this. If after 
finitely many steps we get R n = r in (E n ) = 1, then E n = D and F n :E —► E n = 
D is the solution to the Riemann mapping problem. If this does not occur, one 
can still prove that R n —► 1 as n —► oo. Thus, the domains E n come closer and 
closer to filling the disc, and the mappings F n :E —► E n may be thought of as 
more and more refined approximate solutions to the mapping problem we 
started with. 

We could actually prove that 

(i) There is a well defined limit F(z) = limF n (z) for each z in E , and 

n—*-oo 

(ii) The mapping w = F(z) is an invertible analytic mapping of E onto the 
unit disc. 

The main difficulty lies in proving that the limit F(z) exists, and in verifying 
that it is both analytic (with non-vanishing derivative) and univalent on E. 
Full accounts of the Riemann mapping theorem compatible with the outline 
we have just given may be found in Nevanlinna and Paatero [18], Sections 17.1 
to 17.12, or De Pree and Oehring [5], Sections 59 and 60. 

This completes our discussion of the proof of Theorem 9.7. | 

The Riemann mapping theorem is essentially an existence theorem. If we 
are given any simply connected domain E ^ C, there exists at least one in¬ 
vertible analytic mapping of E onto the unit disc D = {z: |z| < 1}. But in the 
end, after a few preliminary transformations of E , the desired map w = F(z) is 
obtained as the limit of approximating maps w = F n (z ) which do not themselves 
accomplish our goal. It is usually very difficult to give an explicit formula for 
F(z), and the mapping theorem is not often helpful in determining the specific 
map (or mappings) that solve a given conformal mapping problem, although it 
does assure us that the problem can be solved in principle . 

Most often we will continue to solve conformal mapping problems as we 
have in the past, by referring to our ever-expanding list of conformal mappings 


t The domains need not be successively larger in the sense that E n+1 contains E n ; we only 
know that the inner radii R n are strictly increasing. 
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and making educated guesses about how these mappings should be put together 
to transform given domains onto each other, or onto the unit disc. 

In any conformal mapping problem we seek an invertible analytic mapping 
F.E-+D between given domains D and F. The reader should now observe 
that the mapping F which satisfies this requirement is not unique . We can always 
follow F by any conformal mapping T:D-+D to get a different solution 
F* = rof, as indicated in diagram (i) below. The mappings T:D —► D 



(o an 


have been identified in Section 9.2, and are all fractional linear. Conversely, 
ifF and F * are two solutions of the mapping problem, then T = F* o F maps 
D onto D, because F*(F(D)) = F*(F) = D , and it is one of the fractional 
linear mappings of the disc onto itself. Clearly, F* = T o F, as in diagram (ii). 
The solution F:F —► D is uniquely determined once we specify the values F(p) 
and ar ‘g(F'(p)) at some point p in E (see Exercise 2). In many of the mapping 
problems we examined in earlier chapters, this uncertainty about which map¬ 
ping F: F —► D should be used is eliminated because F must also satisfy side con¬ 
ditions on the behavior of F(z) as z approaches the boundary of E. When these 
side conditions are taken into account, the class of solution mappings is often 
reduced to the point that the solution is unique; at the very least, its ambiguity 
is reduced so that different choices of the mapping lead to the same solution of 
the boundary value problem being considered. 

We should also note that Theorem 9.7 has nothing to say about the be¬ 
havior of F(z) as z approaches points on the boundary of E; the mapping F is 
only known to be analytic and conformal within the domain F, and may in fact 
become quite singular at the boundary, especially if the boundary set is very 
irregular. However, if the boundary is smooth enough one may extend 
F:F->Z) so it maps bdry(F) continuously one-to-one onto bdry(Z)) = 

{»:M = U- 


Theorem 9.8 Let E be the interior domain of a simple closed contour y 9 and let f be 
any invertible conformal mapping of E onto the unit disc D . Then there is a mapping F of 
the closure E = E U bdry(F) onto the closure D = {w:\w\ <1} which has the 
following properties: 

(i) F maps E one-to-one onto D, and bdry(F) one-to-one onto bdry(Z)) = 
{w:\w\ = 1}. 

(ii) F, and its inverse F:D -+E, are both continuous . 

(iii) F agrees with f on F, and likewise P agrees with f on D. 
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We will not attempt to prove this result. These details may be pursued in 
the more advanced accounts found in Nevanlinna and Paatero [18], Sections 
17.13 to 17.20, or De Pree and Oehring [5], Section 60. 

Only simply connected domains are considered in Theorem 9.7; multiply 
connected domains are much more difficult to deal with. One problem lies in 
the choice of a suitable “standard domain.” The disc, being simply connected, 
will not do, but the plane with a number of isolated cuts in it might work. For 
an introduction to these matters we recommend Ahlfors [1], Sections 6.5.1 to 
6.5.3. 

EXERCISES 

1. Apply the ideas of Step 1 in the proof of the Riemann mapping 
theorem to devise invertible, conformal mappings of the following simply 
connected domains to domains that lie within the unit disc \w\ < 1 and 
include the point w = 0. 

(i) The strip 0 < Re(z) < 100 

(ii) The doubly cut plane obtained by deleting the rays 
(—oo, —1] and [1, +oo) from C. 

2. Suppose that E is a simply connected domain such that E ^ C, 
so that there is at least one invertible conformal mapping of E onto the 
unit disc D. Let p in E be fixed. If 7\ and T 2 map E onto D , and if 

T i(P) = T i(P) an d arg T 'i(P) = arg TUp), 

prove that T x = T 2 . Thus, the mapping T:E—>D is uniquely deter¬ 
mined once T(p ) and arg T'(p ) are specified at some point in E. 

Hint: S = T 2 o T x maps D onto D, leaving the image of p fixed. 
Use Exercise 2, Section 9.2. 

3. In Step 2 of the proof of Riemann’s theorem we have indicated 
(see Figure 9.8) how the cut disc E , with segment [72, 1] removed, is 
transformed to a notched disc E x that has somewhat larger inner radius, 
so that r in (E) Kr^E^. This mapping T 1 :E —► E x is the first of a 
sequence of transformations that increase r in ; determine the general 
shape of the domain E 2 obtained from E 1 in the second step of this iteration 
process. Refer to the diagram (17) and related discussion. 

4. Annular domains E(r ly r 2 ). = {z:r x < \z — p\ < r 2 } are multiply 
connected; therefore the Riemann mapping theorem cannot be applied 
to them. In fact, two annuli (even ones with the same base point) need 
not be conformally equivalent. Prove the following positive result: if 
rjr 2 = r[lr 2 , then E(r u r 2 ) is conformally equivalent to E(r' x , r 2 ), even if 
they have different base points. 

5. Suppose T x and T 2 are disjoint circles such that T 2 lies in the disc 
enclosed by r x . Let E be the (multiply connected) bounded domain 
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between I\ and T 2 . Prove the E is conformally equivalent to some annulus 
r i < \ z \ < r 2 > f° r suitably chosen r l9 r 2 . 

Hint: Identify I\ and T 2 as members of a single family of Apol¬ 
lonian circles q } (Exercise 15, Section 9.1). Then apply Exercise 5, 

Section 9.1. 

9.4 THE SCHWARZ REFLECTION PRINCIPLE 


If/is analytic on E } then g(z) = f(z) is analytic on the domain E * con¬ 
sisting of the conjugates z of points in E; E* is obtained by reflecting E across 
the real axis (see Exercise 11, Section 2.9). Similarly, if U(z) = U(x;y) is 
harmonic on E 9 we can show that —U(z) = — U(x, —y) is harmonic on E* 
by identifying U with the imaginary part of some analytic function. When the 
domain E has a segment of the real axis as part of its boundary, and U = 0 on 
this boundary segment, these facts can be used to produce continuations of 
harmonic functions across the real axis (Exercise 5). 

Definition 9.1 Let E be a domain and suppose that a segment I = ( p , q ), between 
points p and q in C, is part ofb&ry(E). If z is on /, every small disc about z is divided 
into two open semidiscs if we delete points from /. We say that I is a free side of E if 
for each z on /, there is a disc centered at z such that one half lies within E and the other 
half is disjoint from E. 

The size of the disc about z may depend on the position of z. Figure 9.9 
shows that an interval can be part of bdry(£) without being a free side. Sim¬ 
ilarly, we could define what it means for a circular arc to be a free arc in the 
boundary of a domain E. 

Theorem 9.9 Schwarz reflection principle Let E be a domain in the upper half 
plane whose boundary includes a segment ( a , b ) in the real axis as a free side. Let E* be 
the image domain E* = J(E) under the conjugation map J(z) = z, as in Figure 9.10. 
Consider any function w = f(z) defined on the union E U (a, b) such that: 

(i) f is continuous on E U ( a , b) 

(ii) f is analytic on the domain E 

(iii) the values f{x + iO) are all real for a < x < b. 




Figure 9.9 Domains with a segment (/>, q) as part of their boundaries. 
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Figure 9.10 The situation in Theorem 9.9. 


Then the function 

f m 

for z in EKJ (a, b) 

(18) 

F(z) = 



1 m 

for z in E* 

is analytic on the domain D = E U (a, b) U F* and agrees with f on the original do - 


main F. 

In effect, the values o if are “reflected 5 5 across the interval ( a , b ), and we get 
an analytic continuation of/ into the lower half plane. 

Proof: If /(z) = u{z) + iv(z) on E , the real and imaginary parts of Fare 

( u(x y y) + iv(x,y) for z = x + iy in E 
u\x 9 y) + *'0 for y = 0 and a < x < b 
u(x , —y) — iv(x , —y) for z = x + iy in E*. 

We know that F =/is holomorphic on E ; on E * the components U = Re(F) 
and V = Im(F) obviously have continuous partial derivatives and satisfy the 
Cauchy-Riemann equations 


dU . . du . dv . dV dU . . du dv . . dV. . 

— (z) = t- ( z ) = — ( z ) = — ( z ); — ( 2 ) = t - ( z ) = - r (z ) = _ ~ (z ^- 

dx ox oy oy ay oy ox ox 


Finally, F is continuous at each point on the interval (a, b) which separates E from 
F*, by hypothesis (i), but it is not at all clear that dF/dz , or even the partial 
derivative du/dy , exists at these points. Direct calculations with difference 
quotients do not resolve this differentiability question; we need a more power¬ 
ful result, based on integration methods, to prove thatF is differentiable at each 
point on (a, b). Once Theorem 9.10 (below) has been proved, it will be clear 
that F has all the desired properties. | 
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Figure 9.11 The situation near z* in Theorem 9.10. 

Theorem 9.10 Let E be a domain that includes a line segment /. Suppose that f is 
defined and continuous on E, and that f is known to be analytic at all points in the com¬ 
plement E ~ I. Then f must actually be analytic at each point on the segment /. 


Proof: Let z* be a typical point on I. We will produce a function 

g, defined at and near z*, that agrees with / at points off / and, by its very 
definition, is analytic at z*. 

Points close to z* lie in E (E is open), so there is a small open rectangle 
Q about z* whose boundary and interior are within E, as in Figure 9.11. 
The Cauchy-type integral around the boundary of Q , 

1 f f(z) 


is obviously analytic on Q (recall Section 5.10), since f is continuous on the 
trajectory of y. To show that g(£) = /(£) for £ in Q ~ /, we form the closed 
contours y and y" shown. Integrals in opposite directions along I cancel, 
so that 



Furthermore,/is analytic on the rectangular domains enclosed by y and 
y", and is continuous on their closures, so the Cauchy Integral Formula 
(together with Exercise 17, Section 5.3) insures that the integral along the 
contour that encloses £ has the value/(£), while the integral along the other 
contour is zero. Thus, 

1 f f(z) 

g(0 = ^ dz =/(£) for £ in Q ~ /. 

Each point in Q n I may be approached by sequences of points lying in 
Q ~ I (where / = ^), so we must have f = g at every point in Q, by the 
continuity of f and g on Q. Since g is analytic on Q, and/ = g,f is analytic 
at z*. | 
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Figure 9.12 A reflection problem 
in which E and E* overlap. 



This result is a powerful generalization of Riemann’s theorem on 
removability of isolated singularities. The result can be generalized further 
in many ways (use a curve instead of a segment /, etc.). 


The Schwarz reflection principle may also be applied in certain cases 
when E does not lie entirely within the upper half plane, provided that (a, b) is a 
free side; but there are cases when the principle is not valid. For example, 
consider the domain in Figure 9.12, and let f(z) be the determination of square 
root defined by taking f(re te ) = r 1/2 e t0/2 , normalizing 6 so that —7r/2 < 6 < 
37r/2. The function f on E , and its “reflection”/(z) = /(z) on E *, agree along 
the segment ( a , b) = (0, 1), but J is the other determination of square root on 
the intersection E n E*. 

Another variant of the basic reflection principle allows us to continue 
functions across the real axis in certain situations when the values on the seg¬ 
ment (a, b) are no longer real. Without some restrictions on these boundary 
values (continuity is not enough) there might not be any way of continuing/ 
analytically across (a, b ); however, the reflection principle will work if the 
values taken by / on ( a , b ) all lie along some line L (real values correspond to 
L = R). 


Theorem 9.11 Let E be a domain in the upper half plane whose boundary includes a 
segment (a, b) in the real axis as a free side . Let E* be the image J(E) under the conjuga¬ 
tion map J{z) = z. Suppose that f satisfies the boundary conditions specified in Theorem 
9.9, except that its values on ( a , b) are no longer real; instead , assume that the values 
w =f{x + i 0) all lie on some line L,for a < x < b. If J L is the reflection across L , 
then the function 

[f( z ) f or z *» E U (a, b) 

(19) F(z) = 

Wl(/( z )) for z in E* 


is analytic on the domain D = E U (a, b) U E*, and agrees with f on E. 
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z — plane w — plane 


Figure 9.13 Reflection/continuation across the real axis when the values /(* + tO) lie 
on a line L. 

In other words, the value w = F(z) of the continuation F at a typical 
point z (in E *) is obtained by reflecting the value w = f (z) at z (in E) across 
the line L in the w-plane. Thus, 

(20) F(z) =w'= J L (w) = J L (f(z)) for all z in E , 

as indicated in the following diagram: 

z ■ ^ w 
iJ l 

z - ■—> w 

In Figure 9.13,/ maps the shaded region E onto the shaded region K =f(E) ; 
in view of (19), the continuation F must map the (unshaded) reflected region 
E* onto the (unshaded) reflected region K* = J/(A'). 

If L were the real axis, then f would have real values (as before) and 
J L — J\ thus, formula (19) would reduce to the one obtained in Theorem 9.9. 
To prove Theorem 9.11 we follow the map £ = f(z) by any invertible con¬ 
formal mapping w = <£(£) that transforms L to the real axis; a rotation will do. 
Then g(z) = (<f> o f)(z) = has real values on ( a , b ), and Theorem 9.9 

may be applied to continue g across (a, b) to an analytic function G(z) defined 
on E U (a y b) U E*. Then apply (f> to the values of G; we get a function 
F(z) = <f>(G(z)) that is analytic on E U (a, b) U E* and agrees with f on E. 
(For z in E, F(z) = <f>[G(z )) = <fi(<f>(f(z)) =f(z), since (<f> o <f>)(w) = w.) We 
leave the reader to check thatF(z) is indeed given by formula (19) for points z 
in E *. 

EXERCISES 

1. If T is a circle in the complex sphere C*, and if J r :C* —► C* is 
the reflection map, explain why 


J r (^r( z )) = z f° r z * 
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The fact that J r applied twice in succession equals the identity map /(z) = 
z is characteristic of “reflections.” 

2. Let T be each of the following lines in C. Give explicit formulas 
for the reflection mapping w = J r (z) in each case. 

(i) T = imaginary axis 

(ii) r = {z:Im(z) = —2} 

(iii) T = {z: arg z == 7 t/ 4 or 

(iv) T = the line through + * and + 1 . 

Calculate the images of the points z = 0, +i, +1, (2 + i), —5, and oo. 

3. Carry out the calculations that were left to the reader in the dis¬ 
cussion of Theorem 9.11. 


4. Generalize the work in Theprem 9.11 to prove the following 
result. 


Theorem: Let E be a domain that lies to one side of circle V and has 
an arc (p , q) c: f as a free arc. Let J r be the reflection through 
T and let E* = J r (E), the reflected image of E. If /(z) is 
holomorphic on E and continuous on (/>, q ), and the values w = 
/(z) all lie on some circle (or extended line) f in C*, then f 
may be continued analytically across (p , q) to be defined on 
D = E U (p, q) U E* by taking 

r /(z) for z in E U (/?, q) 

F(z) = 

Jf[/(J r ( z )] f° r z F*- 

If r = R* and f 1 = L (some line), verify that we get the result of Theorem 
9.11. If T = T = R*, verify that the formula for F(z) at a point in E* 
reduces to the Schwarz reflection formula F(z) =/(z). 

5. Prove the following result, using the ideas outlined below. 

Theorem: (Reflection principle for harmonic functions). Let £ be a 
domain in the upper half plane which has / = (a, b ) as a free side. 
Let u(z) be real valued and continuous on E U ( a , b) , harmonic 
on £, and assume that u(x + iO) = 0 for a < x < b. Then 


U(z) = 


u{z) 

-w( z ) 


for z in E U (a, b) 
for z in E* = J R {E) 


is harmonic on the larger domain E U ( a , b) U £*. 



558 CONFORMAL MAPPING PROBLEMS 



Figure 9.14 


Particular attention is needed only at points p on (a, b). If y(d) = p + 
re ie (0 < 6 < 2tt) is a small circular contour around p> and we take 
boundary values h(z) = U{z) in Poisson’s formula (24) for the disc 
|z — p\ < r (Section 7.7), we get a harmonic function V(z ) on the disc, 
with boundary values U(z). By definition of U(z) 9 the integral formula 
gives V(z ) = Oon the real axis. Compare U(z) and V(z) in the upper half 
disc; both U and V are harmonic on the half disc (why?), and their bound¬ 
ary values are equal (on the circular arc and the real axis). Likewise for 
the lower half disc. Thus U — V on disc; V is manifestly harmonic on 
the disc (even on the segment (a , b)). 

6. Let E be the cut plane C~ [ —1, +1]; let V* * * be the prin¬ 
cipal determination of square root. Divide E into domains E x and E 2 , as 
indicated in Figure 9.14. It is fairly obvious that the functions diV2 2 — 1 
are holomorphic within E 1 and E 2 , and are continuous on the dashed 
boundary segments. Starting with/^z) = + \J z 2 — 1 on E u show that the 
sign d:l can be chosen so that / 2 (z) = ±Vz 2 — 1 equals f x (z) on the 
dashed rays where the boundaries of E x and E 2 meet. This straightforward 
construction gives a determination f(z) = z 2 — 1 that is holomorphic 
on each domain E k , but only continuous on the dashed rays. 

Use Theorem 9.10 to verify that f(z) is automatically holomorphic 
on the rays; thus/(z) is an analytic determination of \Jz 2 — 1 on the cut 
plane E. 

Hint: How are E x and E 2 transformed by £ = z 2 — 1 and w = >J £ ? 

Note: Compare with Exercise 25, Section 4.10. This use of Theo¬ 
rem 9.10 to justify “pasting together” determinations of a multiple 
valued function has many generalizations. How would you verify 
differentiability (rather than just continuity) at points on the rays without 
using Theorem 9.10? 


9.5 THE SCHWARZ-CHRISTOFFEL FORMULA 

The simplest kind of domain we might wish to transform onto the disc, or 
the upper half plane H = (z:Im(z) > 0}, is one bounded by a closed polyg¬ 
onal curve. These include rectangles, triangles, and other convex polygons; 
but we will not restrict our attention to polygons that are convex, and sometimes 
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we will allow the point at infinity to be a vertex, so that domains such as a half 
strip may be though of as unbounded polygonal domains. For some of the 
simplest polygonal domains, the mapping that transforms E to a half plane 
cannot be expressed in terms of elementary functions. For example, if we try 
to map a square onto the upper half plane (or equivalently, onto the unit disc), 
our attention is inevitably directed toward the family of elliptic functions , which 
are not elementary and can only be described through series expansions, 
integral formulas, or other limit processes. 

Given a polygonal domain E , we may discuss either the mapping/'://—* E 
or its inverse f:E —► //, since each implicitly determines the other. The map 
from the half plane H onto E has properties which allow us to find nearly 
explicit formulas for/. Although/itself is usually non-elementary, its derivative 
dfjdz turns out to be an elementary function on the half plane, which can be 
expressed in closed form; f is then determined as the antiderivative of a known 
function. The Schwarz-Christoffel formula, explained below, expresses dfjdz 
in terms of the parameters that characterize the domain E. 

A polygonal domain may be described by listing its successive vertices 
. . . , w n in positive order; that is, the vertices are to be listed so that the 
domain is always to the left of the segments \w k , w k+1 ] as the boundary is tra¬ 
versed. The boundary may also be described by listing the angles oq. = 
ar g(^jt +1 “ w k)> measured from the positive real axis to the segment [ w k , w k+l ], 
together with the lengths of the successive sides; specifying all these values deter¬ 
mines E up to a translation. We shall also refer to the exterior angles p l = 
<*! — a n and (3 k = oc k — for k = 1, 2, . . . , n. These are measured from 
the incoming side to the outgoing side at the vertex w k , as indicated in Figure 
9 . 15 . Obviously, we may determine these exterior angles so that —it <L 

n 

Pk ^ + 7 r; their sum is 27r = ^ Pk for an y bounded polygonal domain. We 

k =1 

definitely mean to allow the possibility that fi k = ± 77 ; this corresponds to a 
cut whose sides are regarded as different sides of a degenerate polygonal domain. 
Such cases will be considered at the end of this section. 

Since E and H have piecewise smooth boundaries, the mapping/may be 
extended so that it is continuous on their boundaries as well (it will be continu¬ 
ous at 00 too, if we view the situation in the complex sphere). Let x x + iO, . . . , 
x n + iO be the points on the (extended) real axis that correspond to the vertices 
of the polygon. We may alter f by composing it with a preliminary fractional 
linear transformation of the half plane so that any three of these points (listed in 


Figure 9.15 The parameters a* 
and p k . Vertices of E are labeled in 
positive order . 


iv 
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positive order), say x ki , x kt2 , and * fc3 , are moved to prescribed positions in R* 
(the new positions also listed in positive order with respect to the half plane). 
Once this is done, the mapping/: //-* E is fully determined, and the locations 
of the remaining points are implicitly determined along with the mapping/. 
As x increases in the interval (x k , x k+1 ), the values w =f(x + *’0) lie on the line 
L k determined by the side ( w k , w k+1 ) of the polygon/ By Schwarz’ reflection 
principle, / can be continued analytically across (x k , x fc+1 ); the continuation 
F k (z) agrees with f on H and on ( x k , x k+1 ), and is analytic throughout the cut 
plane Q k = H U (x k , ^ + i) U H*. As in Theorem 9.11, the continuation is 
defined on H* = {z:Im(z) < 0} by 




'f(z) for z in H U (x k , x k+1 ) 
MfW) for z in H*, 


where w = J k (w) is the reflection through the line L k in the w-plane. Obviously 
the values w = f(z) lie in the polygon E , while the values w — J k {w) = F k (z) 
lie in the reflected polygon E k = J k (E) for each point z in H (recall z is in H 
and z is a typical point in //*). Now F k is univalent near any point in the com¬ 
bined domains H U ( x k , * fc+1 ) U H* shown in Figure 9.16. Since it is analytic 
on Q k , its derivative must be nonvanishing throughout this domain, even on the 
interval ( x k , x k+l ); F k cannot be univalent near a critical point. 


To carry out the preceding continuation across the exceptional “interval” 
(x ni + oo) U {oo} U (—oo, *j), which corresponds to the side ( w n , w x ) of 
E , we should view the situation in C*. The continuation F k will be analytic 


t We will let ( w ny w„ + i) stand for ( w n , w v ) to avoid introducing a special notation for the 
last side. 



Figure 9.16 Mapping properties of the continuation F k of f to the domain H \J (x ki 
**+i) VH* 





9.5 THE SCHWARZ-CHRISTOFFEL FORMULA 561 


/ 


F 
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*1 

—o 




Fa-, 


*A + 1 


F k + l 


Figure 9.17 The domain Q with cuts from x k to oo. In the £ th strip,/is continued as F k . 

near infinity and bounded, so that oo is a removable singularity. Excep¬ 
tional intervals could be avoided entirely if we were to shift one of the 
points, say x n , to oo at the outset. 

Continuations of/ across different intervals ( x k , x k + x ) usually will not agree 
in the lower half plane; /has multiple valued continuations. To avoid this we 
define the domain Q by introducing cuts from x k to infinity in the lower half 
plane, as indicated in Figure 9.17, and we continue/into each strip separately. 
Now f may be discontinuous along the cuts, but it will be analytic otherwise. 
Notice that dfjdz is defined and nonvanishing on the intervals (x k , x k+l ). If 
x k < x < x k+1 , we know something about f'(x + z'O) because f(x + i0) is known 
to lie on the side ( w k , w k+1 ) of E. In particular, difference quotients [f(x + 
A t) — /(*)]/At are directed parallel to this segment, and must have argument 
0 L k = arg(w fc+1 — w k ). The same is true of the limit thus, 

(21) arg f{x + iO) = <x k for x k < x < x k+1 (k = 1,2, , n). 

Thus, ar gf'(x + z’O) is a step function with discontinuities at x l9 . . . , x n . 

It is not hard to produce analytic functions G(z) on Q such that arg G(z) 
takes on these values on the extended real line. Let Log*(z) be the determina¬ 
tion of log z that agrees with log * on the positive real axis, and has its discon¬ 
tinuities confined to the negative imaginary axis, which we shall denote by 
[0, —zoo). Clearly the functions 

Log*(z — x k+1 ) — Log*(z — x k ) 1 < k < n 

are analytic on Q; as before, we identify x n+1 = x v Then let 

A(z) = *'oc n +2 — [Log*(z - x k+1 ) - Log*(z - **)]; 

1 77 


| We need the fact that f'(x + iO) 0 to be sure that the argument of the derivative makes 
any sense at all. 
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it follows that 

Im(A(z)) = a n + 2 “ t Ar g*( z - **+i) - Ar g*( z - **)]> 

*=1 77 

and by straightforward calculations we see that 

Im(A(z)) = a* on (x k , x k+1 ), for 1 < k < n. 

In particular, Im(A(z)) = a n on (x n , x n+1 ) = (*„, +co) U {oo} U (—oo, *j). 
Now h(z) may be rewritten in the form 


K z ) = ia -n ~ 


2 * Log*(z -x k ) - 2 - Log*(z - * 4+1 ) 


k= 1 77 


k= 1 7 T 


= l*n — 


2 Log*(z - **) + ^Log*(z - * 2 ) - “ Log*(z - *,)“ 

k =2 TT 7T 7T 


= *#« -2 ~ L °g *( z - **)• 

fc=l 77 

The imaginary part of A is the argument of the exponential g(z) = exp (A(z)). 
Let us simplify the notation for products by writing 


n 

ru for the product s x • . . . • s n (s k complex numbers); 

k=i 

then 

g(z) = e Mz) = A • n exp(-— Log*(z - **)), 

where ^4 = exp(za n ). The function = exp(( — /? fc /77)Log*(z)) is a deter¬ 
mination of w = z~ Pkln that is analytic on the cut plane C '—' [0, —i oo); if we 
interpret powers in this manner {—^ k jrr is real), the product can be written in 
the form 

g( z ) = a • n ( z — x k)~ fii,/ '' for z in q■ 

k =1 


Since Q is simply connected, g has an antiderivative on Q, 

(22) G(z) = fg(£) dt + B = A P(£ - *,)-*" « + 5, 

Jp Jp 

whose derivative G'(z) = g(z) has the same argument on the intervals ( x k , 
^ + i) as the derivative of the mapping/(z) we wish to determine. 

It seems reasonable to expect that G will be closely related to f. After all, 
the condition arg G' = cn k on ( x k , j: fc+1 ) means that G(x + i0) traces out a seg¬ 
ment (w*, w k+ 1 ), inclined at an angle <x k radians, as * increases within (**, x k+1 ). 
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To see this, write w* = G(x k + i’0) and express the displacement G(x) — 
G(xjc) as an integral: 


G(x) - G(x k ) = 



G'(s + *0) ds 

e i arg G'(8) | G '(j)| ds 


e ia * |G'(j)| ds 


Thus, 


= f \G'(s)\ ds. 


arg[G(*) - G(**)] = a fc (mod 2 tt) 


\G(x) -G(x k )| = f X \G'(s)\ds; 

Jx k 

the absolute value |G(*) — G(* fc )| = |w(x) — w*\ is continuous and strictly 
increasing as * increases within (x k) **; +1 ), so it is clear that G(x) traces out a 
segment ( w *, w*+i) with the proper orientation. 


Therefore, G(x + z'0) traces out a closed polygonal arc whose successive seg¬ 
ments (w*, w*), . . . , ( w *, wf) have the same orientation to the positive real 
axis, (a* radians) and the same exterior angles (fl k = a fc — a fc _j), as the sides 
of the given polygon E. This is not quite enough to prove that G(x + iO) traces 
out the boundary of a polygonal domain congruent to E ; for that we would 
have to know that the side lengths — w k \ and \w k+1 — w k \ match, as well 
as the angles. By carrying out a more detailed analysis of f and its continuations 
we could prove that f is indeed given by 

(23) f(z) = A f *(£ - xJ-M’ dC + B 

Jj> 

if the scalars A and B are suitably chosen. This is the Schwarz-Christoffel 
formula. We shall go on to examine the practical uses of this formula, leaving 
the remainder of its derivation to more advanced courses; for further reading 
we recommend Nehari [16], Section 5.5, or Nevanlinna and Paatero [18], 
Sections 17.25 to 17.28. 

Note 1: If we adjust the mapping function f:H-+E so that x n = oo, the 
discussion leading to (23) may be repeated to obtain a formula 

(24) f(z) = A J7 (£ — 4 + B. 

J v k =1 

The only difference between this and (23) is the absence of the factor involving 
x n = oo in the integrand. This formula is a little simpler to use than (23); 
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however, once we set x n = oo we may adjust the position of only two other 
points x k by fractional linear transformation of the upper half plane. 

Note 2: The whole discussion could have been carried out for a mapping 
of the unit disc onto E. Alternatively, we can substitute the well known trans¬ 
formation z = T(w) = —i(w + i)!{w — i) (of the disc onto the half plane) 
into the Schwarz-Christoffel formula to get a formula for the mapping h = 
f o T:D —► E which transforms the disc onto E\ we get 

J 'w n 

IT (w - dw + B' for M <1. 

0 fc=l 

Here A ' and B' are constants to be determined (not the same as the ones in 
(23)), and £ k = T(x k ) are the points on the boundary of the disc that correspond 
to the vertices of E. Determinations of (w — £*)** (for fx real) are to be chosen 
so they are analytic on the disc \w\ < 1; this can be done by determining 
log(zt> — £ fc ) so it is analytic on the half plane (containing the disc) that is 
bounded by the tangent line passing through w = £ fc . 


If y is a curve from w = 0 to w in D, then rj = T ° y is a curve from z — + i 
to a typical point z = T(w) in H. Applying the change of variable formula 
for contour integrals, we get 

f* n 

h(w) =f(T(w)) =A\ IT (2 - dz + B 

Jy k=l 

C n dz 

= a\ XI (7» - T(U))- f ^ - — dw + B 

Jn=To y i aw 

n w n _ 2 

= A\ IX ( T{w) - T(C k )) - -- dw + B. 

Jo *=1 (u> - t ) 2 

Direct calculations show that 

— 2 (w — t) 

T(w) - T(t k ) = - - \ ^ , for H < 1. 

(w - *)(£* - 0 

Now z = T(w) is analytic and T:D -> //, so that the composite of analytic 
functions 


= XX (T(w) - Tfo))-M a = IX (T(w) - 

k =1 k =1 

is analytic for \w\ < 1. Also, the function 

n 

V(u>) = IX (m» — Ck) 

k =1 

is analytic for |z^| < 1, if we use determinations of [w — Ck)~^ k l v as 
indicated above. 

Finally, we note that 

(a • b)-P k l v = cjc • (a-Pd*) • (£“^*/ ff ) ( c k = e~ 2tnlk ^ k ; m * some integer) 
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Hi 



Figure 9.18 The triangular domain in Example 9.10. 

and 

2 -ft/ir = +2. 

k =1 

Using these facts, it is not hard to see that 

{w _ 2 ,-)2 ' = A" ■ rp{w) 

for w near the origin, where A" is some fixed constant. By analytic continua¬ 
tion, we must have —2 <f>{w)j{w — i) 2 = A"xp(w) everywhere on the disc. 
We get the desired formula by taking A! — A • A". 

Example 9.10 Determine the mapping/ that transforms the upper half 
plane to the triangle shown in Figure 9.18. The points x k that correspond 
(under /) to the vertices w k of E may be assigned freely, as long as they are 
arranged in positive order along the real axis (the boundary of the half plane); 
the vertices w k of E must also be labelled in positive order, as we explained 
earlier. We may assume that / has been adjusted so that 

*i = — 1; * 2 = +1; * 3 = oo. 

Clearly, 

a x = 37 t/ 4; a 2 = — 7r/2 ; a 3 = 0 

(modulo 2tt). 

Pi = 37r/4; = 3tt/4; = tt/2 

The Schwarz-Christoffel formula assures us that there is a unique choice of 
constants A, B for which 

f(z) = B+ a!\c + - l)~ M ’ dl 

= B + Aj\l + - l)- 3/4 dt 
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is the desired mapping function f:H—+E such that f ( x k + iO) = w k . Remem¬ 
ber that w = z* (ft real) is always to be defined so that its discontinuities lie 
along the cut [0, —zoo) and (x + z'0)^ = x* > 0 for positive real x. A simple 
comparison shows that (z + 1 ) _3/4 (z — 1) _3/4 = (z 2 — l) -3/4 = 1 /(z 2 — 1) 3/4 
on the upper half plane and on the segments ( x k , x fc+1 ), so that f can be written 


/(z) = B + A I ——-—— dt, for z in H. 

JK ' Jo (£ 2 - 1) 3/4 

Care is needed in multiplying together fractional powers; it is always true that 
l/z M = z -/1 , but the validity of the equation z M • w* = (z • wY depends upon 
the relative position of z and w (see Exercise 4). 

Our first step in picking A and B is to arrange that arg/'(x + z‘0) = cn k 
(mod 2tt) for x k < x < x k+1 (1 < k < n). We have 


arg/'(x + zO) = arg 




= arg A + ^ — — ar s( x ~ x k) 

k= 1 77 


(mod 2tt) 


for real x. The value of the sum on the right-hand side above differs by a fixed 
constant from the desired value a fc on each interval ( x k , * fc+1 ); choosing arg A 
to compensate for this, we get arg/'(x + *0) = cn k , as desired. The values 
arising in our example are indicated below. 


-1 +1 00 values of a fc 



To make them match, we choose arg A = —7 t/2 ; thus, A = \A\ = 

~i\ A (• 

Since f'(x + ^0) = a fc for x k < x < x fc+1 , w =f{x + z’O) traces out a seg¬ 
ment ( w k , z^* + i) parallel to the side ( w k , zf fc+1 ) of By choosing properly, 
we will make the side lengths match, so that — w*\ = \w k+1 — w k \ for 

1 < k < n; then f will map R* onto the boundary of a polygonal domain which 
differs from E by a simple translation. Choosing B suitably eliminates the need 
for a translation. 

The requirement \w% — w *| = | w 2 — w x \ = \i — 11 = yj2 is enough to 
determine \A\. The definite integral 


k = 


f_I_ 

J_ x (i - x y* 


dx 


(integrand is positive) 


is convergent, though improper at the end points x = ± 1. It is a non-elemen- 
tary integral, but is value might be calculated numerically, or through the use of 
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residue methods. Whatever its value is, we should have 

n/2 = | w 2 — w v \ = J /'(* + iO) dx j 

(26) = i^£v - i)_3/4 dx = k/ + i l[(_i) ■ (i _ dx 

= |«-' 3W4 - x 2 )~ 3/i <&j 

= *MI, 

if/is to be the desired mapping/://—> E. Thus A = (—i\j2)/k. 

The constant B can be determined by the requirement that /( x x ) = 
/(— 1 ) = w 1 — 1. Obviously, 

1 =/(-1) = mJ *(# + l)- 3 ^* - l)- 3/4 </* + .B 

4 J \l + *) _3/4 (l - *)“ 3/4 dx + B 

4 J° (1 - x 2 )- 3/4 rfx + 5 

4 /*+l 

-J (1 - * 2 )- 374 dx + 5 


= A • e~ iz " lx 

= —A • e~ i3n/i 
^ e «c /4 r+i 


2 

AMe" 74 


+ 5 = 


V2 «• 


7t/4 


2i 


+ 


Thus 


B = U2 + »V2 * ,>74 ) = 4(2 + i(-l + *)) = (1 - 0/2, 

and the desired mapping function is 


m 


-fj>- 


l)- 374 di + 


(l - 0 


Calculating the lengths of other sides of E> we get other conditions on \A \: 


(27) 


r oo 

1 = \w a - Wt\ = Mil (X 2 - \)~^dx 

1=1 Wt- w 3 1 = MlJ (* 2 - 1) _3/4 dx. 


Clearly, these two conditions are equivalent, since the definite integrals 
have the same value in each, but they seem to be different from the third 
condition (26) we used to determine \A\. However, the derivation of the 



568 CONFORMAL MAPPING PROBLEMS 

w 3 = * 

1 Pa = 


& 3 — W2 a. 2 — +7t/2 



Figure 9.19 The semi-infinite strip in Example 9.11. 


Schwarz-Christoffel formula assures us that there is just one map f:H-+E 
such that/( zjc ) = . Once the constants A and B are determined by com¬ 

paring some of the lengths |tc*+i — w *\ and l^’Jfc+i — w k\> the map F must 
satisfy all the remaining requirements. One could also show by direct 
(residue) calculations that (26) and (27) lead to the same value of \A\. 


When oo is allowed as a vertex of E , formula (23) remains valid. For 
example, E might be a semi-infinite strip as in the next example. Then the 
change in angle at w k = oo is /3 k = ±7T (examining the polygon in C* should 
make this clear). Rather than re-examine the reasoning behind (23), allowing 
one or more infinite vertices, we shall verify directly that the function (23) has 
the desired mapping properties. 

Example 9.11 Consider the semi-infinite strip shown in Figure 9 . 19 . 
There is a conformal mapping/: H —► E since E is simply connected, and f may 
be adjusted so that the points x 1 = — 1, x 2 = +1, and x 3 = oo in R* corre¬ 
spond to the vertices w x = — 1 , w 2 = + 1 , and w 3 = oo. We expect that/will 
be given by a suitable choice of A and B inf 

/(z) = B + Aj\i + 1 )-*'•• (t - l)-' 2/ * di 
= B+ Aj\c + l)- 1/2 (£ - 1 )- 1/2 dl 


t For the exponents in this example we have (x 2 — l ) -1 / 2 = (— 1 )(* -f- l) -1 / 2 (x — l ) 1 / 2 if 
— co < x < — 1 , so these functions do not agree and we may not use the function ({ 2 — 1 ) -1 / 2 = 
l /(£ 2 — 1) 1/2 in place of the intergrand in (28). 
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To determine A, notice that 

d l =A \ \ 

dz (z + I) 1/2 (z - 1) 1/2 ’ 

so that 

arg f'(z) = ar gA - \ ar g(z + 1) - \ arg(z - 1). 

Substituting z = x + i 0, and lettkig * > 1 , we want to have arg f'(x + iO) = 
a 2 = +7r/2 since the segment (1, oo) corresponds to the side (w 2 , w z ). Since the 
terms other than arg A are both zero for 1 < * < + oo, we should take arg A = 
-t-7r/2, so that A = i \A\. 

If we are to have \w 2 — w x \ equal to \w 2 — w*\ 9 we must set \A\ = 2 / 77 , 
so that A = 22 / 77 , since 

I C x2 

2 = \w 2 - w x \ = | w* -w*\ = \A\ (x+ l)~ 1/2 (x - 1)- 1/2 dx 

I J/i 



We used the fact that 

(x + l )" 1/2 (* - 1)" 1/2 = ( x 2 - 1)“ 1/2 = (( — 1)(1 - a : 2 ))" 1 / 2 
= e- iirl2 (l - x 2 )- 112 

on the interval —1 < a: < 4-1* Further calculations show that B = 0; indeed, 
F( 1) = B 4- 1, while we should haveF(l) = w 2 = 1. Thus 

/(z) = - + l)- 1/2 (£ - 1)- 1/2 di if Im(z) > 0. 

77 Jo 

This result could also be obtained by directly antidifferentiating/'(z) = 
A(z + 1 )~ 1,2 (z — 1 ) _1/2 . In certain parts of the upper half plane (the first 
quadrant, for example) this may be written A (z 2 — l) -l/2 = —iA( 1 — z 2 ) _l/2 = 
Aji\J 1 — z 2 , where \Jz is the principal determination of square root. The 
antiderivative of this function is already familiar; thus the Schwarz-Chris toffel 
formula leads us to suspect that the mapping function f is some determination 
of w = A • arcsin z. A little thought reveals that the principal determination 
serves our purposes, and that f(z) = ( 2 / 77 ) Arcsin z. Conversely, the single¬ 
valued inverse function z = sin(77w/2) niaps the strip onto the half plane (recall 
Example 4 . 11 ). 

Although we could have guessed the answer to this mapping problem, the 
Schwarz-Christoffel formula is often invaluable in directing one’s guesswork 
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when the mapping function is elementary, but the domain is not as familiar as 
the half strip (more on this in Example 9.13 below). 

The locations of the points {* fc } are interdependent; they are implicitly 
determined by the mapping function/ once three of them have been specified. 
Thus, when E has more than three vertices we face the serious difficulty that 
some of the parameters x k in formula (23) depend on the function / we are trying 
to determine. In certain special cases, especially if E is highly symmetric, the 
location of the points x k may be determined; but in general, the problem of 
finding/and the points x 4 , . . . , x n simultaneously can be very difficult. 


One crude approach is to guess a distribution of points. By numerical 
calculations one can determine the lengths of the segments ( w*, w k+ 1 ) to 
which the intervals ( x k , x k+ {) are mapped by F. The angles of these seg¬ 
ments can easily be made to agree with those of the sides (wjc, wjc + 1 ) of E by 
making a suitable choice of arg A. If the side lengths match, we have solved 
the mapping problem; if they don’t, we try another distribution of points 
x 4 , , x n and successively approach the correct distribution of these 

parameters. 


Example 9.12 Consider the rectangle E shown in Figure 9.20. The 
bilateral symmetry of this polygon leads us to expect that we should be able to 
map H onto E so that the symmetrically located points x 1 == — a , x 2 = — 1, 
* 3 = +1, and x 4 = +a (a > 1 is a parameter to be determined) are mapped to 
the vertices w k . The point at infinity on the extended real axis does not corre¬ 
spond to a vertex, so the mapping /://-> E should be determined by the 
Schwarz-Christoffel formula as presented in (23); the exceptional interval 
(* 4 , x x ) should be thought of as the arc (a , -f oo) U {oo} U (— oo, —a) in the 
complex sphere. Since ( 3 k = 7t/2 at each vertex,/should be determined by a 
suitable choice of a, A , and B in 


F(z) = B+ Aj\t + a)~ 1/2 (£ + l)- 1/2 (£ - l)- 1/2 (£ - a)~ m 


w x = —I) -f- ic 


Wa — b 4- / 


ic 


•a 4 = 77- 


OCi = —7t/2 


a 3 = +7r/2 


■n 2 = 0- 


w 2 — —b + /0 


i6' 3 — b + i0 


Figure 9.20 The rectangular domain in Example 9.12. 
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Table 9.1 


Interval 

fi = (*1’ * 2 ) 
I 2 = (x 2 , x 3 ) 

h = ( x 3> x i) 
h = ( x 4> x i) 



|Aw*| 


_1_ 

Va 2 - 1? Vx* - 1 * 

_1_ 

- *2 Vl - X 2 * 


1 

VW^l? Vx*~l dx 


1 


Vx 2 - a 2 Vx 2 - 1 


+ 




It is easy to verify that the integrand agrees with [(£ 2 — a 2 ) 1/2 (£ 2 — l) l/2 ] -1 if 
Im(£) > 0, so that 

(2») /W _ B+A j‘ ——L —_ 4 . 

These integrals give elliptic functions , which are not elementary. The integrand 
is constructed so that its argument and ar gf (x + z‘0) differ only by a fixed 
constant on the intervals (x k , * fc+1 ); a simple comparison of arguments on the 
particular interval (x 4 , +oo) indicates that we must choose ar gA = tt to get 
arg/'(* + i 0) = OL k on each of the intervals. Now let us compare the lengths of 
the sides Am; of E and the lengths of the corresponding segments Am;* to which 
f maps the intervals (x k , * fc+1 ). These comparisons are listed in Table 9.1 (we 
have extracted factors of modulus one from the integrals in each case, so that 
each integrand will be positive valued). 

The constants \A\ and a > 1 must be chosen so these lengths agree for each 
I k . A comparison of lengths corresponding to / 2 and / 3 gives us two equations 
which implicitly determine \A\ and a —only one choice of these constants can 
satisfy both equations: 



An explicit solution of this system will not be attempted here; it would require 
numerical methods or a (numerically calculated) table of elliptic functions. 
The equation corresponding to I x is redundant because f and / 3 lead to the 
same conditions on \A\ and a. The condition associated with / 4 is also redun¬ 
dant, although this is not so obvious; one can use residue calculations, or the 
change of variable formula, to show that the definite integrals for / 2 and / 4 are 
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Figure 9.21 The re-entrant polygon in Example 9.13. 


equal, so that they lead to the same values for \A\ and a. For the residue calcu¬ 
lation one would take a determination of (z 2 — a 2 )” 1/2 (z 2 — 1)“ 1/2 whose 
singularities are located on the cuts ( — 1, +1) = / 2 and (— oo, —a) U 
(a, + oo) = / 4 . To get matching of vertices, w* = F(x k ) = w k , it is not hard to 
see that we should take B = 0, due to the choice of base point p = 0 in (29). 

The Schwarz-Christoffel formula applies to polygons with highly irregular 
boundaries. In these complicated situations its main use is to determine the 
form of/'. 

Example 9 .13 Let E be the re-entrant polygon shown in Figure 9.21. 
It might not be clear whether oo should be regarded as a vertex; no harm 
would be done in carrying it along as a (possibly superfluous) vertex w 4 , but 
Table 9.2 of values for cc k and indicates that it is redundant to regard oo as a 
vertex. (Since /S 4 = 0, this “vertex” would not contribute a factor to the inte¬ 
grand in (23), and so may be omitted.) There is a mapping/://—> E , since E 
is a simply connected domain, and by adjusting/we may insure that the points 
x x = — 1, x 2 = 0, * 3 = +1 map to w 1 = 0, w 2 = +t, w 3 = 0 respectively. 
This uniquely determines/ We expect that /is given by 

/(z) = B + Aj\c + l)- 1/2 (£ - O) 1 ^ - 1)- 1/2 dl 


Table 9.2 



k = 1 

CM 

II 

CO 

II 

-w 

5>f 

II 

4^ 

w k 

0 

+ * 

0 

OO 

a fc 

7r/2 

— 7t/2 

0 

0 

Pk 

7t/2 

— 7 T 

77/2 

0 

Hk 


+ 1 

-i 

0 
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The product (£ + l) -1/2 (£ — 1) _1/2 gives us a determination of l/\/£ 2 — 1 
which is analytic on the cut plane Q , but it cannot be obtained throughout Q, 
or even on the upper half plane, by taking the principal determination of 
V£ 2 - 1. Let us use V£ 2 — 1 to indicate the correct determination of this 
function on Q; then we get 

f(z) = B + A f - -= if z is in Q. 

Jo fa* - 1 

The antiderivative can be evaluated. It is the elementary function 
X] z 2 — 1 , and we only have to determine the constants which make f(z) = 
A X] z 2 — 1 + B map H onto E so that f(x k + *0) = w k . It is clear that B = 0 
and, with due regard for the way Xjz 2 — 1 is defined, we find that 

+t = aVTT) — ~\~iA and A = +1, 


since x 2 = 0 is mapped to w 2 = -\-i. Thus, 

f(z) = Vz 2 - 1 =(z+ 1 Y'\z - l) 1 ' 2 

is the desired mapping. The inverse mapping f:E —► H is given by a suitable 
determination of z =f{w) in the equation w 2 - f 1 = z 2 . 

This example has numerous uses, illustrated in Exercise 13. It would have 
been fairly difficult to guess that the solution would be a function of the form 
/(z) = A %f z 2 — 1 + B ) the Schwarz-Christoffel formula was instrumental in 
providing us with this clue. 

EXERCISES 

1. If we label the vertices of a bounded polygonal domain E so that 
the boundary is traversed in a positive sense (E to the left of each segment), 

n 

we get a list of exterior angles such that (} k = 2w. Show 

k =1 

that this list of angles alone is not sufficient to determine the shape of E. 
Construct two domains E x and E 2 that are not even similar (congruent 
under scaling, rotation, and translation), but have the same set of exterior 
angles {&, . . . , /?„}. 

Hint: You must take n > 3 (n = 3 gives a triangle). Why? 

2. If the exterior angles /} l9 . . . , /8 n at successive vertices, and the 

lengths Z fc = length of successive sides, are specified for a 

polygonal domain E , to what extent is the shape, position, orientation, 
etc., of E determined ? 

Answer: Two such figures can differ only by a rotation and transla¬ 
tion, a rigid motion (they are congruent ). 
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3. Using Exercise 11, Section 9.2, explain why the location of 
three of the points x l9 . . . , x n in the Schwarz-Christoffel formula can be 
adjusted at will as long as the order in which the points occur is preserved. 

4. If z M is determined (for real fi) so its discontinuities lie along the 
ray [0, —too), verify that 

(z + ])-«(z - 1)-*" = (z ! - l)- 8 " = — 1)M 

on the upper half plane and on the segments (— oo, —1), (— 1, +1), and 
( + 1, +oo). Start by calculating the arguments of 

w = {x + 1)" 3/4 • (x - 1)“ 3/4 and w =. (* 2 - 1)" 3/4 , 

for real x on these segments. 

5. Verify, by direct change of variable, that 

1 

Use this result to prove that the mapping 

W “Jo £ 1/2 (£ - l) 1/2 (£ + 1) 1/2 ^ 

maps the half plane Im(z) > 0 onto a square in the w-plane (not a rec¬ 
tangle) ; take principal determinations of square root. Show that the sides 
of the square are parallel to the real and imaginary axes by examining 
f'(x + z’O). The side lengths are given by the definite integrals above; 
show that the length is also given by 

*jV 3/4 (i - t)~ m dt 

(which is related to the T-function). 

6. Show that 


%/ X yj x 2 — 1 •'O 


\!X yj 1 — X 2 


dx. 


w =f( z ) 


-fe 


a - 1 ) 3/4 (^ + 1) 3/4 


4 


(principal determina¬ 
tions of f powers) 


maps the upper half plane onto a triangle. Demonstrate that the triangle 
has position and side lengths as shown in Figure 9.22, where 


P— 1 _ 

Jo (1 - * 2 ) 3/4 


dx. 
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7. Devise a mapping that transforms the half plane Im(z) > 0 
onto the polygonal domain shown in Figure 9.23. 

Hint: Take x 1 = — 1, x 2 = 0, * 3 = +1. By symmetry it seems 
reasonable to try * 4 = k y x & = oo, * 6 = — k (where k > 1 is to be deter¬ 
mined). 

8 . Show that 

w =£(i - rr 2/n di 

maps the disc |z| < 1 onto the interior of a regular polygon of order n. 
Express the side length as a definite integral. 

9. Apply the Schwarz-Christoffel formula to the degenerate polyg¬ 
onal domain E (shown in Figure 9.24) which has vertices 


W 1 =00, W 2 = +Z7T, W 3 = GO, — 00 

Pi = +7Tj @2 = “ 7r > P 3 = + 7r > Pa = + 7r - 

Show that w = log*(z 2 — 1) maps the half plane conformally onto E. 
(Take log*(r/*) = log r + id for 0 < 6 < r.) 

Hint: Take x x = — 1, x 2 = 0, * 3 = +1; by symmetry, * 4 should 
equal oo. Integrate from p = 0 to z; the integral (24) can then be ex¬ 
pressed in closed form. Verify the mappings properties of log*(z a — 1) by 
direct calculations. 
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Wi = — 1 -f in 



W 3 = — 1 — i TT 

E 


Figure 9.25 

10. Consider the degenerate polygonal domain E shown in Figure 
9.25, which has 


w x — — 1 + z' 77 - w 2 = 00 w 3 = —l — in w 4 = co 

Pi = — TT @2 = + 77 ’ Pz = ”' 7r Pi = — 7r * 

In (23), take = — 1, x 2 = 0, x 3 = +1; by symmetry, it is reasonable 
to expect that x 4 = 00 . Show that the antiderivative in (23) can be 
evaluated in closed form: 

F(z) = J+ - 1 )(£ + iK- 1 di =£ di = KC 2 - iog*0 

taking log*(r^°) = log r + id (0 < 6 < 2n ). Show that F maps the 
upper half plane to a doubly cut plane E' similar to E by locating the 
points w k = F(x k + iO), and by determining arg(z^ fc+1 — w k ) and | w k+1 — 
w k \. How should A and B be chosen so that /(z) = A • F(z) + B maps 
the half plane onto E ? 

Hint: Obviously w 3 = 0 (due to base point p = 1 in integral). We 
cannot evaluate iv 3 — w 1 by integrating along real interval ( — 1, +1) be¬ 
cause we get + 00 — 00 ; instead, integrate from +1 to —1 along the arc 
\z\ = 1, Im(z) > 0 to prove that w 3 — w 1 = +27 ri. 

Answer: E' = C with horizontal segments to the right of w z = 0 
and w x = 2ni deleted; A = —1, B = (ni — 1). 

11. Use the exponential mapping, and the mapping w =f{z) in 
Exercise 9, to show that w = e z + z maps the strip —7 t/ 2 < Im(z) < n/2 
onto the doubly cut plane in Figure 9.25. (We used this fact to solve heat 
flow and electrostatic problems in Exercise 4, Section 8.6.) 

12. Use the mapping T:H—>E in Example 9.13, and its inverse 
z = T(w) 9 to transform the complex potential g(z) = —z of a constant 
velocity flow in the upper half plane to the complex potential g(w) of a 
flow around a linear obstruction in the half plane (the segment [0, +i] is 
the obstruction; the real axis is a boundary wall). Determine the inverse 
mapping z = T(w) in closed form; use it to calculate the velocity 
function —dg/dw explicitly. 
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w t = 0 



Figure 9.26 


w x = —1 U) :i = +1 



w 2 = -1 

Figure 9.27 


13. Use formula (23) to obtain a mapping of H onto the domain 
shown in Figure 9.26. Take x x = — 1, x 2 = +1; take base point p — 0 
in the integral. Note that w 3 = oo is not really a vertex, since /S 3 = 0. 


Answer: 



d'Q + B (principal determination of 


square roots); 


A = b/k > 0, where K = 


JL. 


1 1 + * 
V 1 -X 


dx; 


B = -ibl 2. 


14. Consider the constant velocity flow with complex potential 
g(z) = — z, in H. Using the map f described in Exercise 13, we get a 
“perturbed” flow with potential g(w) = —f(w) in E. Although we 
cannot solve explicitly for w = f(z ), or its inverse z = J(w) y we may 
nevertheless calculate derivatives; using implicit differentiation we get 



i 


dw 

I4f\ 

\dzj 

z=f(w)~ 


Use these ideas to demonstrate the following properties of the velocity 
field G(w) = —dg/dw of the flow in E: 

(i) lim \G(w)\ = +oo 

W-*Wl 

(ii) lim |5(w)| = 0 

W-+W2 

(iii) lim(5(u>) = k/b = 1/A (A from Exercise 13). 

W~* 00 


Sketch the general shape of flow lines in E . Does the behavior near and 
w 2 agree (intuitively) with (i) and (ii) ? 

Hint: If w —> w k , then z = f(w) —>f(w k ) = x k ; if w —► oo in E, 
then z = f{w) —► oo in H. 

15. Use formula (23) to obtain a mapping of the deformed half 
plane (Figure 9.27) onto the upper half plane H. Take x x — — 1, x 2 = 0, 
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w 2 = () 

Figure 9.28 


x 3 = +1 (and p = +1 in the integral). 

Answer: f{z) = A f * ^ + ~ ^ </£ + B\ B = + 1 ; 

ri n _ v2\i/ 4 

^4 = A/^2 where k = I —-=r^— rfx. 

Jo Jx 

16. Transform the flow with potential g(z ) = — z in H to a flow in 
the domain E in Exercise 14. Show that the fluid velocity has limit zero as 
w —► w 2 = — i from within E. Sketch a few flow lines in E. 

17. Find the conformal map that carries the upper half plane to the 
“offset channel” shown in Figure 9.28. Use x 1 = 0, x 2 = 1, and x A = co; 
then x 3 = k > 1 (some constant to be determined along with A and B). 
Determining the constants A and k is not so easy. Obviously, arg(^4) = 0. 
One condition on A and k is \w 3 — w 2 \ = tt. The other condition is the 
more subtle requirement that the imaginary parts of points on (w A , w{) and 
(w ly w 2 ) must differ by 277. These sides correspond to segments (—oo, 0) 
and (0, 1) in the real axis. If z(0) = y r {6) = re* 9 (0 <; 6 < it), and z = 
r + z‘0 and z" = — r + z‘0 are the end points of this arc, we should have 

2tt = ImL f(zT)= Im^£ (£ - x k )~^ dA 

for all r > 0. Let r —► 0 to get the relation A = yj k/2. (Notice that the 
integral has a pole at x 1 = 0.) 

Answer: B depends on base point p in (24); relations A = V kj2 and 


tt = \w 3 


*>t\ = Ml 



dx 


determine A and k . 



REFERENCES 579 


REFERENCES 

[1] L. Ahlfors, Complex Analysis (2nd ed.), McGraw-Hill Book Co., 1966. 

[2] R. C. Buck, Advanced Calculus (2nd ed.), McGraw-Hill Book Co., 

1965. 

[3] H. Cartan, Elementary Theory of Analytic Functions of One or 

Several Complex Variables, Addison-Wesley Publishing Co., 
1963. 

[4] R. Churchill, Complex Variables and Applications (2nd ed.), McGraw- 

Hill Book Co., I960. 

[5] J. De Pree and C. Oehring, Elements of Complex Analysis, Addison- 

Wesley Publishing Co., 1969. 

[6] R. Feynman, R. Leighton, and M. Sands, The Feynman Lectures on 

Physics (v. 1-v. 3), Addison-Wesley Publishing Co., 1964. 

[7] L. Ford, Automorphic Functions (corrected ed.), Chelsea Publishing 

Co., 1951. 

[8] W. Fulks, Advanced Calculus (2nd ed.), John Wiley and Sons, Inc., 

1969. 

[9] E. Hille, Analytic Function Theory (v. 1), Ginn and Co., 1959. 

[10] E. Hille, Analytic Function Theory (v. 2), Ginn and Co., 1962. 

[1 1] R. Johnson and F. Kiokemeister, Calculus (4th ed.), Allyn and Bacon, 
Inc., 1969. 

[12] W. Kaplan, Advanced Calculus, Addison-Wesley Publishing Co., 

1952. 

[13] W. Kaplan, Introduction to Analytic Functions, Addison-Wesley 

Publishing Co., 1966. 

[14] H. Kober, Dictionary of Conformal Representations, Dover Publica¬ 

tions, 1957. 

[15] N. Levinson and R. Redheffer, Complex Variables, Holden-Day, Inc., 

1970. 

[16] Z. Nehari, Intorduction to Complex Analysis (revised ed.), Allyn and 

Bacon, Inc., 1968. 

[17] Z. Nehari, Conformal Mapping, McGraw-Hill Book Co., 1952. 

[18] R. Nevanlinna and V. Paatero, Introduction to Complex Analysis, 

Addison-Wesley Publishing Co., 1969. 

[19] L. Pennisi, Elements of Complex Variables, Holt, Rinehart and 

Winston, Inc., 1963. 

[20] W. Rudin, Principles of Mathematical Analysis (2nd ed.), McGraw- 

Hill Book Co., 1964. 




SYMBOL INDEX 


R 3 

sin z 62 
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cos z 62 

C 4 

cosh z 63 

Re(z) 6 

sinh z 63 

Im(z) 6 
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z 8 

Arg(z) 68 

|z| 10-11 

arg(z) 69 

R" 15 

z 

; = w (mod 2 tt) 69 

IWI 15 

log(z) 70 
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Log(z) 71 

A O B 18, 19 
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A ~ B 18, 19 
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d//dz 80 

bdry(/4) 46 
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0 48 

Arcsin(z) 199-200 

{P) 50 
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Dom(/) 50-51 
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a,b,c,d) 222 

Range(/) 51 
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r r 231-232 

f:M —> N 51 


\f(t)dt 258-261 

/±g 57 
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00 

00 
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M(r) 315-317 


dn 

m(r) 316 


VH 419 

/( y, C) 320-321 


a • b 419 

EUy) 327-328 


n 419 

£,,,(y) 327-328 


«■»(£; r) 463 

n i yi + • • • + 11 m 

y m 329 

F(x) 477-478 

Res (f,p) 351 

/*+oo 


grad <f> = V<f> 479 

div F = V • F 479 

PV 

% 

f(x) dx 

l—oo 

371-372 

curl F = V x F 479 

J 

’+00 

f(x) dx 

—oo 

371 

n 

IT 4 562 

A: = l 
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Page numbers in italics indicate illustrations. 


absolute convergence (see: series) 
absolute value, 11, 13-14 
maximum modulus theorems, 163-167 
of vectors in R n , 15 
triangle inequalities, 13-14 
analytic continuation, 152-162 
and Schwarz reflection principle, 558 
elementary applications of, 154-159 
fundamental theorem, 152-153 
analytic functions, 138-147 
definition of, 138 

generation by contour integrals, 305-309, 
459-461 

mean value theorem, 314-315 
reflection principle for, 552-558 
Theorem •, 139-144, 302-305 
uniform convergence of, 305 
annulus, 338 

anticonformal mapping, 188, 190-191 
antiderivatives, 94-96 
and Cauchy’s theorem, 289-290 
and contour integrals, 278-283 
essential uniqueness of, 96 
Apollonian circles, 527-528, 534-535 
arc length, 252, 256-257 
Arcsin(z), 199-220, 241-245, 429 
Arctan(z), 237-240 
derivative of, 105 
series expansions of, 136 
Arg(z) (see: argument function) 
argument, 68 

argument function, arg(z), 68-70 
arbitrary determinations of, 69 
principal determination, Arg(z), 68 
argument principle, 412 
average values, 314, 434-435 


boundary (of a set), 46 
boundary conditions 
asymptotic, 512 
at infinity, 421-422, 512 
conformal transformation of, 446-457 
Dirichlet type, 418-419 


boundary conditions ( Continued) 
discontinuous, 420-421 
for fluid flows, 504-510 
in electrostatic problems, 485-486 
in heat problems, 493-494 
Neumann type, 418-419 
specified by line integrals, 506-510 
boundary value problems, 418-430 

(see also: boundary conditions; Dirichlet 
problem; Neumann problem) 
conformal mapping principle, 442-446 
conformal transformation of, 446-457 
conjugate problems, 493-494, 521-523 
in physics, 475-482, 521-524 
series solutions, 471 

solution by integral formulas (see: Pois¬ 
son integral formula) 
superposition principle, 422-423 
uniqueness of solutions, 437, 463 
bounded set, 18 

branch singularities, 350, 382-386 


Casorati-Weicrstrass theorem, 359, 362-363 
Cauchy estimate for derivatives, 311 
Cauchy integral formula, 296-302 
for derivatives, 309-313 
in generalized form, 342-343 
Cauchy principal value, 371-372, 387 
Cauchy product of scries, 38-39, 141 
Cauchy-Ricmann equations, 87-93, 188-189 
Cauchy theorem, 288-295 
and antiderivatives, 289-290 
in generalized form, 338-348 
chain rule, 85-86 
change of variable, 274-276 
circle, Apollonian, 527-528, 534-535 
Steiner, 529-531, 534-537 
closed disc, 17 
closed set, 46 
closure (of a set), 46 

coefficients, undetermined, 367-368, 403-404 
uniqueness of, 131-132 
comparison test, 39, 45 
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INDEX 


complex number system, 3-7 
complex sphere, 204-209, 216-220 
composite function, 57-58 
conformal equivalence of domains, 545 
conformal mappings, 186-192 
and Laplace’s equation, 442-446 
fractional linear, 222-223, 224-230, 527- 
537 

of boundary values, 446-457 
of fluid flows, 509-516, 517-519 
of multiply connected domains, 551-552 
of polygonal domains, 558-578 
of simply connected domains, 545-546 
of unit disc, 533, 537-545 
via Schwarz-Christoffel formula, 558-578 
conformal mapping principle, 442-446 
conformal transformation 
of boundary conditions, 446-457 
of fluid flows, 509-516, 517-519 
congruence (modulo 2 ir), 69-70 
congruence (modulo 2 iri), 72 
conjugate of complex number, 8-9 
conjugate harmonic functions, 430-433, 
522-524 

connected sets, 46-49, 47, 48 
and analytic continuation, 152-154 
domains, 48 

tests for connectedness, 48 
continuation, analytic (see: analytic con¬ 
tinuation) 

continuity at infinity, 210-212 
continuous functions, 56-60 
contour integrals, 263-284 
and antiderivatives, 278-283 
basic properties of, 264-267 
change of variable, 274-276 
definition of, 263-265 
path independence of, 277-284 
uniform convergence and, 266-267 
contours, 185-186 
(see also: curves) 
deformation of, 273-274 
enclosed points, 327-352 
generalized, 328-336 
index (see: winding number) 
simple closed, 326-328 
sums of, 276-277, 328-331 
winding number (see: winding number) 
convergence 
absolute, 35 

of Laurent series, 393-395 
of sequences, 29, 109-114 
of series, 35, 115-116 
pointwise, 109-111 

radius of, 121-125, 132-133, 302-305, 393- 
395 

uniform (see: uniform convergence) 
Weierstrass test for, 115-116 
convex set, 288-289, 337 
cosine function, cos(z), 62-66 
level curves of, 65 
series expansion, 149 
critical point, 102 
cross ratio, 222 


curl operator, 478-480 
curves, 177-183 
arc length of, 252, 256-257 
derivatives of, 179-183 
level, 51-53, 64-65, 163 
orthogonal families of, 194-195, 528-531 
parametrized line segments, 251-252 
reparametrization of, 252-256 
simple closed, 178 
smooth, 180-181, 185-186 
tangent vectors, 251 
trajectory, 178 

transformation by mappings, 182-184 
cycles, 329-337 

and Cauchy’s theorem, 338-348 
homologous, 331-333, 336 
winding numbers of, 330-331 


De Moivre’s theorem, 22 
derivative, linear approximations and, 83- 
86 

logarithmic, 409 
of a curve, 179-183 
of exponential function, 89-90 
of logarithm function, 91-92, 96-97 
derived series, 126-130 
determination, principal 
of a th power, 74 
of arg(z), 68 
of logarithm, 71 
of ?zth root function, 73 
of square root, 67 
dilation, 190-191 
Dirichlet problem, 418-419 

for exterior of unit disc, 465-468, 470 
for unit disc, 457-465 
uniqueness of solutions, 437, 465 
distance function, 10-11 
divergence operator, 478-480 
domain, 48 

of definition (for functions), 50-51 
polygonal, 559-560, 573-574 


electrostatic fields, 478, 483-491, 536 
natural boundary conditions, 485-486 
elliptic functions, 559, 570-572 
enclosed point, 327, 352 
entire function, 315-317 
equivalence, conformal, 545 
error estimate (see: estimate) 
essential singularities, 356, 358-359 
at infinity, 407-408 
residues, 369 
estimate, Cauchy, 311 
error, 41, 44-45 
Euclidean distance 
in C, 10 ,10 
in R”, 15 

expansion, series (see: series expansion) 
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exponential function, e*, 19-20, 60-62 
definition of, 19-20 
derivatives of, 89-90 
inverses of, 101-102 

mapping properties of, 175-177, 194-195 
series expansions of, 147-148 


fields, gravitational, 491-492 
vector, 477-478 
velocity, 478 

fixed points, 220, 229-230, 526-527 
fluid flows, 503-520 

and Schwarz-Christoffel formula, 576- 
578 

around obstacles, 512-516 
complex potential, 505-506, 512-516 
conformal transformation of, 509-516, 
517-519 

natural boundary conditions of, 504-510 
source/sink, 503, 505 
stream lines, 506 
Fourier series, 134, 137-138, 471 
Fourier transform, 388 
fractional linear transformation, 213-230, 
525-537 

cross ratio, 222 

fixed points, 220-221,229-230, 526 
geometric interpretation of, 527-533 
mapping of circles, 219, 228, 230-231 
normal form of, 525-527, 535, 537 
of unit disc, 538-545 
on complex sphere, 216-220 
fractional powers, 566 

fractions, partial (see: partial fractions de¬ 
composition) 
free side, 552 
functions, 50-60 

analytic (see: analytic functions) 
argument (see: argument function) 
composite, 57-58 
continuity of, 56-60 
domain of definition, 50-51 
holomorphic (see: holomorphic func¬ 
tions) 

level curves of, 51-53, 52, 53, 64, 65, 163- 
164 

limits of, 54-60 

multiple valued, 68, 160-161, 247-249 
periodicity of, 62, 64-66 
rational, 53 
regular, 102 
vector valued, 477-478 
Fundamental Theorem of Algebra, 2, 317- 
319, 416 


generalized Cauchy theorems, 338-348 
generalized contours, 328-336 
geometric series, 36, 124 
gradient operator, 419, 478-484 
gravitational fields, 491-492 


growth at infinity, 317 

growth indicator, m(r), 316 

growth indicator, M(r), 315-317, 355-357 


harmonic functions, 98-99, 417-418 
boundary values, 418-425 
conformal mapping principle, 442-446 
conformal transformation of, 438-441 
conjugate, 430-433, 522-524 
in physical applications, 477-482 
maximum property of, 436-438 
mean value property of, 434-435 
minimum property of, 437-438 
Poisson’s formula (see: Poisson integral 
formula) 

reflection principle, 557-558 
smoothness of, 417, 435-436 
uniform limits of, 471-472 
harmonic measure, w(f ; T), 467 
harmonic series, 35-36, 123-124, 134-135 
heat propagation, 492-503 
conjugate problems, 493-494 
isothermal curves, 493 
lines of flux, 493-494, 496, 498 
natural boundary conditions, 493-494 
holomorphic functions, 81 
behavior “in large”, 194-202 
behavior “in small”, 174-177, 186-191 
Cauchy-Riemann equations, 87-93 
Theorem *,139-144,302-305 
holomorphic mappings, linear approxima¬ 
tions and, 174-177 

homologous cycles (see: cycles, homologous) 
homologous to zero, 331 
hyperbolic functions, 63-65 


improper limits 
in complex sphere, 209-212 
of sequences in C, 32-33 
independence, path, 277-284 
index (see: winding number) 
infinite series (see: series) 
infinity, continuity at, 210-212 
growth at, 317 
poles at, 407-408 
residues at, 402, 408-409 
singularities at, 407-408 
integral formula (see: Cauchy integral for¬ 
mula; Poisson integral formula) 
integral operators, 300-301, 457, 459-461, 
468 

integrals, contour (see: contour integrals) 
integration by parts, 287-288 
inverse mappings, 99-106, 217, 235-249 
Inverse Mapping Theorem, 103 
invertible mapping, 99 
isolated singularities, 349-363 
and growth indicators, 355-357 
classification of, 354-363 
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isolated singularities ( Continued) 
poles (see: poles) 
principal parts of, 399, 402-403 
Riemann’s theorem, 355 
isothermal curves, 493 


Jordan curve theorem, 326-328 


Laplace’s equation, 97-99, 202 
boundary value problems (see: boundary 
value problems) 

conformal mapping principle, 442-446 
in physics, 480-482 
superposition principle, 422-423 
Laurent scries, 392-402 
and residue calculations, 397-398 
convergence of, 393-395 
principal part, 402-403 
radii of convergence, 393-395 
uniform convergence, 393-394 
level curves, 51-53, 64-65, 163 
(see also: functions, level curves of) 
limits 

of functions, 54-60 
of sequences in C (see: sequences) 
line integral (see: contour integral) 
line segment, 251-252 
linear approximations 
and derivatives, 83-86 
and holomorphic mappings, 174-177 
linear mapping, 190-191 
Liouville’s theorem, 315-317 
logarithm function, log(z), 71-72 
derivative of, 91-92, 96-97 
on simply connected sets, 343-344 
principal determination, Log(z), 71 
series expansions of, 135-136 
logarithmic derivative, 409 
logarithmic residue, 409-416 


mappings (see also: functions) 
inverse, 99-106, 217, 235-249 
invertible, 99-102 
linear, 190-191 

reciprocal (see: reciprocal map) 
regular, 102 
univalent, 99 

maximum modulus principle, 163-167 
for harmonic functions, 436-438 
Schwarz’ lemma, 538-539 
mean value property of harmonic func¬ 
tions, 434-435 

mean value theorem, 314-315 
meromorphic function, 360-361 
minimum property of harmonic functions, 
437-438 

modulus (see: absolute value; maximum 
modulus principle) 


Morera’s theorem, 305 
multiple valued function, 68, 160-161, 247- 
249 

multiplicity of zeros, 318-319 
multiply connected domains, conformal 
mappings of, 551-552 
multiply connected sets, 337 


Neumann problem, 418-419, 449-452, 475 


open disc, 17 

Open Mapping Theorem, 103 
open set, 17 
operator, curl, 478-480 
divergence, 478-480 
gradient, 419 

integral, 300-301, 457, 459-461, 468 
order 

of poles, 356 
of zeros, 361 

orthogonal curve families, 194-195, 528-531 


parallelogram law, 4, 4 
parametrized curve (see: curves) 
partial fractions decomposition, 301, 402- 
409 

undetermined coefficients, 403-404 
partial sums (of series), 34 
path independence, 277-284 
periodic functions, 62, 64-66 
permanence of identities, 154-155 
pointwise convergence, 109-111 
Poisson integral formula, 457-465 
continuous dependence of solutions on 
boundary values, 470-471 
definition of, 459-460 
for arbitrary discs, 474 
for conjugate harmonic functions, 469, 
475 

for exterior of unit disc, 465-467 
for other domains, 472-476 
polar form (of complex numbers), 19, 
19-21 

poles, 356-360 
at infinity, 407-408 
counting via integrals, 409-416 
order of, 356 

polygonal domains, 559-560, 573-574 
conformal mapping of, 558-578 
polynomial, 53, 317-319 
potential function, 481 
potential theory (see: harmonic functions) 
power series, 121-133 
antiderived series, 130-131 
definition, 121-122 
derived series, 126-130 
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power series ( Continued) 
in negative powers, 168-171 
Laurent (see: Laurent series) 
radius of convergence, 121-125, 132-133, 
302-305 

uniform convergence of, 125, 170-171 
uniqueness of coefficients, 131-132 
primitive function, 480-483 
uniqueness of, 483 

principal determination (see: determina 
tion) 

principal part, 399' 
of Laurent series, 402-403 
principal value, Cauchy, 371-372, 387 
principle of the argument, 412 
product, Cauchy, 38-39, 141 
of complex numbers, 3 
of functions, 57 

projection, stereographic, 205-209, 206 


quadratic formula, 2, 27 


radius of convergence, 121-125, 132-133, 
302-305 

of Laurent series, 393-395 
range, 51-52 
ratio test, 40, 132-133 
rational function, 53 

reciprocal map, 1/z, 7, 191-192, 195-199, 
215-216 

reflection (see also: Schwarz reflection 
principle) 
across x axis, 8-9 

through a circle, 231-233, 556-557 
regular function, 102 
removable singularities, 349-351, 354-355 
at infinity, 407-408 
Riemann’s theorem, 355 
reparametrization, 252-256 
residue theorem, 351-353 
residues, 350 

and Laurent series, 397-398 
applications of, 371-392 
at infinity, 402, 408-409 
calculation of, 363-371 
logarithmic, 409-416 
of essential singularities, 369 
undetermined coefficients, 367-368 
Riemann integral, 258-262 
improper, 371-372 

Riemann mapping theorem, 445, 545-551 
Riemann sphere (see: complex sphere) 
Riemann sums, 263-264, 314 
Riemann surfaces, 236 
Riemann’s theorem, 355 
roots (of complex numbers) 
nth roots, 23-26, 24 
Rouche’s theorem, 412-415 


Schwarz-Christoffel formula, 558-578 
and fluid flows, 576-578 
application to conformal mapping, 565- 
578 

definition of, 558-563 
for unit disc, 564-565 
Schwarz lemma, 538-542 
Schwarz reflection principle, 552-558 
and analytic continuation, 558 
for harmonic functions, 557-558 
sequences, of complex numbers 
convergence of, 29 
improper limits of, 32-33 
limits of, 29-32 
of functions 

point wise convergence of, 109-111 
uniform convergence of, 112-114 
scries, Fourier, 134, 137-138,471 
geometric, 36, 124 
harmonic, 35-36, 123-124, 134-135 
infinite, 34 

Laurent (see: Laurent series) 
of complex numbers, 34-35 
* absolute convergence of, 35 
Cauchy product of, 38-39 
comparison test, 39, 45 
error estimates, 41, 44-45 
partial sums of, 34 
ratio test, 40 
of functions, 115-118 

power series (see: power series) 
Weicrstrass test for uniform conver¬ 
gence of, 115-116 

Taylor, 108, 131, 135, 138-140, 302-305 
series expansion, of cosine function, 149 
of exponential function, 147-148 
of logarithm function, 135-136 
set 

bounded,18 
closed, 46 

connected (see: connected sets) 
convex, 288-289, 337 
multiply connected, 337 
open, 17 

simply connected, 337-344, 346-348 
and determinations of log(z), 343-344 
star-shaped, 296, 338 

simply connected domains, conformal map¬ 
pings of, 545-546 

square root function on, 343-344, 545- 
546 

singularities 
at infinity, 407-408 
branch (see: branch singularities) 
essential (see: essential singularities) 
isolated (see: isolated singularities) 
removable (see: removable singularities) 
smooth curves, 180-181, 185-186 
smooth mappings, 87, 107 
source/sink, 503, 505 
sphere, complex, 204-209, 216-220 
square root function, z 1/2 , 66-68 

on simply connected domains, 343-344, 
545-546 
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square root function (Continued) 
principal determination of, 67 
star-shaped set, 296, 338 
Steiner circles, 529-531, 534-537 
stereographic projection, 205-209, 206 
stream lines, 506 
sum, partial (see: series) 
superposition principle, 422-423 


tangent vector, 251 

Taylor series, 108-109, 131-132, 135, 138- 
140, 302-305 
temperature, 492-493 
(see also: heat propagation) 
test, comparison, 39, 45 
ratio, 40, 132-133 
Weierstrass, 115-116 
Theorem #, 139-144 
proof of, 302-305 
trajectory, 178 
transform, Fourier, 388 
transformation, conformal (see: conformal 
transformation) 

fractional linear (see: fractional linear 
transformation) 

triangle inequality, 13-14, 15, 16 
trigonometric functions, 62-65 


undetermined coefficients 
and partial fractions, 403-404 
in residue calculations, 367-368 
uniform convergence, 112-114, 115-116, 308- 
309 

and analytic functions, 305 


uniform convergence (Continued) 
and contour integrals, 266-267 
and harmonic functions, 471-472 
of power series, 125, 170-171 
uniqueness, of coefficients, 131-132 
of primitive function, 483 
of solutions (see: boundary value prob 
lems; Dirichlet problem) 
unit disc, conformal mappings of, 533, 537 
545 

Schwarz-Christoffel formula for, 564-565 
univalent mapping, 99 


variable, change of, 274-276 
vector, tangent, 251 
vector fields, 477-478 
vector valued functions, 477-478 
velocity fields, 478 


Weierstrass test, 115-116 
winding number, 320-326 
and Cauchy’s theorem, 338-348 
Jordan curve theorem, 326-328 
of simple closed contour, 326-328 


zeros, of functions, 64, 317-319 

counting via integrals, 409-416 
order of, 361 



